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THE K(1) BASED BOUSFIELD-KAN SPECTRAL
SEQUENCE OF CERTAIN TORIC SPACES

DAVID ALLEN AND JOSÉ LA LUZ

Abstract. In this paper we compute the homotopy groups of
the unstable K(1)-completion of the Borel space for a class of
simplicial complexes L that can be can be realized as the join
L = ∂(∆k−1) ∗ ∆j for some j and k. This decomposition allows
for the differentials in a certain unstable Bousfield-Kan spectral se-
quence to be determined and for explicit calculations to be made.

1. Introduction

It is common practice to use a Bousfield-Kan spectral sequence (BKSS)
to compute the homotopy groups of spaces X localized at a prime, p. In
general, computing the E2-term of this spectral sequence is difficult. In
[9] a Composite Functor spectral sequence (CFSS) was constructed. Its
E2-term is an Ext in an abelian category and converges to the E2-term
of the BKSS. To compute this spectral sequence the higher derived func-
tors of the primitive element functor-P of the E-homology of X must be
computed where E is a suitable spectrum [9]. In addition, the comod-
ule structure of the RiPE∗(X) in the category of unstable U -comodules
must be computed [9]. Spaces with primitive dimension less than two
allows one to obtain a long exact sequence of E2-terms of the BKSS.
In [16] important properties of RiP are discussed and the notion of an
injective extension sequence is defined. In this setting, such a sequence
is essentially a short exact sequence in the category of positively graded
cocommutative, coalgebras. Furthermore, these sequences induce a long
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188 DAVID ALLEN AND JOSÉ LA LUZ

exact sequence of RiP (E∗(X)) which, under certain conditions, allows one
to obtain information about the higher derived functors of the primitive
element functor. For spaces whose E-homology is nice [16], the higher de-
rived functors of P vanish when the primitive dimension exceeds one and
the composite functor spectral sequence converges allowing one to tackle
the E2-term of the BKSS and possibly making homotopy calculations.
Many toric spaces have a complicated cohomology ring which are dual to
coalgebras for which this is not the case, so the spectral sequence becomes
intractable, thus, making homotopy calculations very challenging. There
are fibrations that relate the higher homotopy groups of these spaces to
spaces which in certain cases have a less complicated cohomology ring.

The main result of this paper is the calculation of the homotopy groups
of the unstable K(1)-completion of Borel space(s) whose Face ring is a
free algebra modulo an ideal generated by one relation. Such rings have
well controlled primitive dimension. The way in which the toric structure
manifests is interesting in that it can be leveraged to determine the differ-
entials without resorting to the complicated algebra that is usually part
of such an endeavor. Generally speaking, we rely on the fact that “well
behaved” Face rings can be decomposed into a tensor product where each
term comes from less complicated objects. This follows from the fact that
the underlying simplicial complex can be decomposed as a join of com-
plexes where each term is manageable, at least from a homotopy-theoretic
perspective.

The programme initiated by the second author in [25] is carried through
in the Toric Topology setting for a certain class of toric spaces. We rely on
such structure to simplify certain arguments, especially those focused on
computing the E2-term of the K(1)-based BKSS. The π-primitives func-
tor–generalized higher derived functors of the primitive element functor–
can be computed without a range restriction and since these higher de-
rived functors vanish in degrees greater than one (in the language of [16]
such colagebras are refereed to as nice homology coalgebras), then calcu-
lations become manageable.

This work expands the calculations of the differentials in the K(1)-
based BKSS studied in [25]. In that paper it was proven that the class vk
supports a dν(k)+2 differential for the odd sphere. That particular calcu-
lation is generalized to S2 (for the specific calculations in this paper), but
the same argument essentially carries over to even dimensional spheres. A
careful analysis of the homotopy groups of the unstable K(1) completion
of CP∞ is determined and used as part of the input for the calculation of
the homotopy groups of the unstable K(1) completion of the Borel space.
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Recall, for the non-connective theoryK(1), the coefficient ringK(1)∗ =
Z/p[v±] where |v| = 2(p − 1) and p is an odd prime. For a simplicial
complex K, with vertex set [m], the Face ring we consider is K(1)∗(K) =
K(1)∗[[v1, ...., vm]]/I where I is the homogenous ideal generated by all
square free monomials v1 · · · vj where {1, ...j} /∈ K [20] pg. 35. Using
results in [8] combined with results in §3 (Lemma 3.16), this ring can be
realized by a simplicial complex (c.f., Definition 3.14) which allows one to
consider decompositions on the simplicial level (i.e., simplicial complexes).
This is especially the case when I = 〈v1 · · · vk〉 for 1 < k < m with m > 2.
This results in the existence of maps of spaces and certain useful tensor
products. For example, the Face ring can be decomposed as a tensor
product which corresponds to the Face ring of a certain simplicial complex
obtained as the join of two other complexes. This join operation on the
level of simplicial complexes ascends to a product on the level of Moment
angle complexes, each one understood and fitting nicely into a fibration.
This is one way in which the Topology informs the analysis.

The determination of certain Ext groups is made explicitly in the proof
of Theorem 6.8 and the d2 differential mapping one Ext to another is
shown to be trivial.

The paper is organized as follows. In §2 the main results are listed
along with any related terminology. Constructions from Toric Topology
are discussed in §3 along with a few necessary results on the realization
of certain rings as the Face rings of simplicial complexes that can be de-
composed as a join. The higher derived functors of the primitive element
functor and their generalization to the derived functors of the π-primitives
are discussed in §4. A certain Composite Functor spectral sequence is
constructed in §5 converging to the right higher derived functors of the
π-primitives defined in §4. It is also shown in §5 that under suitable con-
ditions the spectral sequence gives rise to a long exact sequence of these
generalized right derived functors. In §6 we recall a crucial spectral se-
quence constructed in [25] where the classes in the E2-term comes from
those surviving to the E∞-term of a certain composite functor spectral
sequence. The Ext tables for this composite functor spectral sequence
are explicitly computed for a certain Borel space BTZ (c.f., §6 Notational
Conventions) in a category that is very much motivated by and related
to the category of unstable U-comodules defined in [9]. We show that
the spectral sequence collapses at the E2-term. Later in this section, we
explicitly compute the homotopy groups of the unstable K(1)-completion
of a certain class of toric spaces (see Theorem 6.14).
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2. Main Result

Before summarizing the main results concerning the homotopy groups
of the unstable K(1) completion of certain toric spaces we provide addi-
tional commentary regarding the completion. The papers [13, 14] revolve
around computing the unstable homotopy groups of the E-completion via
the Bousfield-Kan spectral sequence–BKSS. In those papers, the authors
focused on Landweber exact theories such as BP and MU. Focus on these
theories assures convergence of the spectral sequence but is not sufficient
to guarantee that calculations are manageable. The BKSS based on these
theories have E2-terms that can be computed for a certain class of spaces
such as the odd-dimensional spheres. K(1) is not Landweber exact so
convergence is not guaranteed and the calculations of the E2-term be-
come much more involved. For this theory and the K(1)-based BKSS
calculations centered on the odd-dimensional sphere, the reader can refer
to [25].

One of the main contributions of this paper is to compute the homotopy
groups of the unstable K(1)-completion of certain toric spaces. We obtain
very specific calculations of these homotopy groups and determine the
differentials explicitly in the spectral sequence.

Part of the program is to use the interplay between certain operations
on the level of the underlying simplicial complex and operations on the
spaces associated to these complexes to find fibrations where calculations
can be made. This is made precise in §6 where explicit, detailed calcula-
tions are made.

We briefly recall the definition of the moment angle complex ZK from
[7] pgs. 94 and 137. For a fixed K with vertex set [m] let Dm denote the
unit polydisc in Cm. There is an action of Tm on Dm where the orbit
space is the unit cube Im in the positive orthant Rm≥ . Using the notation
found in [7], there is a map µ : Dm → Im and the cubical subcomplex
cc(K) which is a subcomplex of Im. Roughly speaking, cc(K) is built out
of certain faces of the cube that are indexed by the simplicies of K. Details
regarding this cubical complex can be found in [20] pg. 53 construction
4.9. The moment angle complex associated to K, ZK is defined to be the
pullback

ZK D2

cc(K) Im

µ

When the context is clear we write Z = ZK. There is a fibration Z →
BTZ → BTm where BTZ is the Borel construction. For certain simpli-
cial complexes that can be decomposed as a join (see §3 ) one obtains
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a fibration where the fiber is an odd-dimensional sphere. Using results
that appear in §6, we can determine the homotopy groups of the unstable
K(1)-completion from those coming from an odd-dimensional sphere and
a certain product of CP∞.

