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THE TOPOLOGICAL GROUP OF
AUTOHOMEOMORPHISMS OF HOMOGENEOUS

FUNCTIONALLY ALEXANDROFF SPACES

SAMI LAZAAR AND HOUSSEM SABRI

Abstract. In this paper, we study topological properties of the
group of autohomeomorphisms of homogeneous functionally
Alexandroff spaces.

In particular, when the functionally Alexandroff space (X,P(f))
is a connected homogeneous space where the map f is κ-to-one
for some finite cardinal number κ > 1, we prove that its au-
tohomeomorphism group H(X) equipped with the permutation
topology is a second countable, totally disconnected, locally com-
pact (s.c.t.d.l.c.), non discrete Hausdorff group. Furthermore, in
this case, or even if κ is an infinite cardinal number, we prove that
the topology of pointwise convergence, the compact-open topology
and the permutation topology which equip the topological group
H(X) are equivalents.

Finally, one of the main results of this paper is to prove that the
group H(X) is not locally compact when κ is an infinite cardinal
number. Consequently, we deduce that the group of all isometries
of a regular tree is locally compact if and only if the tree is locally
finite.

1. Introduction

A topological space X is said to be Alexandroff space if any arbitrary
intersection of open sets is open. They have been introduced in 1937 by
P. S. Alexandrov in [3] under the name Diskrete Räume “discrete space”.
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Thus, a topological space is Alexandroff if and only if every point has
a least neighborhood. For instance, any finite space is an Alexandroff
space. Accordingly, such topologies are often applied in many areas such
as computer sciences, social and natural sciences, digital topology, etc.
(see, for instance, [16], [14], [15]). For some elementary properties of
Alexandroff spaces, we refer to [3, 2, 24].

It is well known that there is a categorical isomorphism between the
category of Alexandroff spaces and the category of quasi-ordered sets.
Taking a quasi-order ≤ on a setX, one can define an Alexandroff topology
τ≤ defined by choosing the open subsets equal to upper subsets of (X,≤).
Hence, the corresponding closed subsets are the lower subsets.

In this paper, we deal with a class of Alexandroff spaces that were
recently introduced and are called functionally Alexandroff spaces. This
construction was independently introduced by Shirazi and Golestani [25]
in 2011 under the name functional Alexandroff spaces and by Echi [9] in
2012 under the name primal spaces. Let X be a set and f : X → X
a function. We can define an Alexandroff topology denoted by P(f) on
X by taking the family {A ⊂ X : f(A) ⊂ A} (i.e. the f -invariant
subsets of X) as the family of closed sets for this topology. Many results
and properties have been obtained and studied in such a space (see, for
example, [18, 8, 20]). In this paper, the topological space (X,P(f)) will
be called a functionally Alexandroff space.

By the Alexandroff specialization theorem which characterizes an Alex-
androff topology in terms of a quasi-order, the closure of x ∈ (X,P(f)) is
the lower set ↓ {x} = {y ∈ X : y ≤ x}. The smallest open neighborhood
of x, denoted by Vf (x) is given by the corresponding upper set. We
summarize some elementary properties in the following proposition. For
a proof, see [25]. Throughout the paper, N denote the set of naturals with
zero.

Proposition 1.1 (Elementary properties). Let (X,P(f)) be a function-
ally Alexandroff space and let (X,≤f ) denote the corresponding special-
ization qoset.

(1) The space (X,P(f)) is an Alexandroff space.
(2) For any x∈X, the closure of {x} is the orbit ↓ x={fn(x) :n∈N}.

That is,

y ≤f x ⇐⇒ ∃n ∈ N : y = fn(x).

(3) The Kuratowski closure operator is given by

µf (A) =
⋃
n∈N

fn(A)

for each subset A ⊆ X.
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(4) For any x ∈ X, the smallest open neighbourhood Vf (x) of x is

Vf (x) =↑ x = {y ∈ X : ∃n ∈ N, fn(y) = x} .

(5) For any x, y ∈ X we have either Vf (x) ∩ Vf (y) = ∅ or Vf (x) and
Vf (y) are comparable, i.e. x ≤f y or y ≤f x.

(6) The map f : (X,P(f))→ (X,P(f)) is a closed continuous map.
(7) The space (X,P(f)) is compact if and only if there exist x1, x2, ...,

xn ∈ X such that X =
⋃n
i=1 Vf (xi).

(8) For each n ∈ N we have P(f) ⊆ P(fn).
(9) Any connected component of X is open (therefore clopen).
(10) The binary relation defined on X by

x ∼ y ⇐⇒ ∃p, q ∈ N, fp(x) = fq(y)

is an equivalence relation on X and the equivalence class of a
point x is the connected component of X containing x.

A point x ∈ (X,P (f)) is called periodic of period p ∈ N − {0} if the
points x, f(x), f2(x), ..., fp−1(x) are distinct and fp(x) = x (in such case,
we say that f has a p-cycle). A point with period 1 is called a fixed point
of f , and hence is a minimal point in the corresponding quasi-ordered set.

A topological space Y is called homogeneous if for any points a, b ∈ Y
there exists a homeomorphism ϕ : Y → Y such that ϕ(a) = b. That is,
homogeneous spaces are those spaces Y on which Aut(Y ) acts transitively.

Let κ denote a positive cardinal number. The following theorem from
[18] gives us a complete characterization of homogeneity in functionally
Alexandroff spaces.

