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ABsTrACT. Ilan Vardi introduced a probabilistic model for the
distribution of Gaussian primes in 1998 (see Prime percolation,
Experiment. Math. 7 (1998), no. 3, 275-289). We use persistent
homology to test how well Vardi’s model and a symmetrized variant
of Vardi’s model capture the geometry of the Gaussian primes. An
analysis of the persistent first homology of point clouds produced
by these models provides statistical evidence that the models miss
some fundamental geometric features of the Gaussian primes.

1. INTRODUCTION

The Gaussian primes are the irreducible elements in the Gaussian in-
tegers (the ring Z[i]). There are elementary, open questions about the
geometry of the Gaussian primes thought of as a point cloud in R2. In
1962 at the International Congress of Mathematicians in Stockholm, Basil
Gordon asked if you can “walk to infinity” stepping only on Gaussian
primes. Said a bit more formally, for any positive real number D, define
Gp to be the graph whose vertices consist of Gaussian primes and whose
edges are the pairs of primes {p, ¢} where d(p,q) < D. (The case when
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D = /5 is shown in Figure 1.) Gordon’s question asks if thereisa D > 0
such that the connected component of Gp containing 1 +1 is unbounded;
a common variant asks if any connected component is unbounded. It is
known that D = /26 is not sufficient [7]. We note that, just as there are
arbitrarily wide gaps between adjacent primes in Z, there are regions in
R? of arbitrarily large diameter where no Gaussian primes are present,
but this does not resolve Gordon’s question as it may be possible to walk
around these large, prime-free zones.

FIGURE 1. The graph G s joins Gaussian primes if they

are at most a distance v/5 apart. This figure includes the
Gaussian primes where |z| < 50.

Ilan Vardi [15] examined Gordon’s question using percolation theory,
introducing a probabilistic model for the distribution of Gaussian primes.
His random model is inspired by Crameér’s classical model of the integral
primes, which lead to Cramér’s Conjecture that

Pn+1 —DPn = O((logpn)Q)
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where p,, denotes the n'" integral prime. Using an approach similar to
Crameér’s, Vardi proves a result about the size of prime-free regions in his
random models, leading to the following conjecture.

Conjecture 1.1 ([15, Proposition 4.1]). Let d(R) be the radius of the
largest Gaussian prime free zone a distance at most R from the origin in
R2. Then

lim su d(R) =
ane log(R)

It is natural to explore the questions of Gordon and Vardi via the tools
of topological data analysis, particularly persistent homology. Persistent
homology is a tool for detecting topological and geometric features of a
finite point cloud in R™. For example, consider the restriction of Gp (the
graph with vertex set the Gaussian primes and edges joining those that
are at most a distance D apart) to the Gaussian primes where |z| < R for
some fixed R > 0 (as in Figure 1). If we consider the vertices and edges of
Gp as 0- and 1-dimensional simplices, respectively, we may then extend
Gp to a simplicial complex Gp by adding a k-simplex (k > 1) for every
complete subgraph on k vertices. Persistent homology then measures
how the homology groups HZ-(C;D) change as one varies the parameter
D. Since HO(QD) measures the number of connected components in the
complex, it is directly related to Gordon’s question on the existence of
an unbounded component in Gp. Similarly, given a prime free region
in R?, it is likely that there are values of the parameter D such that
a homologically non-trivial cycle of edges in Gp bounds that prime free
region. Examples of such 1-cycles can be seen in Figure 1. Further, as we
explain in more detail later, the larger the prime free region is, the more
persistent this homology class will be. Thus, Vardi’s conjecture is related
to the persistence of homology classes in H(Gp).

In this paper, we use the tools of persistent homology to compare the
point cloud consisting of the Gaussian primes within a bounded region
with point clouds produced by Vardi’s random model of the Gaussian
primes in the same region. We also compare the Gaussian primes with
point clouds produced by a symmetric version of Vardi’s random model.
A statistical analysis of these comparisons gives evidence that neither of
the two models accurately captures the geometry of the Gaussian primes.

We present definitions and background information on Gaussian primes,
Vardi’s model, and persistent homology in §2 and §3. Our statistical
analysis, comparing the persistent homology associated to the Gaussian
primes with that associated to point clouds produced by each of the mod-
els, is presented in §4.
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2. MODELING THE GAUSSIAN PRIMES

We briefly recount some key characteristics of the Gaussian primes
before introducing Vardi’s random model for the distribution of Gaussian
primes.