We set the following notation. Let p be an odd prime and q = 2(p−1).
If X is a space, then (X)∧ refers to the unstable K(1)-completion of a
space X. The p-adic integers will be denoted by Z∧p and let ν(w) be
defined by w = apν(w) with p - a. The main results concerning the
homotopy groups of the unstable K(1)-completion are:

Theorem 6.12. Let p be an odd prime.

πz((CP∞)∧) =


Zpν(r)+1 z = 1 + rq, r ∈ Z− {0}
Z∧p z = 1, 2

0 otherwise

For some simplicial complex K on [m] = {1, ...,m} let T be the
topological torus with m factors. We fix K and write the correspond-
ing Moment angle complex defined above as Z = ZK. There is the Borel
space BTZ = ET × (Z/ ∼) = ET ×T Z where T acts on Z.

We now recall a few critical notions from Toric Topology. Following
page 141 section 4.2 in [7] let Ai ⊆ Xi be collection of subspaces of Xi

indexed by the vertex set [m] of K, then the polyhedral product (X,A) =
{(X1, A1), ...., (Xm, Am)}. The authors of [7] go on to define the polyhedral
product corresponding to K as

(X,A)K =
⋃
I∈K

(X,A)I =
⋃
I∈K

(∏
i∈I

Xi ×
∏
i/∈I

Ai

)
Using this language, the Moment angle complex ZK = (D2, S1)K (See

page 137 and the remark on page 142 [7]). In terms of the polyhedral prod-
uct, another case of particular importance is (X, pt)K which the authors
in [7] denote by XK, specifically, (CP∞, pt)K = (CP∞)K. Its cohomology
ring was determined to be the Stanley-Reisner Ring of K and its R-Face
ring is H∗((CP∞)K;R) ∼= R[v1, ..., vm]/I for a commutative ring with
unit R. In the case that R is replaced by a graded coefficient ring E∗ for
a generalized orientable theory that has generalized chern classes cEi , then
H∗((CP∞)K;E∗) ∼= E∗[[v1, ..., vm]]/I. Examples might include theories
corresponding to spectra such as K(1), MU or BP .

The following ring will be of interest. Let

Q =

{
R[v1, .., vm]/I R commutative ring with unit
R[[v1, .., vm]]/I R graded commutative ring with unit
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where the ideal is generated by square free monomials and the indeter-
minants are degree two. We say a simplicial complex L realizes Q if its
R-Face ring is isomorphic to Q (see §3 Definition 3.14). For a fixed m > 2
and a fixed k such that 1 < k < m, there is a simplicial complex L that re-
alizes K(1)∗[[v1, ...., vm]]/〈v1 · · · vk〉 (Lemma 3.16). Let BTZ = (CP∞)L

and define l(BTZ) = k to be the length of the square free monomial
generator of the ideal 〈v1 · · · vk〉.

Theorem 6.14. Let p be an odd prime. For BTZ = (CP∞)L with
l(BTZ) = k and (p − 1) - (k − 2) the K(1)-Bousfield-Kan spectral se-
quence for BTZ converges completely in the sense of [13] and

πz((BTZ)∧) =



Zm
pν(r)+1 z = 1 + rq, r ∈ Z− {0}

Zpν(r)+1 z = 2k − 1 + rq, r ∈ Z− {0}
Z∧p z = 2k − 2, 2k − 1

(Z∧p )m z = 1, 2

0 otherwise

3. Toric Topological Preliminaries

We highlight some important constructions in Toric Topology [22],[20].
Following the exposition [7] we will use the language of polyhedral prod-
ucts. The background material in this section can be found in the refer-
ences [7, 20]. Later in this section, a few auxiliary results needed in the
sequel are proven too.

Definition 3.1. Let X be a Tm-space. The Borel space BTX is the
identification space

ETm ×X/ ∼:= ETm ×Tm X

where the equivalence relation is defined by: (e, x) ∼ (eg, g−1x) for any
e ∈ ETn and x ∈ X , g ∈ Tm.

Notational Convention: Throughout we will fix a simplicial complex
K with vertex set [m] and use the notation BTZ to refer to the Borel
construction on the Moment angle complex ZK = Z. By ∆(j1, ..., js) we
mean the simplicial complex with vertex set {j1, ..., js} whose simplicies
are the elements of the power set of the vertex set with no missing faces.

Definition 3.2. Given K with vertex set [m] and for a fixed commutative
ring R with unit we have

R(K) = R[v1, .., vm]/I
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where |vi| = 2 are indexed by the number of vertices and the ideal

I = 〈vi1 · · · vik |{i1, ...., ik} /∈ K〉
is generated by square free monomials coming from those subsets of [m]
that are not simplicies of K.

As mentioned above H∗((CP∞)K;R) ∼= R[[v1, ..., vm]]/I when R is a
graded commutative ring with unit. For a complex orientable theory with
generalized chern classes the E-Face ring of K is denoted by E∗(K).

Following page 141 section 4.2 in [7] let Ai ⊆ Xi be collection of sub-
spaces ofXi indexed by the vertex set [m] of K, then the polyhedral product
(X,A) = {(X1, A1), ...., (Xm, Am)}. The authors of [7] go on to define
the polyhedral product corresponding to K as

(X,A)K =
⋃
I∈K

(X,A)I =
⋃
I∈K

(∏
i∈I

Xi ×
∏
i/∈I

Ai

)
We list a few examples of polyhedral products corresponding to a sim-

plicial complex.

Example 3.3. The Moment angle complex ZK = (D2, S1)K (See page 137
and the remark on page 142 [7]).

Example 3.4. Let K = ∂∆j−1, then the Moment angle complex ZK is
S2j−1 [20] pg. 89 Example 6.12.

Example 3.5. If K is disjoint union of three vertices then the Moment
angle complex ZK is homotopy equivalent to S3

∨
S3
∨
S3
∨
S4
∨
S4 [7]

Pg. 145, 4.2.9.

In the context of a polyhedral product, a case of particular impor-
tance is (X, pt)K. This space is often denoted by XK [7] and for calcu-
lations made in this paper we are interested in the particular example
(CP∞, pt)K = (CP∞)K.

Example 3.6. In the case that K is the disjoint union of m vertices
(CP∞, pt)K = CP∞1

∨
· · ·
∨
CP∞m [7] pg. 144 Examples 4.2.6.

For two simplicial complexes K1 and K1 on vertex sets [m1] and [m2]
the join, K1 ∗ K2 is a simplicial complex whose simplicies are the unions
of simplicies σi ∈ Ki [20] pg. 23 construction 2.9. The next result ([7] pg.
144 Proposition 4.2.5) relates products of spaces to the join of simplicial
complexes.

Theorem 3.7. (X,A)K1∗K2 = (X1,A1)K1 × (X2,A2)K2
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The next three statements and their proofs can be found in [7] (pgs.
145-147 Propositions 4.3.1, 4.3.2 and Corollary 4.3.3). They are listed
here for the convenience of the reader.

Theorem 3.8. The cohomology ring of (CP∞)K is isomorphic to the
Face ring Z(K). The inclusion of the cellular complex i : (CP∞)K ↪→
(CP∞)m = BTm induces the quotient projection in cohomology i∗ :
Z[v1, ..., vm]→ Z[K].

and

Theorem 3.9. The inclusion i : (CP∞)K ↪→ (CP∞)m is decomposed into
a decomposition of a homotopy equivalence h : (CP∞)K ' ETm ×Tm ZK
and the fibration p : ETm ×Tm ZK → BTm with fiber ZK. In particu-
lar, the moment angle complex ZK is the homotopy fiber of the canonical
inclusion i : (CP∞)K ↪→ (CP∞)m.

The previous statements give

Corollary 3.10. The equivariant cohomology ring of the Moment angle
complex ZK is isomorphic to the Face ring of K: H∗Tm(ZK) ∼= Z[K]. In
equivariant cohomology the projection p : ETm ×Tm ZK → BTm induces
the quotient projection p∗ : Z[v1, ..., vm]→ Z[K].

The Borel construction ETm×TmZK is referred to as the Davis Janusz-
kiewicz space DJ(K) and it has homotopy type of (CP∞)K (pg. 147 [7]).

Theorem 3.11. Let k be a field and for i = 1, 2, let Ki be simplicial com-
plexes on the vertex sets [mi]. Suppose k[K1] and k[K2] are isomorphic as
k-algebras. Then there exists a bijective map [m1] → [m2] which induces
an isomorphism between K1 and K2.