Theorem 1.2. Let (X,P (f)) be a functionally Alexandroff space.
(1) If f has a p-cycle, (X,P(f)) is homogeneous if and only if all

elements are periodic with same period p. The topology P(f) is
therefore a partition topology in which every equivalence class has
p elements. Here the equivalence relation ∼ is defined by

x ∼ y ⇐⇒ x ∈ cl{y} and y ∈ cl{x}.

(2) If f has no cycle, (X,P(f)) is homogeneous if and only if f is a
κ-to-one function. Moreover, the group of autohomeomorphisms
of (X,P(f)) denoted by H(X) is:

H(X) = {q ∈ SX : q ◦ f = f ◦ q}

where SX denotes the symmetric group of the set X.

We know by [18] that functionally Alexandroff spaces (X,P(f)) are
locally connected and the component of any a ∈ X is given by Ca =⋃
n≥0 Vf (fn(a)).
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Let I be an indexing set of the family {Ci : i ∈ I} of components
of X and let fi = f|Ci

: Ci → Ci be the well defined restriction of f
to Ci. Then, X =

∐
i∈I Ci and the topology P(f) is the disjoint union

topology, i.e. the space (X,P(f)) is homeomorphic to the disjoint union
of its components (Ci, P (fi)). Thus, the space (X,P(f)) is homogeneous
if and only if all its components {Ci : i ∈ I} are homeomorphic and
homogeneous (see [18]).

In this paper, we study the topological properties of the autohome-
omorphism group H(X) of homogeneous functionally Alexandroff space
(X,P(f)) as a topological group. We should mention that the class of
spaces under consideration provide enough structure that very nice alge-
braic results are possible. For more details, the study of the algebraic
structure was developed in the paper [19].

2. Definitions and preliminary results

In this section, we begin by summarizing some basic definitions, results
and examples about topological groups, the permutation topology and
totally disconnected, locally compact groups (t.d.l.c. groups).

The first references to the permutation topology go back to the papers
[21] and [17]. This topology gives the possibility to apply ideas and results
from topological groups theory in the theory of permutation groups.

Definition 2.1. Let G be a group acting on a set Ω. The permutation
topology is the topology defined by the subbase B = {S(a, b) : a, b ∈ Ω}
where

S(a, b) = {g ∈ G : g.a = b} .

Definition 2.2. [22] Let Y be a topological space and F be a family
of functions from X to Y . Let Y X denote the usual product space (i.e.
the Tychonoff topology). The pointwise convergence topology on F is the
relative topology on F as a subspace of Y X . The subbase elements of the
pointwise convergence topology are:

p−1x (U) = {f : f ∈ F and f(x) ∈ U}
for each x ∈ X and U an open subset of Y .

The compact-open topology is also defined in very similar way.

Definition 2.3. [13] Let X and Y be two topological spaces and F be a
family of functions from X to Y . For each compact subset K of X and
an open subset U of Y , define

V (K,U) = {f : f ∈ F and f(K) ⊆ U} .
Then, the family of all such subsets V (K,U) is a subbase for the

compact-open topology on F .
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We also mention the following theorem.

Theorem 2.4 ([13]). The compact-open topology is finer than that of
pointwise convergence. The space F ⊆ Y X endowed with the compact-
open topology is a Hausdorff space if the space Y is Hausdorff and is
regular when Y is regular and the members of F are continuous.

The following remark establishes an equivalence between the previous
three topologies.

Remark 2.5. Let G be a group acting on a set Ω (Gy Ω).
(1) The group G equipped with the permutation topology is a topo-

logical group.
(2) Suppose Ω is endowed with the discrete topology. Each element

g ∈ G can be considered as bijection σg : Ω → Ω. Then, the
permutation topology is the same as the topology of pointwise
convergence, and it is also equal to the compact-open topology.

We recall that a topological space is called totally disconnected if its
connected components are the one-point sets.

By the definition of the permutation topology and using basic prop-
erties of topological groups (see [23], [11] and [5]), we have the following
facts.

Proposition 2.6. Let Gy Ω be equipped with the permutation topology.
(1) The stabilizer of a point is a clopen subgroup of G.
(2) A subgroup H of G is open if and only if H contains the pointwise

stabilizer of some finite set of points.
(3) The permutation topology on G is Hausdorff (or equivalently T0)

if and only if the action of G is faithful.
(4) The permutation topology on G is totally disconnected if and only

if the action of G is faithful.
(5) If the set Ω is countable, then G is a second countable topological

group.

2.1. Graphical notation. The graphical representation of the space
(X,P(f)) will consist of the set X as the set of vertices and

EX = {(x, f(x)) : x ∈ X and f(x) 6= x}
as the set of edges. The vertex f(x) is represented below the vertex
x. If (X,P(f)) is connected and the map f has no cycles, the graph
representation of (X,P(f)) is in fact an infinite tree and if in addition f
is κ-to-one, the tree is a (κ + 1)-regular tree where each vertex v has κ
incoming and 1 outgoing edges.

So, let us set the following notation.
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Notation 2.7. We denote by Tf the described tree of a connected ho-
mogenous space (X,P(f)) where f is a cycle-free, κ-to-one function. We
note that if κ is countable, then the set of vertices V Tf is countably
infinite. See Figure 1 as an illustration when κ = 2.

• • • • • • • • • • • • • • • •

• • • • • • • •

• • • •

•x •
y

•
f(x) = f(y)

...

...