2.1. THE GAUSSIAN PRIMES.

A complex number o« = a+0bi is a Gaussian integer if a,b € Z. The ir-
reducible Gaussian integers—those that cannot be written as a non-trivial
product of Gaussian integers—are the Gaussian primes. The character-
ization of Gaussian primes stated below is a key result in elementary
number theory and proofs can be readily found, including in [9].

Theorem 2.1. Let o« = a+bi € Z[i]. Then « is a Gaussian prime if and
only if one of the following is true.
(1) Ifa or b=0, |a] =3 mod 4, and || is prime in Z.
(2) Otherwise, o is a Gaussian prime if and only if a® + b* is prime
n Z.

We note that this characterization implies that the Gaussian primes
have eight-fold dihedral symmetry. If a + bi is a Gaussian prime, then so
are t+a £ bi and +b + ai. Thus, the set of Gaussian primes is preserved
by reflections across the real and imaginary axes, as well as across the
diagonals. These transformations generate Dy, the dihedral group of order
8.

Corollary 2.2. The Gaussian primes are preserved under the action of
Dy, generated by the reflection across the real axis and the diagonal y = x.

2.2. THE VARDI-CRAMER MODEL.

Vardi’s random model for the Gaussian primes is based on Cramér’s
random model for the integral primes. Cramér’s model is a random selec-
tion of positive integers where the natural number n is included with prob-
ability @. In other words, Cramér’s model is governed by the prime
number theorem. The characterization of Gaussian primes combined with
the prime number theorem determines the density of the Gaussian primes
among the Gaussian integers. Using this, Vardi introduces a random
model of the Gaussian primes where each Gaussian integer z = a + bi is
included in the model with probability #g‘z‘. (For the details, see [15].)
When we need to distinguish this random model from the next, we call
this model the basic Vardi—-Cramér model.
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2.3. THE SYMMETRIC VARDI-CRAMER MODEL.

One weakness in the basic Vardi—-Cramér model is that it does not gen-
erally enforce the eightfold symmetry of the Gaussian primes; it only
accounts for their density. By Corollary 2.2, one can produce all Gauss-
ian primes by first starting with those that are in the F-sector {z =
a+bi|0<b<a} and applying the action of Ds. We introduce this
dihedral symmetry to the basic Vardi-Cramér model. The symmetric
Vardi—Cramér model begins by including each Gaussian integer z = a+10i,
where 0 < b < a, with probability #glﬂ' Then one applies the D, ac-
tion to these chosen points to create a point cloud in the plane with Dy
symmetry.

We expect point clouds created under the symmetric model will have
better correlation to the genuine point cloud of primes because any ho-
mological feature arising from the random selection of points in the 7/4-
sector will be replicated eight times under the D, symmetry. Furthermore,
there may also be features that arise when the /4-sector is reflected over
y = x or the z-axis; the D, symmetry then replicates these features four
times. It follows that homological features will frequently occur in quar-
tets or octets, similar to how they likely appear in the Gaussian primes
due to the same D, symmetry.

In Figure 2 we show the distribution of the Gaussian primes and com-
pare it with example point clouds produced by the basic and symmetric
Vardi-Cramér (V-C) models.

g Cons g (%o
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The Gaussian Primes Basic V-C Model Symmetric V-C Model

FIGURE 2. The Gaussian primes, a point cloud created
using the basic Vardi-Cramér model, and a point cloud
created using the symmetric Vardi-Cramér model are

shown. Each is contained in the square with corners
+25 + 25i.
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3. PERSISTENT HOMOLOGY

Our presentation of persistent homology is terse and focused on the
main concepts that we rely upon in our analysis of the Vardi—-Cramér
models of the Gaussian primes. In particular, we assume the reader has a
basic familiarity with simplicial homology, at the level of [10]. While we
do not always explicitly mention it, we are computing homology over the
real numbers. The fundamental theory underlying persistent homology
requires field coefficients.

A short introduction to persistent homology, that does not include per-
sistence diagrams, can be found in [8]. The reader wanting an accessible
and more detailed introduction to persistent homology should consult [5].