Proof. Refer to [12] and Theorem 3.1.3 [7] pg. 101. �

It is known that if K1 is isomorphic to K2 then there is an isomorphism
of the Face rings. For the theory K(1), the coefficient ring, K(1)∗ is
a field, so by Theorem 3.11 it follows immediately that if K(1)∗(K1) is
isomorphic toK(1)∗(K2) asK(1)∗-algebras, then the simplicial complexes
are isomorphic.

Remark 3.12. Referring to [20] pg. 36 (3) there is a relation between the
join and the tensor product of Face rings. Namely, if k is a field, then
k(K1 ∗ K2) ∼= k(K1)⊗ k(K2).

A complex K is q ≥ 1 neighborly if any q element subset of [m] is a
simplex of K [20]. We state the following theorem regarding the homotopy
groups of ZK.
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Theorem 3.13. Given a q-neighborly complex K and the moment angle
complex ZK, then πz(ZK) = 0 if z < 2q+1 and π2q+1(ZK) is a free abelian
group on the q + 1-element missing faces of K.

Proof. [20] pg. 96 Theorem 6.33 9(b). �

We recall the following:

Definition 3.14. Given a quotient ring

Q =

{
R[v1, .., vm]/I R commutative ring with unit
R[[v1, .., vm]]/I R graded commutative ring with unit

where the ideal is generated by square free monomials and the indetermi-
nants are degree two, then we say a simplicial complex K realizes Q if its
R-Face ring is isomorphic to Q.

In [8] the authors provide a method to realize such rings in the cases of
interest in this paper. However we will need to verify that the simplicial
complex that realizes the Face ring can be decomposed into the join of
two simplicial complexes.

The following Lemma is obvious and we state it without proof.

Lemma 3.15. For a fixed m > 2 and fixed k such that 1 < k < m. The
module K(1)∗[[v1, ...., vm]]/〈v1 · · · vk〉 is isomorphic to the tensor product
of K(1)∗[[v1, ...., vk]]/〈v1 · · · vk〉 and K(1)∗[[vk+1, .., vm]].

Given the isomorphism in the previous Lemma, we need to verify that
each ring can be realized by a simplicial complex.

Lemma 3.16. For a fixed m > 2 and a fixed k such that 1 < k < m,
the rings K(1)∗[[v1, ...., vk]]/〈v1 · · · vk〉, K(1)∗[[vk+1, ...., vm]] and
K(1)∗[[v1, ...., vm]]/〈v1 · · · vk〉 can be realized from simplicial complexes
K1, K2 and L.

Proof. Consider K(1)∗[[v1, ...., vk]]/〈v1 · · · vk〉. Let K1 = ∂∆k−1, then
there is a space BTZK1

and the E2-term of the Atiyah-Hirzebruch spectral
Sequence with coefficients in K(1)∗ converges to K(1)∗(K1)–the K(1)-
Face ring and by the argument given in the proof of Proposition 6.1 [1] this
is precisely K(1)∗[[v1, ...., vk]]/〈v1 · · · vk〉. Similar reasoning shows that
theK(1)∗-Face ring of the complex ∆(k+1, ...,m) isK(1)∗[[vk+1, ...., vm]].
Let L be ∆(1, ...,m)−{1, ..., k}. That is, the complex is all of the simplicies
coming from the power set on the vertex set {1, ...,m} except one; the set
that gives the relation in the ring. Applying the same argument as above
we obtain the result. �
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From Lemma 3.16 we have K(1)∗(L) ∼= K(1)∗(K1) ⊗ K(1)∗(K2). It
then follows from the definition of the join and Theorem 3.11 that L ∼=
K1 ∗ K2.

Remark 3.17. Since L ∼= K1 ∗K2, then Theorem 3.7 and the definition of
the polyhedral product associated to a simplicial complex together imply
ZL = ZK1

× ZK2
. This important fact can also be found in [7] Pg 138,

4.1.3.

Theorem 3.18. For a fixed m > 2 and a fixed k such that 1 < k < m,
and the given ring K(1)∗[[v1, ...., vm]]/〈v1 · · · vk〉 there exists a simplicial
complex L realzing it such that ZL ' S2k−1.

Proof. Given K(1)∗[[v1, ...., vm]]/〈v1 · · · vk〉 there exists a tensor product
decomposition by Lemma 3.15. By Lemma 3.16 a simplicial complex
realizes each ring in the isomorphism. In particular, L is realized by
K(1)∗[[v1, ...., vm]]/〈v1 · · · vk〉. By Remark 3.17 the Moment angle com-
plex can be written as the product ZL = Z∆k−1 × Z∆(k+1,...,m) with the
second factor in the product being a disk ([7] Ex. 4.1.2 (1)) proving the
result. �

Remark 3.19. Given K(1)∗[[v1, ...., vm]]/〈v1, ..., vk〉 and the complex L
that realizes it, there is a fibration S2k−1 → (CP∞)L ↪→ (CP∞)m. In
the proof of the main result (Theorem 6.14) we simply write BTZ rather
than (CP∞)L.

4. Higher Derived Functor Preliminaries

In order to prove our main result, we give a brief summary of certain
facts concerning the higher derived functors of the primitive element func-
tor as well as injective (or dually projective) extension sequences. The
calculations can be executed for any commutative ring spectrum with
unit that represents a complex orientable theory. For example, explicit
BP∗-based calculations were made in [1, 10, 11].

Let C be a coalgebra over a positively graded ring A and let (S, µ, η) be
the triple of the cofree, cocommutative, coalgebra functor over R. Using
cosimplicial methods, there is an S-resolution, denoted by S(C). Recall,
the primitive functor P assigns to each coalgebra C, the A-module of
primitive elements [9, 10]. Apply P to the resolution S(C) and form the
associated unaugmented chain complex; the higher derived functors of the
primitive element functor, RiP (C), are obtained by taking cohomology of
the chain complex [10, 16]. An injective extension sequence is a sequence
of maps of coalgebras

C
′ f−−−−→ C

g−−−−→ C
′′
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such that
(1) g is an epimorphism
(2) f is an inclusion
(3) C is injective as a C

′′
-comodule

(4) C ′ = C�C′′A

Roughly speaking, C
′ → C → C

′′
is a short exact sequence in the

category of A-coalgebras. See [11, 10, 1, 2] for explicit calculations and
useful reformulations. One of the key results used in computing these
derived functors is given by the following [16]:

Theorem 4.1. Let
C
′ f−→ C

g−→ C
′′

be an injective extension sequence of A-coalgebras. Then there is a long
exact sequence of A-modules:

0→ P (C
′
)→ P (C)→ P (C

′′
)→ · · ·

· · · → RiP (C
′
)→ RiP (C)→ RiP (C

′′
)→ · · ·

Definition 4.2. A coalgebra C is nice if RiP (C) = 0 for i > 1.

The coalgebra of a Hopf Algebra, the dual of a free algebra modulo
a Borel ideal and the tensor product of nice homology coalgebras are
all examples of nice homology coalgebras [16]. A few calculations for
coalgebras that are not nice and how the obstructions manifest in the
Unstable Adams Novikov Spectral Sequence appeared in [1]. More general
calculations for these higher derived functors can be found in [6].

We now give an alternative construction of certain generalized derived
functors of the primitive element functor that first appeared in [25]. This
approach is necessary for the computation of the derived functors of coal-
gebras over rings of characteristic p > 0. This clarification is required
since we insist on working with the free K(1)∗-module generated by the
image of the frobenius map. These functors, for a certain class of coalge-
bras, will serve as part of the datum for the generalized composite functor
spectral sequence that is to be analyzed.

Definition 4.3. For any A-subcoalgebra D of C let

RiPD(C) = Coker(RiP (D)→ RiP (C))

We have the following Lemma

Lemma 4.4. Let {Cα} be a collection of A-Coalgebras and {Dα} the
corresponding coalgebras. Then

(1) The map RiP (C)→ RiPD(C) is onto for all i.
(2) Let D = ⊗Dα. Then RiPD(⊗Cα) = ⊕RiPDα(Cα).
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Proof. Part (1) follows from the definitions. Since RiP takes tensor prod-
ucts to direct sums and the cokernel preserves direct sums part (2) fol-
lows. �

Let A = K(1)∗ and H a Hopf algebra over A. Also let A→ Zp be the
map ui 7→ 1 and H̃ = H⊗AZp. Essentially, the ground ring of H is being
changed from A to Zp. There is a canonical map α : H → H̃ given by
uk1i1 · · ·u

kr
ir
x 7→ x. Let H̃π = Im(H̃

π→ H̃) where π is the Frobenious map
(the pth power map). Let Hπ = α−1(H̃π). Since char(A) = p it is clear
that H̃π is a Hopf Algebra. Since α is a Hopf Algebra map we have the
following Lemma.