Figure 1. The tree Tf of a connected homogeneous
functionally Alexandroff space where f is 2-to-one

Recall that for any tree T , Aut(T ) denotes the group of all isometries
of T considered as a metric space (where inversion of vertices is allowed).
We denote by T n the n-regular tree, also called homogeneous tree (i.e.
each vertex has valency n). For more details on locally finite homogeneous
trees and on the group Aut (T n) and its topology see the first chapter of
[1]. If f is κ-to-one, it is worth noting that the group H(X) is a proper
subgroup of Aut(T κ+1).

The automorphism groups of locally finite connected graphs (especially
trees) appear naturally and gives a large and significant class of examples
of second countable t.d.l.c. non-discrete topological groups (see [4] for a
rich illustration). For more information about t.d.l.c groups we refer to
[28] and the proceedings [7].

Example 2.8. Let Γ be a graph. The graph is called locally finite if
each vertex has a finite number of neighboring vertices (i.e. each vertex
degree is finite). The graph is called connected if there is a path between
any two vertices. A connected graph Γ can be equipped with the distance
metric. The distance between two vertices on Γ is the minimum length
over all lengths of paths connecting them. An automorphism of a graph
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is a permutation of the set of vertices which preserve the edge–vertex
connectivity. We denote by Aut(Γ) the group of automorphisms of Γ. It
is clear that if Γ is connected then the automorphism group is the same
as the isometry group of Γ viewed as a metric space.

The group Aut(Γ) induces a faithful action on Γ (more precisely on
the set of vertices of Γ). Hence, Aut(Γ) is a topological group under the
permutation topology. Since the metric topology on Γ is discrete, then by
Remark 2.5 the permutation, pointwise convergence and compact-open
topologies are equivalent. Also, they are equal to the compact conver-
gence topology, because it is known that when (Y, d) is a metric space,
then the compact-open topology and the compact convergence topology
coincide on C(X,Y ) [22]. Also, it is not difficult to see that if the graph
Γ is connected and locally finite, then the set of vertices is at most count-
able. Hence, in this case, the topological space Aut(Γ) is finite or second
countable.

To summarize, if Γ is a connected locally finite graph, then Aut(Γ)
is a totally disconnected, locally compact Polish group. The key idea of
the proof is that the stabilizer of any vertex is a profinite group, hence
compact. For more details and proofs, we refer to [29] and [26].

3. Topologies on The Group H(X)

In this section, we prove our first results about the topological group
H(X) where (X,P(f)) is a homogeneous space. Many cases are to discuss
according to the nature of the map f .

Let (X,P(f)) be a homogeneous functionally Alexandroff space. Since
autohomeomorphisms of (X,P(f)) are permutations ofX, then by Propo-
sition 2.6, H(X) endowed with the permutation topology is a totally dis-
connected Hausdorff topological group.

The first natural question one might ask is when the autohomeomor-
phism group H(X) is the trivial discrete topological group. Before giving
the answer, we need the following result which can be deduced from [18,
Theorem 2.7]

Proposition 3.1. Let (X,P(f)) be a homogeneous space where f is a κ-
to-one map and κ > 1. Let Z ∈ X and a, b be two distinct points of f−1[Z]
(i.e. f(a) = f(b) = Z). Then, there exists a Z-branch transposition
qa,b ∈ H(X) (not unique) verifying the following conditions: qa,b(a) = b

qa,b(b) = a
qa,b(x) = x : x ∈ X − (Vf (a) ∪ Vf (b))

See Figure 2.
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••• ••• •••

• • •

•
Z

•
f(Z)

a b

•

• • •

•

• • •

••• •••

...

...
. . .

Vf (a) Vf (b)

Figure 2. Z-branch transposition

Proof. Without loss of generality, we suppose that (X,P(f)) is connected.
Let (Yk, fk) be the connected homogeneous functionally Alexandroff space
defined in [18, Example 2.6] where every point is covered by κ others. Let
Z ∈ X and let (η, 0) ∈ Yk. Then, by [18, Theorem 2.7], there exists an
order-isomorphism map

h : Vf (Z) 7→ Vfk((η, 0)).

For each x ∈ f−1[Z], we denote by x∗ = h(x).
Similarly, there exists an order-isomorphism map Vfk(a∗) 7→ Vf (b)

and an order-isomorphism map Vfk(b∗) 7→ Vf (a) and for each x∗ ∈
f−1k [(η, 0)]−{a∗, b∗}, h−1|Vfk (h(x)) is an order-isomorphism map from Vfk(x∗)
to Vf (x). Since distinct points in f−1k [(η, 0)] have disjoint minimal neigh-
borhoods (by Proposition 1.1), then their union gives a well defined order-
isomorphism map

s : Vfk((η, 0)) 7→ Vf (Z)

such that: 
s(a∗) = b
s(b∗) = a
s(h(y)) = y ; ∀y ∈ Vf (Z)− (Vf (a) ∪ Vf (b))
s((η, 0)) = Z

The composition of the two order-isomorphisms s ◦ h is an order-
isomorphism map Vf (Z) 7→ Vf (Z) such that: s ◦ h(a) = b, s ◦ h(b) = a
and fixes all points in Vf (Z)− (Vf (a) ∪ Vf (b)). That is, s ◦ h transposes



TOPOLOGICAL GROUP OF AUTOHOMEOMORPHISMS OF (X,P(f)) 251

the a and b branches and fixes all other branches. Finally, the order-
isomorphism s◦h can be extended to an autohomeomorphism qa,b ∈ H(X)
by: {

qa,b|Vf (Z)
= s ◦ h

qa,b(x) = x : x ∈ X − Vf (Z)

which completes the proof. �

Hence, we get the following proposition.

Proposition 3.2. Let (X,P(f)) be a homogeneous space. The following
properties hold.

(1) If f has a periodic point or f is a cycle-free 1-to-one map, then:
H(X) is discrete ⇐⇒ (X,P(f)) has finitely many connected

components.
(2) If f is a κ-to-one map where κ ≥ 2, then H(X) is not discrete.

Proof. Let (X,P(f)) be a homogeneous space.
(1) In the first case, by Theorem 1.2, all points are periodic with same

period p. Let {C(xi) : i ∈ I} denote the family of components of
X. Since C(xi) = {xi, f(xi), ..., f

p−1(xi)}, if I is finite we have:⋂
i∈I

p−1⋂
k=0

S(fk(xi), f
k(xi)) = {id}

and consequently, {id} is open. By homogeneity of topological
groups, all singletons are open and therefore H(X) is a finite
discrete topological group.

If I is infinite and {id} is an open subset, then there exists a
finite subset {x1, x2, ..., xn} of X such that

⋂n
j=1 S(xj , xj) = {id}.

Now, take two distinct points y and z in X −
⋃n
i=1 C(xi). The

autohomeomorphism g which maps y to z and fixes all points xi is
clearly not the identity and g ∈

⋂n
j=1 S(xj , xj), which completes

the first case.
For a connected homogeneous (X,P(f)) where f is a cycle-free

1-to-one map, H(X) is uniquely homogeneous and an autohome-
omorphism which fixes some point is the identity (see [18] for a
proof). Hence, the result follows.

(2) Let κ ≥ 2 and suppose that H(X) is discrete. Then {id} is open
and therefore there exist x1, ..., xn ∈ X such that

⋂n
i=1 S(xi, xi) =

{id}. Since the map f has no cycle, then the quasi-order on
(X,P(f)) is a partial order. In fact, if x ≤ y and y ≤ x, then
x = fn(y) and y = fm(x) for some n,m ∈ N and consequently
x = fn+m(x). If n + m > 0, then x is a periodic point which
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is absurd. Thus, n = m = 0 and x = y which shows that the
quasi-order is a partial order. Now, since n is finite, applying
Proposition 1.1, there exists an x ∈ {xi : i = 1...n} such that
Vf (x) ∩ {xi : i = 1...n} = {x}. Since κ ≥ 2, then there exist
two distinct points a, b ∈ X such that f(a) = f(b) = x. By
Proposition 3.1, there exists an order isomorphism q ∈ H(X)
which interchanges Vf (a) and Vf (b) and the restriction of q to
X − (Vf (a) ∪ Vf (b)) is the identity map. Thus q ∈

⋂n
i=1 S(xi, xi)

and q 6= id (because q(a) = b).
�

Thus, we can see that the most interesting case to study is the case
where the map f is a κ-to-one where κ ≥ 2. In this case, by Proposition
2.6, if X is countable, then the topological group H(X) is second count-
able. The following lemma shows that X is countable if and only if κ is
countable and (X,P(f)) has at most countably infinitely many connected
components.

Lemma 3.3. Let f be a κ-to-one map and C a connected component of
the homogeneous (X,P(f)). Then the set C is countable if and only if κ
is countable.

Proof. The statement is trivial when κ > ℵ0.
Let κ ≤ ℵ0 and x ∈ C. We have Vf (x) =

⋃
n≥0 f

−n[x]. Since∣∣f−1[x]
∣∣ = κ and f−n[x] =

⋃
y∈f−1[x]

f−n+1[y]

we deduce that Vf (x) is countable.
Finally, since C is connected, then C =

⋃
n≥0 Vf (fn(x)) is count-

able. �

Hence, we deduce that if κ is countable and the homogeneous space
(X,P(f)) has at most countably infinitely many connected components,
then the topological group H(X) is second countable. The converse is
true. First, it is not difficult to see that if H(X) is second countable, then
the homogeneous space (X,P(f)) has at most countably infinitely many
connected components. By a simple cardinality argument, we show that
κ must be countable.

Proposition 3.4. If κ is an uncountable cardinal number, then H(X) is
not second countable.

Proof. Let β be a countable base for H(X). Given x ∈ X, we show that
there exists y ∈ X such that for any B ∈ β ; B * S(x, y).
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Since the family β is countable, then it can be denoted by:

β = {B0, B1, · · · , Bn, · · · }

For each i ∈ N, let gi ∈ Bi and we choose the set Ai = X − {gi(x)}.
Hence,

⋂
i∈NAi = X−

⋃
i∈N {gi(x)} is non empty. Thus, for a y ∈

⋂
i∈NAi

we have:
∀B ∈ β : B * S(x, y).

�

3.1. Comparison with the other topologies. Despite the similarities
with the topological group of isometries of a connected graph, the main
big difference with H(X) is that the topology P(f) which equips the
set X is not discrete like the metric topology which equips a connected
graph. Hence, we can not use the Remark 2.5 to easily deduce that
the permutation topology defined on H(X) is equivalent to the pointwise
convergence and the compact-open topologies. However, we have the
following results.

Denote by J the permutation topology, Jp the pointwise convergence
topology and Jc the compact-open topology on H(X).

Proposition 3.5. Let (X,P(f)) be a homogeneous space where the map
f has a cycle of period p. Then:

(1) If all points are fixed (i.e. p = 1), then J = J p = Jc.
(2) If p ≥ 2, then Jp = Jc  J .