Lemma 4.5. If H is a Hopf algebra over A, then Hπ is a sub-Hopf
Algebra of H. Moreover, if H is a connected Hopf Algebra then Hπ is
also a connected Hopf Algebra.

Notation 4.6. If H is a connected Hopf Algebra with unit map η : A→
H then by abuse of notation we also write η for the unit map for Hπ.
Also, we let iπ : Hπ ↪→ H be the inclusion map.

Let RiPπ(H) = RiPHπ (H) and call them the derived functors of the
π-primitives. We now calculate the Pπ derived functors of certain Hopf
algebras over A. We now define certain Hopf algebras of interest.

We now list certain Hopf algebras that appear in [10]:

Definition 4.7. Let C(xn) be the Hopf Algebra with a single gener-
ator of degree n such that x2

n = 0. T (x2n) is the Hopf Algebra with
generators x2n, x4n, . . . with coalgebra structure given by: ∆(x2nm) =∑
i+j=m

(
i+j
i

)
x2ni ⊗ x2nj . B(x2n) is the coalgebra of the bipolynomial

algebra with generators given by {x2nps |s ≥ 0} with xp
s

2n primitive. D
will be a Hopf algebra such that its underlying coalgebra is cofree and
cocommutative.

The coalgebra, T (x2n), is dual to a divided power algebra and D is dual
to a free A-algebra. The π-primitive functors of the Hopf algebras C(xn),
T (x2n) and D can be computed since the underlying coalgebra structure
of each of these Hopf algebras coincides with the coalgebras described in
[10]. We now set the following notation: A(x1, . . . , xn) denotes the free
A-module generated by x1, . . . , xn.

Lemma 4.8. The derived functors of the π-primitives of the Hopf alge-
bras, C(xn), D and T (x2n) are as follows:

(1) RiPπ(C(x2n)) = RiP (C(x2n)) for i ≥ 0
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(2) RiPπ(D) = RiP (D) for i > 0

(3)

RiPπ(T (x2n)) =


A(x2n) i = 0

A(x2np) i = 1

0 i > 1

Proof. We first prove (2). Since D is cofree as a coalgebra, it follows that
RiP (D) = 0 for i > 0 and the result follows. To prove (1) we observe that
C(xn)π is trivial. For (3) we construct a commutative diagram by piec-
ing together injective extension sequences that appeared in the work [10].
The only non-trivial derived functor of the coalgebra B(x2n) is the zero
derived functor and it is the module of primitives of B(x2n). This obser-
vation gives R0P (B(x2n)) = A(2n, 2np, . . .). We observe that T (x2n)π ∼=
T (x2np), B(y2n)π = B(y2np) and B(z2np)

π = B(z2np2). There are injec-
tive extension sequences T (x2n) → B(y2n) → B(z2np) and T (x2np) →
B(y2np)→ B(z2np2) and a commutative diagram:

A(2np2, 2np3, . . .) R0P (B(z2np2))
∼=−−−−→ R1P (T (x2np))

i∗

y i∗

y i∗

y
A(2np, 2np2, . . .) R0P (B(z2np))

∼=−−−−→ R1P (T (x2n))

The horizontal isomorphisms come from the proof of Proposition 3.3
(iv) in §3 of [10]. The vertical map on the left is injective and the result
follows by taking cokernels. �

Definition 4.9. C is π-nice if RiPπ(C) = 0 for i > 1.

It follows from part (1) of Lemma 4.4 that if H is nice as a coalgebra
then it is π-nice. We say that that the homology theory E is π-nice if
E∗(Ek) is π-nice for all k where Ek are the spaces in the spectrum of E.

Remark 4.10. The construction of the functors RiPπ(−) first appeared in
[25]. Although the constructions are different, the main results agree. A
crucial idea is to eliminate the contribution of the decomposable primitives
to the derived functors RiP (−).

For a fixed odd prime p and a natural number n, there are the Morava
K-theories, K(n) [31]. The case of particular interest is K(1). Recall,
this is a multiplicative theory with unit and period q = 2(p − 1) that
is related to BP by a multiplicative spectrum map BP → K(1). This
theory is a summand of complex K-theory mod p. The coefficient ring is
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Zp[v±] where |v| = q. The Hopf Algebra structure of the spaces in the
Ω-spectrum of K(1) were computed in [15]. There are elements:

(1) e1 ∈ K(1)1(K(1)
1
)

(2) a(0) ∈ K(1)2(K(1)
1
)

(3) b(i) ∈ K(1)2pi(K(1)
2
)

(4) [vi] ∈ K(1)0(K(1)
iq

) where i ∈ Z
The multiplicative structure induces a product:

◦ : K(1)∗(K(1)
m

)⊗K(1)∗(K(1)
n
)→ K(1)∗(K(1)

m+n
)

Let J = (j0, j1, . . .) with ji nonnegative and finite such that bJ = bj0(0).
The Hopf ring structure is given by:

K(1)∗(K(1)
n
) ∼=⊗

j0<p−1

Λ[a(0) ◦ bJ ◦ e1 ◦ [vk1 ]]
⊗

Tp[a
i
(0) ◦ b

J ◦ [vk1 ]]
⊗

j0<p−1

P [a(0) ◦ bJ ◦ [vk1 ]]

where Λ, Tp, P means an exterior, truncated (at p) and polynomial al-
gebras respectively. Since circle multiplication by [vk] is an isomorphism
between the Hopf algebrasK(1)∗(K(1)

n
) andK(1)∗(K(1)

n+kq
) it is omit-

ted from now on.
Since K(1) is a complex orientable theory and the generators of the

E-face ring are even dimensional and come from products of CP∞, a
standard Atiyah-Hirzebruch Spectral Sequence argument coupled with
the argument in the proof of Proposition 6.1 in [1] yields the following:

Lemma 4.11. K(1)∗(BTZ) ∼= K(1)∗[[v1, .., vm]]/I

We would like to apply the functors RiPπ(−) to K(1)∗(BTZ). But this
does not possess a Hopf algebra structure. Let K(1)∗ → K(1)∗(BTZ) be
the trivial coalgebra map and

RiPπ(K(1)∗(BTZ)) = RiPK(1)∗(K(1)∗(BTZ))

For the next Lemma we recall that the ideal I is generated by a single
monomial of degree 2k.

Lemma 4.12. Given the Borel space BTZ, the higher derived functors
of Pπ are as follows:

RiPπ(BTZ) = RiP (K(1)∗(BTZ)) =


K(1)∗(v1, . . . vm) i = 0, |vj | = 2

K(1)∗(r) i = 1, |r| = 2k

0 otherwise
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Proof. Since K(1)∗ is the trivial coalgebra then RiPπ(K(1)∗) = 0 for
i ≥ 0. This means that RiPπ(BTZ) = RiP (BTZ). This observation
coupled with the argument used in [6] gives the result. �

5. Description of the E2-Term of the Bousfield-Kan
Spectral Sequence

For the convenience of the reader we give a brief description of the
E2-term of the of the Bousfield-Kan Spectral Sequence (BKSS), and then
relate it to our K(1)-based version. The interested reader can find addi-
tional details in [9, 14, 18].

Definition 5.1. A cotriple (F, δ, ε) over the category C is a functor F :
C → C and natural transformations δ : F → F 2 and ε : F → I such that
the following diagrams commute:

F F 2Fεoo εF // F

F

δ

OO F

δF
��

Fδ // F 2

δ
��

F 2 δ // F 3

Given a cotriple F and an element C ∈ C, an F -coalgebra is a cotriple
with a map ψ : C → G(C) such that the following diagrams commute

C
ψ // F (C)

ε

��
C

F (C)

δF

��

Fδ // F 2(C)

δ

��
F 2(C)

δ // F 3(C)

If we have a cotriple F with a coalgebra structure for all C ∈ C then
define the F -resolution of C

(5.1) F (C)
d0→
d1→

F 2(C)

d0→
d1→
d2→

· · ·

where di = Fn−i(ψF i) : Fn(C)→ Fn+1(C) for 0 ≤ i ≤ n.
Let E = {Ek} be a multiplicative spectrum with unit such that E∗(Ek)

is a free E∗-module (this is satisfied by theories such as E = K(1), BP ).
For a space X such that E∗(X) is a free E∗-module, let E(X) = Ω∞(E ∧
Σ∞X) and G(X) = G(E∗(X)) = E∗(E(X)). This defines a cotriple over
the category of free E∗-modules to itself. The diagram that follows is
referred to as the G-resolution of E∗(X).
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(5.2) G(X)
d0→
d1→

G2(X)

d0→
d1→
d2→

· · ·

The following theorem was proven in [14]:

Theorem 5.2. If E∗(X) is a free E∗-module then

Es,t2 = ExtsG(E∗(S
t), E∗(X))

where G is the category of G-coalgebras.