Proof.

(1) If p = 1, then P(f) is the discrete topology on X. By Remark
2.5, we get J = J p = Jc.

(2) Let p ≥ 2. First, we have Jp ⊆ J . In fact, we only need to study
subbasis elements in Jp of the form p−1x (Vf (a)). Let a ∈ X, so:

∀x ∈ X, p−1x (Vf (a)) =
⋃

y∈Vf (a)

S(x, y).

Thus, Jp ⊆ J .
The smallest neighborhood of each point is finite of cardinal p.

Thus, if K is compact in (X,P(f)), then K must be finite. Hence
for any open subset U we have V (K,U) =

⋂
x∈K p

−1
x (U). Thus

Jp = Jc.
Now, we prove that J 6= J p. Suppose that J ⊆ J p. Let a, b

be two distinct points in the same connected component. Then,
for a g ∈ S(a, b) there exists a family {xi, yi ∈ X : i = 1...n} such
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that

g ∈
n⋂
i=1

p−1xi
(Vf (yi)) ⊆ S(a, b).

If xi is in the same component of a (xi ∼ a), then we have
g(xi) ∈ Vf (g(a)) = Vf (b) = Vf (a) and on the other hand we have
g(xi) ∈ Vf (yi). So, Vf (a)∩Vf (yi) 6= ∅ and then Vf (a) = Vf (yi) =
Vf (xi). In the same way, if xi is not the connected component of
a, then Vf (a) ∩ Vf (yi) = ∅. So, the map h defined by:

h(x) =

{
x if x ∈ Vf (a)
g(x) if x /∈ Vf (a)

is a well defined autohomeomorphism of X such that if xi ∼ a,
then h(xi) = xi ∈ Vf (a) = Vf (yi). If xi � a, then h(xi) =
g(xi) ∈ Vf (yi). Thus, h ∈

⋂n
i=1 p

−1
xi

(Vf (yi)) but h(a) = a 6= b so
h /∈ S(a, b) which completes the proof.

�

Finally, in the remaining case where the homogeneous space (X,P(f))
has no periodic point, we prove the following result.

Theorem 3.6. Let (X,P(f)) be homogeneous where the map f is a cycle-
free κ-to-one function for some positive cardinal number κ ≥ 1. Then:

(1) If κ = 1, then Jp = Jc ( J .
(2) If κ > 1, then Jp = Jc = J .

Proof. Let us begin by showing that Jp ⊆ Jc ⊆ J . Since the compact-
open topology is always finer than the pointwise convergence topology, it
just remains to show that Jc ⊆ J . Let V (K,U) be a neighborhood of g
where K is a compact set in X and U is an open set in X. Since K is
compact, we may establish a finite cover of the form:

K ⊆
⋃
x∈K
Vf (x) ⊆

n⋃
i=1

Vf (xi).

Let H =
⋂n
i=1 S(xi, g(xi)) be an open neighborhood of g in J . Let h

be an autohomeomorphism in H and y ∈ K. Then, for some i ∈ {1, ..., n}
we have:

h(y) ∈ h(Vf (xi)) = Vf (h(xi)) = Vf (g(xi)).

But, we have g(xi) ∈ U and Vf (g(xi)) is the smallest neighborhood
of g(xi), so Vf (g(xi)) ⊆ U . Thus, h(y) ∈ U (for any y ∈ K) and then,
h(K) ⊆ U . Hence, V (K,U) is a neighborhood of all its points relative to
J . Thus, Jc ⊆ J which completes the proof of the statement.
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(1) Let κ = 1.
In this case the specialization order restricted to each com-

ponent of (X,P(f)) is a countably infinite chain and is order
isomorphic to Z. So, the homogeneous space (X,P(f)) can be
illustrated by Figure 3.

· · ·

...

•

•

•

...

...

•

•

•

...

...

•

•

•

...

· · ·

Figure 3. The homogeneous space (X,P(f)) where f
is 1-to-one.

We first show that Jp = Jc. Let V (K,U) be a neighborhood
of g where K is a compact set in X and U is an open set in X.
Because each Vf (a) is a chain order isomorphic to N, then we may
establish a finite cover of the form:

K ⊆
n⋃
i=1

Vf (xi),

where each xi ∈ K.
Let H =

⋂n
i=1 p

−1
xi

(Vf (g(xi))) be an open neighborhood of g in
Jp. Let h be an autohomeomorphism in H and y ∈ K. Then, for
some i0 ∈ {1, ..., n} we have: y ∈ Vf (xi0) ⇐⇒ y ≥ xi0 . But ∀i,
h(xi) ∈ Vf (g(xi)) ⇐⇒ h(xi) ≥ g(xi), then h(y) ≥ g(xi0) ⇐⇒
h(y) ∈ Vf (g(xi0)).

Since g(xi0) ∈ U and Vf (g(xi0)) is the smallest neighborhood
of g(xi0), then h(y) ∈ U (for any y ∈ K). Thus, V (K,U) is a
neighborhood of all its points relative to Jp and we conclude that
Jp = Jc.

Now, it just remains to show that Jp 6= J . Suppose that
J ⊆ J p and take a ∈ X. Then there exist x1, x2, . . . , xn ∈ X
and open subsets U1, U2, . . . , Un of X such that:

S(a, a) ⊇ ∩
n⋂
i=1

p−1xi
(Ui) .
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Fix h ∈
⋂n
i=1 p

−1
xi

(Ui). Since h(a) = a, then h fixes all elements
in the component of x, that is h|C(a) = id.
• Suppose that for each 1 ≤ i ≤ n, xi /∈ C(a). We define
g ∈ H(X) a translation of the component C(a) by:{

g(x) = f(x) ∀x ∈ C(a),
g(x) = x ∀x /∈ C(a).

Then, g ◦ h(xi) = h(xi) so the autohomeomorphism g ◦ h ∈⋂n
i=1 p

−1
xi

(Ui) but g ◦ h(a) = f(a) 6= a which contradicts the
fact that

⋂n
i=1 p

−1
xi

(Ui) ⊆ S(a, a).
• If for some 1 ≤ i ≤ n, xi ∈ C(a). So, ∀i = 1 . . . n, if
xi ∈ C(a), then Ui ⊇ Vf (xi). Thus:

S(a, a) ⊇
n⋂
i=1

{
p−1xi

(Ui) : xi /∈ C(a)
} n⋂
i=1

{
p−1xi

(Vf (xi)) : xi ∈ C(a)
}
.

Now, for each xi ∈ C(a), there exists qi ∈ Z such that xi =
fqi(a). Let q = min{qi ; i} and let b = fq(a). Then, ∀i ∈
{1..n : xi ∈ C(a)}

p−1b (Vf (b)) ⊆ p−1xi
(Vf (xi)) ,

then p−1b (Vf (b)) ⊆
n⋂
i=1

{
p−1xi

(Vf (xi)) : xi ∈ C(a)
}
.

Hence, as in the previous case, we can define g ∈ H(X) a
translation of C(a) by:{

g(a) = f−1(a),
g(z) = z ∀z /∈ C(a).

Then, the autohomeomorphism

g ◦ h ∈
n⋂
i=1

{
p−1xi

(Ui) : xi /∈ C(a)
}
∩ p−1b (Vf (b)) ⊆ S(a, a),

because g ◦ h(b) = g(b) = g(fq(a)) = fq(g(a)) = fq−1(a) ∈
Vf (b) and g ◦ h(xi) = h(xi). But, g ◦ h /∈ S(a, a) which is a
contradiction.

(2) Let κ ≥ 2.
We show that J ⊆ Jp. Let g ∈ S(x, y). Since κ > 1, there

exists some z ∈ f−1[f(x)]− {x}. Hence:

g ∈ p−1x (Vf (y)) ∩ p−1z (Vf (g(z))) ⊆ S(x, y).

In fact, let h ∈ p−1x (Vf (y)) ∩ p−1z (Vf (g(z))), that is:

(3.1)
{
h(x) ∈ Vf (y)
h(z) ∈ Vf (g(z))

.
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Moreover, by Theorem 1.2 we have:

(3.2) f(x) = f(z) =⇒ f ◦ h(x) = f ◦ h(z).

Since, Vf (y) ∩ Vf (g(z)) = ∅ and by (3.1) and (3.2), we deduce
that the autohomeomorphism h must map x to y, that is h ∈
S(x, y). Or, p−1x (Vf (y)) ∩ p−1z (Vf (g(z))) is open in Jp, so S(x, y)
is a neighborhood of all its points relative to Jp. Thus, J ⊆ J p
and finally J ⊆ J p ⊆ Jc ⊆ J . So, for κ ≥ 2 the topology J
placed on H(X) is exactly the topology of pointwise convergence
and the compact-open topology.

�

Remark 3.7. The topological group H(X) is an example which shows
that the opposite direction of the Theorem 2.4 is not true. In fact, let
(X,P(f)) be homogeneous where f is a cycle-free 2-to-one function. We
take the space F of Theorem 2.4 to be F = H(X) ⊆ XX (hence the maps
of F are by default continuous) endowed with the compact-open topology
which is equal to the permutation topology and is a Tychonoff space, but
X (equipped with the P(f) topology) is neither Hausdorff nor regular.

4. Local Compactness

The local compactness is a very important concept to study in topo-
logical groups. One of the major results [10] is the existence of a Haar
measure on any locally compact Hausdorff topological group which allows
defining an integral for functions defined on such groups. Moreover, what
is more interesting here is the fact that our topological groups are totally
disconnected. In fact, for connected locally compact groups many gen-
eral and deep results have been discovered. For instance, the connected
case is completely described as the inverse limit of Lie groups, thanks to
the solution to Hilbert’s fifth problem. On the other hand, the totally
disconnected case resists to a general theory. As mentioned in [28]:

Most recent theory of t.d.l.c. groups views the t.d.l.c.
groups as simultaneously geometric groups and topolog-
ical groups and investigates the connection between the
geometric structure and topological structure.

For more information we also refer to [6] and [27].
As a first observation, a discrete space is locally compact, and thus we

deduce the following result.

Proposition 4.1. Let (X,P(f)) be homogeneous with finitely many con-
nected components. If f has a cycle of period p or f is a cycle-free,
1-to-one map, then H(X) is locally compact.
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Proof. By Proposition 3.2, H(X) is discrete and the result follows. �

Proposition 4.2. Let (X,P(f)) be homogeneous with infinitely many
connected components. Then H(X) is not locally compact.

Proof. If H(X) is locally compact, then there exists an open set U =⋂n
i=1 S(xi, xi) (where xi ∈ X) and a compact K such that id ∈ U ⊆ K.
Let Y = X−

⋃n
i=1 C(xi) where C(xi) is the component which contains

xi. For each g ∈ K, ∃yg ∈ Y such that g(yg) ∈ Y . Since K is compact,
we may realise a finite cover of the form:

K ⊆
p⋃
j=1

S(yj , g(yj)) ⊆
⋃
g∈K
S(yg, g(yg)).