For a detailed description of Ext in the category of G-coalgebras, see
§4 of [14].

Notation 5.3. From this point forward, the G resolution of X (5.2) will
be denoted by G(X).

Remark 5.4. G is a functor from the category of free E∗-modules to it-
self, and it first appeared in [9]. For a free E∗-module, Bendersky and his
collaborators gave a non-functorial, explicit description of G(M). For ex-
ample, if M ∼= E∗{x1, ..., xn}, then G(M) = E∗(

∏
E|xi|)

∼=
⊗
E∗(E|xi|).

In general, the preferred method to compute the generalized higher
derived functors would be to apply the Pπ functors to the G-resolution
of K(1)∗(X). However, d0 may not commute with the inclusion map
i : G(X)π → G(X). Since every K(1)∗ module is free, for any X, G(X) ∼=⊗

n∈ΩK(1)∗(K(1)
n
) for some index set Ω. As a result, it is sufficient to

require:

Hypothesis 5.5. d0(Gn(X)π) ∈ Im(i) where d0 : Gn(X) → Gn+1(X)
for all n ≥ 0.

K(1) satisfies hypothesis 5.5 for n > 1 [25]. In the case n = 0, let
X = BTZ, then Hypothesis 5.5 follows from the following trivial Lemma:

Lemma 5.6. Let i1 : K(1)∗ → K(1)∗(BTZ) be the inclusion into the
ground ring of K(1)∗(BTZ), iπ and η the inclusion and unit map dis-
cussed in 4.6, then d0(i1(x)) ∈ Im(i2) and the following diagram com-
mutes:

K(1)∗

i1

��

η // G(BTP )π

iπ

��
K(1)∗(BTZ)

d0 // G(BTZ)
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Recall that G is a functor from the category of free E∗-modules to itself.
When we want to stress a particular theory we will write GE instead of
G. Let G̃(X) be the resolution such that G̃(X)n = GnBP (X)⊗BP∗K(1)∗.

Lemma 5.7. If BP∗(X) is a free BP∗-module then G̃(X) is an acyclic
resolution of the coalgebra K(1)∗(X) by K(1)∗-coalgebras.

Proof. Since BP∗(X) is a free BP∗-module then K(1)∗(X) ∼= BP∗(X)⊗
K(1)∗. By Remark 5.4, G(X) ∼=

⊗
BP∗(BP k) and since BP∗(BP k) is a

free BP∗-module for all k then BP∗(BP k)⊗BP∗ K(1)∗ ∼= K(1)∗(BP k) is
a K(1)∗-coalgebra and G̃(X) = G(X)⊗BP∗K(1)∗ is an acyclic resolution
of K(1)∗(X) by K(1)∗-coalgebras. �

Definition 5.8. Consider the G-resolution (5.2). We define RsqPπ(X) to
be the s homology of the G-resolution after applying RqPπ:

RqPπ(G(X))
∂1

−→ RqPπ(G2(X))
∂2

−→ · · ·

here ∂n =
∑

(−1)iRqPπ(di), then define RsqP̃π(X) to be s homology of
the G̃-resolution after applying RqPπ:

RqPπ(G̃(X))
∂1

−→ RqPπ(G̃2(X))
∂2

−→ · · ·

We have the following

Theorem 5.9. There is a spectral sequence

Ei,j2 = RjiPπ(X) =⇒ Ri+jPπ(K(1)∗(X))

and if BP∗(X) is a free BP∗-module then there is another spectral se-
quence

Ẽi,j2 = Rji P̃π(X) =⇒ Ri+jPπ(K(1)∗(X))

Proof. We construct spectral sequences using the double complexes

Di,j
k = PπS

j+1Gi+1
k (X)

whereG1 = GK(1), G2 = G̃ and S is the cocommutative, coalgebra functor
over K(1)∗. Fixing i first, we obtain Di,∗

k = PπS(Gi+1
k (X)). Taking

homology again we have Ri0Pπ(X) if k = 1 and Ri0P̃π(X) if k = 2.
If we fix j, then we have D∗,jk = PπS

j+1(Gk(X)). For k = 1, Lemma
5.7 we deduce that E0,j

1 = PπS
j+1(K(1)∗(X)) and is trivial for i > 0.

Taking homology again gives RjPπ(K(1)∗(X)). The same argument for
k = 2 gives the result for the second spectral sequence. �
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Corollary 5.10. There is long exact sequence
(5.3)
· · ·→ Rk0Pπ(X)→ RkPπ(K(1)∗(X))→ Rk−1

1 Pπ(X)→ Rk+1
0 Pπ(X)→ · · ·

and if BP∗(X) is a free BP∗-module, then
(5.4)
· · ·→ Rk0 P̃π(X)→ RkPπ(K(1)∗(X))→ Rk−1

1 P̃π(X)→ Rk+1
0 P̃π(X)→ · · ·

is a long exact sequence.
Proof. From [30] and [25] we know that BP∗(BPn) and K(1)∗(K(1)

n
)

are nice. It can be deduced from [16] that RiPπ(K(1)∗(BP k)) and
RiPπ(K(1)∗(K(1)

k
)) are trivial for i > 0. Hence, by Remark 5.4, each

spectral sequences from Theorem 5.9 has only two rows. The result fol-
lows. �

To compute Rm0 Pπ(X) the following is needed.
Corollary 5.11. For all X we have:

(1) The map Rk−1
1 Pπ(X) → Rk+1

0 Pπ(X) in the long exact sequence
(5.3) is trivial.

(2) There is a short exact sequence
0→ Rk0Pπ(X)→ RkPπ(K(1)∗(X))→ Rk−1

1 Pπ(X)→ 0.

(3) R0
0Pπ(X) ∼= Pπ(K(1)∗(X)).

Proof. To prove (1) it is sufficient to compare the degrees of the generators
on both sides of the map. Let x be a generator of Rk+1

0 Pπ(X). New
generators can be obtained from x by multiplying by vk for k ∈ Z. The
spaces K(1)∗(K(1)

n
) are a tensor product of polynomial, exterior and

truncated polynomial algebras. This fact combined with the Universal
coefficients theorem implies that the only portion ofGk+2(X) contributing
to R1Pπ(Gk+2(X)) ⊗ Zp is the polynomial algebra and it is of the form
⊗α∈ΛT (x2nα) for some index set Λ. The generators, x2nα can be written
as the circle products, a(0) ◦ bJα with dimension 2(1 +

∑
jiαp

i) with j0 <
p− 1 and nα = 1 +

∑
jip

i. Since R1P (T (x2nα)) = Zp(2nαp), then there
are generators in degree 2p(1 +

∑
jiαp

i). We inspect the degrees of the
generators:

R0Pπ(Gi+1(X))⊗ Zp = Pπ(Gi+1(X))⊗ Zp.

One side has generators a(0) ◦ bK ◦ eε1 and the other has generators
b(0) ◦ bK ◦ eε1 of degrees 2(1 +

∑
k≥0 kip

i) + ε with k0 < p − 1 in both
cases. Since the dimension of the generators have to agree we must have
ε = 0. Furthermore, the generators a(0) ◦ bK ◦ eε1 are divisible by p while
the generators b(0) ◦ bK ◦ eε1 are not. Parts (2) and (3) follow from part
(1). �
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Lemma 5.12. If BP∗(X) is a free BP∗-module that has only even di-
mensional generators, then

RsqPπ(X) ∼= RsPπ(K(1)∗(X)).