Hence,
⋂n
i=1 S(xi, xi) ⊆

⋃p
j=1 S(yj , g(yj)) which is absurd. Indeed,

because of the homogeneity of (X,P(f)) and since Y is infinite, ∃h ∈
H(X) such that: {

h|C(xi) = id|C(xi), ∀i = 1 . . . n
h(yj) 6= g(yj), ∀j = 1 . . . p

which completes the proof. �

Now, we conclude the topological study with the important case where
(X,P(f)) is a connected homogeneous functionally Alexandroff space
where the map f is a κ-to-one function and κ ≥ 2.

As said in Section 2.1, we can think of a connected homogeneous
(X,P(f)), where f is a κ-to-one, cycle-free function as a (κ + 1)-regular
tree Tf . The image of an edge (x, f(x)) of Tf by an autohomeomorphism
g ∈ H(X) is the edge (g(x), f(g(x))). Hence, the permutation topol-
ogy defined on H(X) is indeed the relative topology as a subgroup of
(Aut(Tf ),J ), the automorphisms of the homogeneous tree Tf , endowed
with the permutation topology J .

By Example 2.8, if κ is finite, then the topological group Aut(Tf ) is
locally compact since Tf is a connected, locally finite tree. Local com-
pactness is closed hereditary , i.e. any closed subspace of a locally compact
space is locally compact. We show that H(X) is a closed subspace of
Aut(Tf ) and so we get the following:

Proposition 4.3. Let f be a cycle-free, κ-to-one function and (X,P(f))
be connected. If κ is finite, then the topological group H(X) is locally
compact.

Proof. Let {gn;n ∈ D,≥} be a net of elements of H(X) which converges
to g. If S(x, g(x)) is a neighborhood of g, then ∃m ∈ D such that:

if n ∈ D,n ≥ m⇒ gn ∈ S(x, g(x)).
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Similarly, S(f(x), g(f(x))) is a neighborhood of g and ∃p ∈ D such that:

if n ∈ D,n ≥ p⇒ gn ∈ S(f(x), g(f(x))).

But, there exists q ∈ D such that q ≥ p and q ≥ m, so gq ∈ H(X) and
gq ∈ S(x, g(x))

⋂
S(f(x), g(f(x))). Since gq ◦ f(x) = f ◦ gq(x), we get

g ◦ f(x) = f ◦ g(x). This is true for any x ∈ X so g commutes with f ,
which is equivalent to saying that g ∈ H(X). �

Now, the straightforward question is what happens if the tree is not
locally finite. There is no direct answer; it depends on the structure of
the tree (or the graph). For instance, let T be a rooted tree with a root
vertex o adjacent to vertices xn for each n ≥ 1. Suppose that each vertex
xn has degree n and suppose that for each rooted subtree with root xn
distinct vertices within each level have a distinct degree, see Figure 4.
The tree T is not locally finite, however Aut(T ) = {id} is compact.

•
o

•
x1 •

x2 •
x3 •

x4 · · · •
xn · · ·

• • •

•

• • •

• ••

•

• •· · · •

... · · ·

Figure 4. A non locally finite tree with trivial automor-
phism group.

We prove that if κ is an infinite cardinal number, then H(X) is not lo-
cally compact and consequently the automorphism group of a non locally
finite regular tree is not locally compact.

First, we begin by defining the level partition of the tree Tf .

Definition 4.4. Let (X,P(f)) be a connected homogeneous functionally
Alexandroff space, where f is a cycle-free, κ-to-one function. Let y and z
be two points in X. We say that y and z are in the same level in the tree
Tf if ∃n ∈ N such that fn(y) = fn(z).

Let us define a basic bi-infinite line:

L = {..., v−2, v−1, v0, v1, v2, ...}
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such that v−n = fn(v0) and vn ∈ f−1({vn−1}) (∀n ≥ 1) where v0 is an
arbitrary point of X. Since (X,P(f)) is connected, then X =

∐
i∈Z Li

where
Li = {y ∈ X : y and vi are in the same level} .

Then, the family {Li : i ∈ Z} is called a level partition of the tree Tf
according to the bi-infinite line L. Figure 5 gives a detailed illustration
of the level partition.

•
v2

•
v1

•
v0

•
v−1

•· · ·•
κ

...

•· · ·•
κ

••..•
κ

••· · ·•
κ-1

•..•...•..•
κκ

level 2

level 1

level 0

level -1

L

Figure 5. The level partition of the tree Tf .

We denote by Lw(x) the level containing x. More precisely, ∀x ∈ X,
∃(p, q) ∈ N2 such that fp(v0) = fq(x) then, the level of x is w(x) = q− p.

Notation 4.5. We fix the following notations:
• For x ∈ (X,P(f)), we denote by St(x) the stabilizer of the point
x in H(X). Hence, St(x) = S(x, x) is a clopen subgroup of H(X).
• The metric distance defined on the tree Tf will be denoted by:

dTf (u, v)

for any two vertices u and v. Recall that, dTf (u, v) is equal to the
length of the unique path connecting u to v.

Finally, we prove that the topology J is not locally compact when κ
is infinite.