Proof. The map of multiplicative spectra BP → K(1) induces a maps of
resolutions:

(5.5) G̃(X)

��

GBP (X)

88

&&
GK(1)(X)

By [30] H∗(BP 2n;Z(p)) is a free Z(p)-module and this implies that
H∗(BP 2n;Z(p)) = Hom(H∗(BP 2n;Z(p)),Z(p)). Since the generators are
even dimensional, the Atiyah-Hirzebruch Spectral Sequence

H∗(BP 2n;BP∗) =⇒ BP ∗(BP 2n)

collapses and we have BP ∗(BP 2n) ∼= H∗(BP 2n;Z(p))⊗BP∗. By the same
argument, K(1)∗(BP 2n) ∼= H∗(BP 2n;Z(p))⊗K(1)∗. Hence we obtain

K(1)∗(BP 2n) ∼= H∗(BP 2n,Z(p))⊗K(1)∗ ∼=
∼= H∗(BP 2n,Z(p))⊗BP∗ ⊗BP∗ K(1)∗ ∼= BP∗(BP 2n)⊗BP∗ K(1)∗

Since BP ∗(BP 2n) is a free algebra we have that K(1)∗(BP 2n) is a free al-
gebra. From this we deduce thatK(1)∗(BP 2n) is a cofree coalgebra. Since
G̃k(X) is a tensor product of the cofree coalgebrasK(1)∗(BP 2n) we deter-
mine that Rji P̃π(X) is trivial for i > 0 and Rj0P̃π(X) = RjPπ(K(1)∗(X)).
These facts give the following commutative diagram:

R1
0P̃π(X) ∼=

//

��

R1Pπ(K(1)∗(X))

0 // R1
0Pπ(X) // R1Pπ(K(1)∗(X)) // Rk−1

1 Pπ(X) // 0

The vertical maps are induced from diagram (5.5). It follows that the first
horizontal map in the bottom is an isomorphism, giving the result. �

Proposition 5.13. For all i

Ri0Pπ(BTZ) ∼= RiPπ(K(1)∗(BTZ)).
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Proof. BP∗(BTZ) is a free BP∗ module generated by even dimensional
elements [1]. This result combined with Lemma 5.12 gives the result. �

6. Proof of the Main Result

In this section the determination of Exts,tUπ (Rn0Pπ(BTZ)) is made. Re-
call, the stabilization map σ : K(1)∗(K(1)

n
) → K(1)∗(K(1)) is injective

on the level of indecomposables (resp. dually, the primitives). Let

σπ : PπK(1)∗(K(1)
n
)→ K(1)∗(K(1))

be the composition of the inclusion of the π-primitives followed by the
stabilization map σ. In [25] the injectivity of the map σπ was refereed to
as Hypothesis 6.1 and it was established in Lemma 7.1 for K(1)∗ among
other Morava K-Theories.

Theorem 6.1. Let Uπ = PπG. Then Uπ is the functor of a cotriple on
the category of K(1)∗-modules.

The proof can be found in [25]. The structure of the Hopf Algebroid
Γ = K(1)∗(K(1)) was computed in [33]:

Λ[τ0]⊗K(1)∗ ⊗BP∗ BP∗(BP )/(vtp
n

i − v
piti)

where |ti| = 2(pi − 1) and v = v1 ∈ BP∗ = Z(p)[v1, v2, . . .]. It is possible
to re-write the hi = c(ti) using the canonical anti-isomorphism c. Since
hi ≡ ti mod decomposables we can change the ti for the hi. Let J =
(j1, j2, . . .) be a sequence of non-negative integers and hJ = hj11 h

j2
2 · · · .

Finally, let l(J) =
∑
ji and

<i=

{
< i = 0

≤ i = 1

If Uπ is the category of unstable Uπ comodules over K(1)∗ i.e., K(1)∗-
modules M with maps M → Uπ, then the construction of the unstable
cobar complex in [14] can be mirrored to some degree.

Lemma 6.2. Let M be a K(1)∗-module. Then
i. Uπ(M) = SpanK(1)∗{τ i0hJ ⊗m ∈ Γ⊗M | i+ 2l(J) <i0 |m|}
ii. If Cs,t(M) = HomUπ (K(1)∗, U

s+1
π (M)) ∼= Us+1

π (M)t then the com-
plex

C0,t(M)→ C1,t(M)→ · · ·
injects into the stable cobar complex.

See §9 of [25] for the proof.

We now let Exts,tUπ (M) = ExtsUπ (K(1)∗(S
t),M).
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Corollary 6.3. Let M be a Γ-comodule. Then

Exts,tUπ (M) ∼= Exts,tΓ (M)

where Exts,tΓ (M) = ExtsΓ(K(1)∗(S
t),M) are the derived functors of Γ-

comodules.

Proof. Recall, Exts,tΓ (M) can be calculated as the homology of the cobar
complex (see [29]). Suppose i = 0, m ∈ M and let hJ be such that
2l(J) ≥ |m|. There is a k ∈ N such that 2l(J) < |m| + 2(p − 1)k. This
implies hJ ⊗ vkm ∈ Uπ(M). Since the left and right action commute for
K(1), then hJ ⊗ vkm = vkhJ ⊗ m. A similar argument applies when
i = 1. This proves that Uπ(M) = Γ⊗M and the result follows by taking
homology. �

Now we relate the E2-term of the BKSS with the category of unstable
Uπ comodules over K(1)∗ via the following:

Theorem 6.4. There is a spectral sequence

E
m,n,t

2 = Extm,tUπ
(Rn0Pπ(X)) =⇒ En+m,t

2 (X)

(converging to the E2-term of the BKSS based on K(1)-theory).

The proof can be found in [25]. We call this spectral sequence the
(Generalized) Composite Functor Spectral Sequence (CFSS).

Corollary 6.5. Suppose PπK(1)∗(X) = K(1)∗(X). Then the zero line
of the composite functor for K(1) injects into the stable Adams Spectral
Sequence.

Proof. The spectral sequence of Theorem 6.4 has an edge homomorphism

Extm,tUπ
(PπK(1)∗(X)) = Ēm,0,t2 −→ Em,t2 (X).

Since the construction commutes with stabilization, the following diagram
commutes:
Extm,tUπ

(PπK(1)∗(X)) −−−−−→ Extm,tG (K(1)∗(X)) Em,t
2 (X)

∼=
y σ

y σ

y
Extm,t

′

Γ (K(1)∗(X))
∼=−−−−−→ Extm,t

′

Γ (K(1)∗(Σ
∞X)) Em,t′

2 (Σ∞X)

�

Lemma 6.6. There is a long exact sequence

· · · −→ E
s,0,t

2 −→ Es,t2 (BTZ) −→ E
s−1,1,t

2
d2−→ E

s+1,0,t

2 −→ · · ·

where E
s,m,t

2 = Exts,tUπ (RmPπ(BTZ)).
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Proof. Since we only have zero and first Pπ derived functors, the spectral
sequence of Theorem 6.4 only has two rows. A standard argument gives
the result. �

In what follows, we use the notation of Lemma 6.2.

Lemma 6.7. If M is a Γ-comodule generated by x1, x2 . . . , xn with trivial
coaction, then Exts,tUπ (M) is generated by the elements vk1τ0 ⊗ · · · ⊗ τ0 ⊗
hk21 ⊗ xk3 where k1 ∈ Z, k2 = 0, 1 and k3 = 1, . . . , n.

Proof. Since the coaction is trivial, the calculation is the one made for
the odd sphere [25]. �

Notational Conventions
From this point forward, the element vk1τ0 ⊗ · · · ⊗ τ0 ⊗ hk31 ⊗ ι where

the τ0 appears k2 times will be denoted by: vk1τk2hk31 ι. Note: k1 ∈ Z,
k2 ∈ Z+ ∪ {0} and k3 ∈ {0, 1}. In the tables that follow, the indices may
change to facilitate calculations.

For a fixed m > 2 and a fixed k such that 1 < k < m, there is a
simplicial complex L that realizes K(1)∗[[v1, ...., vm]]/〈v1 · · · vk〉 (Lemma
3.16). Let BTZ = (CP∞)L and define l(BTZ) = k to be the length of the
square free monomial generator of the ideal 〈v1 · · · vk〉. When reference
is made to BTZ it refers to this particular Borel space.

The suspension of a space X is defined as X × [0, 1]/ ∼ with (x1, 0) ∼
(x2, 0) and (x1, 1) ∼ (x2, 1) for all x1, x2 ∈ X. It will be denoted by Σ.
The functor X → Σ(X) given by x 7→ (x, 0) induces a map of spectral
sequences.

Theorem 6.8. Let p be an odd prime and BTZ = (CP∞)L with l(BTZ) =

k. If (p − 1) - (k − 2) then the differential d2 : Exts,tUπ (R1Pπ(BTZ)) →
Exts+2,t

Uπ
(R0Pπ(BTZ)) in Lemma 6.6 is trivial.