Theorem 4.6. Let (X,P(f)) be a connected homogeneous functionally
Alexandroff space, where f is a cycle-free, κ-to-one function. If κ is infi-
nite, then H(X) is not locally compact.
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Proof. We show that identity has no compact neighborhood. Since the
topology J on H(X) is described in terms of a sub-basis, one could
use the Alexander subbase theorem [12] which states that a topologi-
cal space is compact if and only if every sub-basic open cover has a fi-
nite subcover. Let A be a compact neighborhood of the identity and
let U =

⋂n
i=1 St(ui) be an open neighborhood of the identity such that

U ⊆ A. Let {S(xi, yi) : i ∈ I} be a subfamily of the subbase covering
A. Since id ∈ A then, there must exist some i ∈ I such that xi = yi.
Consequently, we denote by the following a finite subcover of A

U ⊆ A ⊆
⋃
j∈J1

{S(xj , yj)} ∪
⋃
i∈I1

{St(z1,i)} ,

where J1 and I1 are finite subset of I such that xj 6= yj (∀j ∈ J1). We
can also suppose that for each distinct a, b ∈ I1, Vf (z1,a) ∩ Vf (z1,b) = ∅
or otherwise we obtain St(z1,a) ⊂ St(z1,b) (or conversely).

Each autohomeomorphism g ∈ St(z1,i) is an order-isomorphism. Fix
the point z1,i. Then:

x ∈ f−1[{z1,i}]⇒ g(x) ∈ f−1[{z1,i}].

Conversely, for any point v, if for some x ∈ f−1[{v}], g(x) ∈ f−1[{v}],
then g ∈ St(v) because g(v) = g(f(x)) = f(g(x)) = v.

Hence, we conclude that:

St(z1,i) =
⋃

x∈f−1[{z1,i}]

{
S(x, z−1,i)

}
,

for some z−1,i ∈ f−1[{z1,i}]. Thus, we get:

A ⊆
⋃
j∈J1

{S(xj , yj)} ∪
⋃
i∈I1

 ⋃
x∈f−1[{z1,i}]

{
S(x, z−1,i)

} .

Again, by compactness of A, for each i ∈ I1 there exists a finite subset
Ki ⊂ f−1[{z1,i}] such that we obtain a new finite subcover of A

A ⊆
⋃
j∈J1

{S(xj , yj)} ∪
⋃
i∈I1

( ⋃
x∈Ki

{
S(x, z−1,i)

})
.

Again, since id ∈ A then, there must exist some x ∈ Ki (for some
i ∈ I1) such that x = z−1,i. Hence after arrangement of terms the finite
subcover of A may be written

A ⊆
⋃
j∈J2

{S(xj , yj)} ∪
⋃
i∈I2

{St(z2,i)} ,
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where J2 and I2 are finite subsets such that xj 6= yj (∀j ∈ J2) and
z2,i = z−1,i (∀i ∈ I2 ⊆ I1). We note that, w(z2,i) = w(z1,i) + 1. Hence:

min {w(z2,i) : i ∈ I2} > min {w(z1,i) : i ∈ I1} .
Recall that the w(•) is the level of the point • after fixing from the
beginning some vertex v0 in the tree Tf , see Definition 4.4.

This process can be indefinitely repeated and therefore we get a strictly
increasing sequence {min {w(zp,i) : i ∈ Ip} : p = 1, 2, ...}. So, there exists
some integer p such that min {w(zp,i) : i ∈ Ip} > max {w(ui) : i = 1..n}.
Hence, we have

n⋂
i=1

St(ui) ⊆ A ⊆
⋃
j∈Jp

{S(xj , yj)} ∪
⋃
i∈Ip

{St(zp,i)} ,

where xj 6= yj (∀j ∈ Jp) and as said before for all distinct points a, b ∈ Ip,
Vf (zp,a) ∩ Vf (zp,b) = ∅.

Now, since Jp, Ip are finite and κ is infinite then:

∀i ∈ Ip, ∃z∗p,i ∈ f−1 [{f(zp,i)}]− {yj : j ∈ Jp} ∪ {zp,i}.

Also, if for some j ∈ Jp, we have xj ∈ Vf (tj,i) where tj,i ∈ f−1[{f(zp,i)}]
then, there exists t∗j,i ∈ f−1[{f(zp,i)}] such that yj /∈ Vf (t∗j,i). By the ho-
mogeneity of (X,P(f)), using the similar construction outlined in Propo-
sition 3.1 then, for each i ∈ Ip there exists gi ∈ H(X) which verifies the
following conditions:

gi|X−Vf (f(zp,i)) = id|X−Vf (f(zp,i))
gi(zp,i) = z∗p,i
gi(tj,i) = t∗j,i (if there is some xj ∈ Vf (f(zp,i))− {f(zp,i)})

.

One may check that, for each i ∈ Ip we have:
• gi ∈

⋂n
i=1 St(ui), because w(uj) < min {w(zp,i) : i ∈ Ip}).

• gi /∈ St(zp,i).
• gi(xj) 6= yj (∀j ∈ Jp).

Since for every distinct a, b ∈ Ip, Vf (zp,a) ∩ Vf (zp,b) = ∅, then the
autohomeomorphism

g = ◦{gi : i ∈ Ip} ∈ H(X),

is well defined and verifies{
g ∈

⋂n
i=1 St(ui)

g /∈
⋃
j∈Jp {S(xj , yj)} ∪

⋃
i∈Ip {St(zp,i)}

which completes the proof. �

It turns out that the permutation topology J of the group of isometries
of a n-regular tree is locally compact if and only if n is finite.
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