Proof. Since the Γ-coaction on RiPπ(BTZ) is trivial, Lemma 6.7 gives
the generators of the Ext groups, and they are classified by the following
tables where s refers to the filtration and t refers to the degree of the
elements:

Exts,tUπ (R0Pπ(BTZ))

element s t

vk1τk2xj k2 k1(2p− 2) + k2 + 2

vk1τk2h1xj k2 + 1 (k1 + 1)(2p− 2) + k2 + 2
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where j < n+ 1; and:

Exts,tUπ (R1Pπ(BTZ))

element s t

vk3τk4xn+1 k4 k3(2p− 2) + k4 + 2k

vk3τk4h1xn+1 k4 + 1 (k3 + 1)(2p− 2) + k4 + 2k

If d2 were not trivial, then it maps elements from the second table to
the first. Compare the degrees and the filtration of the generators in the
tables. If the differential d2(vk3τk4hi1xn+1) = rvk1τk2hi2xj where r ∈ Zp
and i1, i2 = 0, 1, we obtain the relation

(k3 + i1)(2p− 2) + k4 + 2k = (k1 + i2)(2p− 2) + k2 + 2

since d2 preserves the degree of the elements and raises filtration degree
by 2 we have k2 = k4 +2. Using these relations and simplifying we obtain
k − 2 = (k1 + i3 − k3 − i1)(p− 1) or (p− 1)|(k − 2). �

Corollary 6.9. Let p be an odd prime. If (p− 1) - (k − 2) then

Es,t2 (BTZ) ∼= Exts,tUπ (R0Pπ(BTZ))⊕ Exts−1,t
Uπ

(R1Pπ(BTZ)).

Proof. By Theorem 6.8 the long exact sequence of Lemma 6.6 breaks into
a short exact sequence

0→ Exts,tUπ (R0Pπ(BTZ))→ Es,t2 (BTZ)→ Exts−1,t
Uπ

(R1Pπ(BTZ))→ 0.

Since the groups are free Zp-modules the splitting follows. �

Since K(1)∗(S
2) has trivial coaction we can deduce explicitly, the gen-

erators of the group Exts,tUπ (PπK(1)∗(S
2)) by applying Lemma 6.7. In

fact, the generators are: vk1τk2hk31 ι2 where ι2 is the generator of the group
K(1)∗(S

2) = PπK(1)∗(S
2). In what follows we recall the exponent for a

fixed odd prime p. For a non-negative integer k, ν(k) = max{j| pj |k}.
For example, if p = 3 and k = 9, then ν(9) = 2. Very often it is written
as k = apν(k) with p - a and q = 2(p− 1).

Lemma 6.10. In Es,t2 (S2), vk1ι2 supports a dν(k1)+2 differential.

Proof. Since PπK(1)∗(S
2) = K(1)∗(S

2), by Theorem 6.5

ExtUπ (R0Pπ(S2)) = ExtUπ (PπK(1)∗(S
2))

injects into the stable Adams spectral sequence based on K(1). Hence,
the elements from ExtUπ (PπK(1)∗(S

2)) survive into Es,t2 (S2) from the
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Composite Functor Spectral Sequence. The suspension homomorphism
Σ : K(1)∗(S

2) → K(1)∗(S
3) induces a homomorphism of Composite

Functor Spectral Sequences Σ∗ : E
m,n,t

(S2) → E
m,n,t

(S3) which is an
isomorphism when n = 0. We observe that this isomorphism does not
preserve degree; in fact, it shifts the degree by +1. A homomorphism
of Bousfield-Kan spectral sequences is obtained by taking vk1τk2hk31 ι2 to
vk1τk2hk31 ι3. From §11 of [25], it is known that vk1ι3 supports a dν(k1)+2

differential. The result follows by commutativity of Σ∗. �

Notation 6.11. If E is a homology theory, the E-completion of X in the
sense of [13] will be denoted by X∧E . When E = K(1) we write (X)∧ for
X∧E .

Theorem 6.12. Let p be an odd prime.

πz((CP∞)∧) =


Zpν(r)+1 z = 1 + rq, r ∈ Z− {0}
Z∧p z = 1, 2

0 otherwise

Proof. Since K(1)∗(CP∞) is cofree, then by Lemma 4.8 we have

RnPπ(K(1)∗(CP∞)) =

{
K(1)∗(ι

CP∞
2 ) n = 0, |ιCP∞2 | = 2

0 otherwise

It follows that the CFSS collapses and there is an isomorphism of the
E2-term of the BKSS E•2 (CP∞) = ExtUπ (K(1)∗(ι

CP∞
2 )). The canonical

map i : S2 → CP∞ induces a map of Bousfield-Kan spectral sequences
ι∗ : E•2 (S2) → E•2 (CP∞) that maps the class vk1τk2 hiι2 to the class
vk1τk2 ι

CP∞
2 . This map fits into a commutative diagram:

E•2 (S2)

��

// E•2 (CP∞)

��
π∗((S

2)∧) // π∗((CP∞)∧)

Since the differentials commute with i∗, the result follows from Lemma
6.10. �

Remark 6.13. Before proving the next statement regarding the homotopy
groups of the unstable completion of BTZ we take note of the following.

• The spectral sequence can be applied to simply connected spaces
so it is not the case that the result can be obtained by analyzing
the spectral sequence for S1.



THE K(1)-BKSS FOR CERTAIN TORIC SPACES 211

• The spectral sequence for CP∞ has towers that come from Hopf
Algebroid elements in Γ = K(1)∗(K(1)) and there are differen-
tials.

We can now describe the unstable K(1)-completion of a certain family
of toric space. Recall, for a fixedm > 2 and a fixed k such that 1 < k < m,
there is a simplicial complex L that realizes K(1)∗[[v1, ...., vm]]/〈v1 · · · vk〉
(Lemma 3.16). Let BTZ = (CP∞)L and define l(BTZ) = k to be the
length of the square free monomial generator of the ideal 〈v1 · · · vk〉.

Theorem 6.14. Let p be an odd prime. For BTZ = (CP∞)L with
l(BTZ) = k and (p − 1) - (k − 2) the K(1)-Bousfield-Kan spectral se-
quence for BTZ converges completely in the sense of [13] and

πz((BTZ)∧) =



Zm
pν(r)+1 z = 1 + rq, r ∈ Z− {0}

Zpν(r)+1 z = 2k − 1 + rq, r ∈ Z− {0}
Z∧p z = 2k − 2, 2k − 1

(Z∧p )m z = 1, 2

0 otherwise

Proof. By §7 of [19], we have (
∏
m CP∞)∧ ∼=

∏
m(CP∞)∧. Since all

of the calculations are Zp, the product of spaces gives a tensor prod-
uct of coalgebras which in turn produces a direct sum when the derived
functors are computed. Hence, we have E2(

∏
m S

2) ∼=
⊕

mE2(S2) and
E2(
∏
m CP∞) ∼=

⊕
mE2(CP∞). For 1 ≤ j ≤ m, let ι(2,j) be the gener-

ator of the jth E2-term coming from the direct sum for the even spheres
and similarly ιCP

∞

(2,j) is the generator of the jth E2-term coming from the
direct sum for CP∞. Since π2(BTZ) ∼= Zm [1, 20] there is a commutative
diagram of E2-terms

E0,2
2 (
∏
m S

2)

∏
1≤j≤m ι(2,j)

��ww
E0,2

2 (BTZ)
g∗
// E0,2

2 (
∏
m CP∞)

The diagonal map comes from the generators of the second homotopy
group of BTZ and g∗ is the induced map from the map g : BTZ →
(CP∞)m. It follows that there exist generators x(2,1), . . . , x(2,m) in
E0,2(BTZ) where the indexing set (2, j) refers to the degree and the fac-
tor in the product since the generators of the cohomology of the Borel
space come from those generators in the product of CP∞. As noted
above, there are generators ιCP

∞

(2,1) , ..., ι
CP∞
(2,m) of E0,2

2 (
∏
m CP∞) such that

g∗(x(2,j)) = ιCP
∞

(2,j) . The result for stems z = 1, 2, 1+rq, r ∈ Z−{0} follows
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from Theorem 6.12 and the previous commutative diagram. Furthermore,
in these stems there is an induced surjective map of completions:

(g∗)
∧ : πz((BTZ)∧)→ πz(

∏
m

(CP∞)∧).

We note that if there exists a non-trivial class in πz(
∏
m(CP∞)∧) that

is not the image of a class in πz((BTZ)∧) then this would imply that in
E0,2

2 (
∏
m CP∞) there is a generator that is not in the image of a generator

in the term E0,2
2 (BTZ). These observations imply that the map (g∗)

∧ is
surjective. Since CP∞ and BTZ are simply connected, then by the Fibre
Lemma (4.4) of §5 of [19], we have a fibration of completions coming from
Theorem (3.18) and Remark (3.19)

(6.1) (S2k−1)∧
(f)∧−−−−→ (BTZ)∧

(g)∧−−−−→
∏
m(CP∞)∧.

The following short exact sequence is obtained by applying π∗(−) to
(6.1) and noting that (g)∧ is surjective.

(6.2) 0 −−−−→ πz((S
2k−1)∧)

(f∗)
∧

−−−−→ πz(BTZ)∧)
(g∗)

∧

−−−−→ ...

... πz(
∏
m(CP∞)∧) 0.

We recall the calculation of the homotopy groups of the unstable K(1)-
completion of the odd sphere [25] with n = k − 1. The smallest possible
relation has degree four implying k > 1, so the result holds for z = 2k−1.

πz((S
2k−1)∧) =


Zpν(r)+1 z = 2k − 2 + rq, r ∈ Z− {0}
Z∧p z = 2k − 2, 2k − 1

0 otherwise

Since πz(
∏
m(CP∞)∧) has no homotopy in dimensions z = 2k − 1 + rq

(Theorem 6.12), then (f∗)
∧ in the short exact sequence (6.2) is an iso-

morphism in those dimensions. By [25] (pg. 697) there can not be a
non-trivial differential coming out of the tower τk2x2k where multiplica-
tion by τ corresponds to multiplication by p in homotopy. If we invert v,
then there is a tower generated by the classes of the type v−1τk2h1x2k of
total degree 2k+ k2 and filtration k2 + 2 where one is added to the filtra-
tion because of the first derived functor. By the remark above, the classes
in this tower are not in the image of a differential and the differentials out
are zero too. This tower generates the group π2k−2((BTZ)∧) = Z∧p . �
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The authors believe that the hypothesis of Theorem 6.14 is unnecessary
but have not been able to prove it. Additionally, the authors do not know
if the K(1)-completion agrees with the K(1)-localization of these spaces.

Remark 6.15. K(1) is neither Landweber exact nor a connective theory so
convergence is not guaranteed and the calculations of the E2-term become
much more involved. For this theory, the methods obtained in [13, 14]
do not apply. Furthermore, Theorem 6.14 and Theorem 6.12 cannot be
obtained using the results contained in those papers.

Acknowledgements

The first author would like to thank Professor A.K Bousfield for very
helpful comments (private communication) concerning the completion and
localization. Both authors thank the referee for conducting a careful
review of the paper and providing helpful comments that improved the
exposition.

References

[1] David Allen, On the Homotopy Groups of Toric Spaces, Homology, Homotopy
and Applications, vol. 10(1) (2008), 437–479.

[2] D. Allen, J. La Luz, The Higher Derived Functors of the Primitive Element
Functor of Quasitoric Manifolds, Topology and its Applications 158(16) (2011),
2103–2110.

[3] , Methods in Unstable Homotopy Theory, Surveys in Mathematics and
Mathematical Sciences, Volume 1, Issue 1, (2012), 1–34.

[4] , Certain Generalized Higher Derived Functors Associated to Quasitoric
Manifolds, Journal of Homotopy and Related Structures, vol. 13, issue 2, (2018),
395–421.

[5] , The Determination of Certain Higher Derived Functors of Moment An-
gle Complexes, Top. Proc. 49 (2017), 179–198.

[6] , On the Non-existence of Torus Actions, Topology and its Applications,
Vol. 209 (2016), 347–366.

[7] Victor Buchstaber., Taras Panov., Toric Topology Arxiv: 1210.2368v3 (2014).
[8] Anthony Bahri, Martin Bendersky, Fred Cohen, Samuel Gitler, On Moonomial

Ideal Rings and a Theore of Trevisan Arxiv: 1205.6258v1 (2012).
[9] M. Bendersky, E. B. Curtis and H. R. Miller, The unstable Adams spectral se-

quence for generalized homology, Topology 17 (1978), 229–248.
[10] M. Bendersky, E. B. Curtis and D. C. Ravenel, EHP sequences in BP theory,

Topology 21 (1982), 373–391.
[11] M. Bendersky, The derived functors of the primitives for BP∗(ΩS2n+1), Trans.

Amer. Math. Soc. 276 (1983), 599–619.
[12] W. Bruns, J. Gubeladze, Combinatorial invariance of Stanley–Reisner rings,

Georgian Math. J. 3 (1996), no. 4, 315—318.
[13] M. Bendersky and J. R. Hunton, On the Coalgebraic Ring and the Bousfield-Kan

Spectral Sequence for a Landweber Exact Spectrum, Proceedings of the Edinburgh
Mathematical Society Volume: 47, Issue: 3 (2007), 513–532.



214 DAVID ALLEN AND JOSÉ LA LUZ

[14] M. Bendersky and R. D. Thompson, The Bousfied-Kan Spectral Sequenece for
Periodic Homology Theories, American Journal of Mathematics 122 (2000), 599–
635.

[15] J. M. Boardman, R. L. Kramer, W. S. Wilson The Periodic Hopf Ring of Connec-
tive Morava K-Theory, ForumMathematicum Volume 2, Issue 6 (1999), 761–767.

[16] A.K. Bousfield, Nice homology co-algebras, Trans. Amer. Math. Soc. 148 (1970),
473–489.

[17] , Cosimplicial Resolutions and Homotopy Spectral Sequences in Model
Categories, Geometry and Topology 7 (2003), 1001–1053.

[18] A. Bousfield, D. M. Kan, The Homotopy Spectral Sequence of a Space with Co-
efficients in a Ring, Topology 11 (1972), 79–106. Springer-Verlag, 1972.

[19] , Homotopy limits, Completions and Localizations, Lecture Notes in
Mathematics, Volume 304, Springer-Verlag, 1972.

[20] V.M. Buchstaber and T.E. Panov, Torus actions and their applications in Topol-
ogy and Combinatorics, University Lecture Seriers, AMS (2002).

[21] V.M. Buchstaber and N. Ray, Tangential structures on toric manifolds, and
connected sums of polytopes, International Math. Res. Notices (2001).

[22] , An invitation to Toric Topology: vertex four of a remarkable tetrahe-
dron. In: Toric Topology (M. Harada et al, eds.) Contemp. Math., vol. 460
Amer. Math Soc., Providence, RI, 2008, 1–27.

[23] M. Davis and T. Januszkiewicz, Convex polytopes, Coxter orbifolds and torus
actions, Duke Math. Journal 62 (1991), no. 2, 417–451.

[24] N. J. Kuhn, Morava K-Theories and Infinite Loop Spaces, Algebraic Topology-
Arcata 1986 , Lecture Notes in Mathematics, vol. 1370, Springer-Verlag, 1989.

[25] J. La Luz, The Bousfield-Kan Spectral Sequence for Morava K-Theory, Edin-
burgh Mathematical Society, Volume 49, III (2006), 683–699.

[26] Milnor J. W., Moore J., On the Structure of Hopf AlgebrasAnnals of Mathematics
Second Series, Vol. 81 (1965), No. 2, pp. 211–264.

[27] H. R. Miller, D. C. Ravenel, W. S. Wilson, Periodic Phenomena in the Adams-
Novokov Spectral Sequence, Annals of Mathematics 106 (1977), 469–516.

[28] P. Orlik and F. Raymond, Actions of the torus on 4-Manifolds I, Trans. Amer.
Math. Soc. vol. 152 (1970), 531–559.

[29] D. C. Ravenel, Complex Cobordism and Stable Homotopy Groups of Spheres,
Academic Press.

[30] D. C. Ravenel and W. S. Wilson, The Hopf Ring for Complex Cobordism, Journal
of Pure and Applied Algebra, 9(1977), 241–280.

[31] , The Morava K-Theories of Eilenberg-Maclane Spaces and the Conner-
Floyd Conjecture, American Journal of Mathematics 102 (1979), 691–748.

[32] L. Smith, Homological Algebra and the Eilenberg-Moore Spectral Sequence, Trans.
Amer. Math. Soc. 129 (1967), 58–93.

[33] N. Yagita, A Topological Note on the Adams Spectral Sequence Based on
Morava’s K-Theory, Procedings of the American Mathematical Society, 72
(1978), no. 3, 613–617.

(Allen) Department of Mathematics BMCC CUNY, New York 10007
Email address: dtallen@bmcc.cuny.edu

(La Luz) Departmento de Matemáticas, Universidad de Puerto Rico, In-
dustrial Minillas 170 Car 174, Bayamón, PR, 00959-1919

Email address: jose.laluz1@upr.edu