3.1. VIETORIS—RIPS COMPLEXES.

Given a point cloud X C R™ and a real number ¢ > 0, the Vietoris—
Rips complez is the simplicial complex VR (X) that is obtained by includ-
ing a k-simplex for every subset of (k+ 1) points in X where the distance
between any two is at most 2e. As is shown in Figure 3, for a given point
cloud X and ¢ > 0, one can imagine the collection of balls of radius e
about each x € X. In this picture, the simplices of the Vietoris—Rips
complex VR (X) are then subsets o C X where, for each pair of points
x;,x; € 0, the e-balls centered at x; and x; have non-empty intersection.

The sequence of Vietoris—Rips complexes shown in Figure 3 illustrates
what happens as the value of € increases. The ground set for all four
figures are the Gaussian primes contained in the rectangle with corners
at 20 £ 5i and 32 £ 5i. We note that because we are working with a finite
set of points in the plane, we can compute the rank of Hy(VR.(X)) and
H;(VR(X)) just by examining the figures above and determining the
number of connected components and visible holes formed by the planar
projection of VR (X)) suggested by these pictures (see [4]).

(A) In the first figure, ¢ = 0.75. Only a handful of primes that are
a distance /2 apart are connected by edges. No 1-dimensional
homology classes have been formed.

(B) In the second figure, ¢ = 1. There are fewer connected com-
ponents and a cycle of 4 edges gives rise to a non-trivial first
homology class.

(C) In the third figure, e = 1.5. Here there are only two connected
components and the cycle of 4 edges from the previous complex
now bounds a 2-complex. There are also new edge cycles that
give non-trivial homology classes in dimension 1.
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(D) In the fourth figure, ¢ = 1.625. Here we see quite a few higher
dimensional simplices and we now have a single connected com-
ponent. Again, some 1-cycles from the previous complex are now
boundaries and there are also some new 1-cycles that are not
boundaries. Interestingly, we also see that the leftmost 1-cycle
from the previous complex has been split into the sum of two
distinct non-trivial 1-cycles.

LAY
X 48K « -

= ~,

Q@ A P &

(A) €= 0.75. (B) e=1.

(c) €= L5. (D) € = 1.625.

FiGure 3. Four Vietoris—Rips complexes. Each vertex
set consists of the Gaussian primes in the rectangle with
corners at 20 £ 51 and 32 =+ 5i.

The Betti numbers of a simplicial complex K are the ranks of its ho-
mology groups:
bi(K) = rank {H;(K,R)}.
The values of by and by for these four Vietoris—Rips complexes are shown
in the table below.
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TABLE 1. The values of by and b, in four Vietoris—Rips
complexes as shown in Figure 3.

e | bo(VR(X)) | bi(VR(X))
0.750 14 0
1.000 3 1
1.500 2 3
1.625 1 3

Of course, for any finite set X C R™, VRy(X) = X and the only
non-zero Betti number is by = #(X). If D is the diameter of X, then
VRp(X) is a (#(X) — 1)-simplex and has no non-trivial homological fea-
tures. The interesting observation is thus to track how the homology of
these complexes evolves as e varies between these two extremes.

3.2. PERSISTENCE DIAGRAMS AND BOTTLENECK DISTANCE.

The persistence diagrams for the Vietoris—Rips complexes VR (X)
provide a summary of how the homology of these complexes evolves as €
increases. If & < w, then VR, (X) C VR, (X), and so there is an induced
homomorphism

Hk(VRa(X)) — Hk(VRw(X))

This kind of map allows us to keep track of the homology class associated
with a k-cycle as the index € increases. While € is defined as a unit of
distance, it is common to think of € simultaneously as a unit of time and
to discuss homological features present at time ¢ = e. In particular, we
can associate a birth-death pair (o,w) with each homology class, where
€ = « is the first time the homology class appears and € = w is the time
it becomes a boundary of a (k + 1)-chain.

The Vietoris—Rips complexes VR (X) induce a directed system of sim-
plicial chain complexes. The structure theorem for the homology of the
resulting filtered chain complex is determined by the birth-death pairs of
a generating set of chains (see [16]). The k-dimensional persistence di-
agram consists of all the birth-death pairs for these generators (counted
with multiplicity when distinct homology classes share the same lifespan)
in dimension k. It is commonly displayed as a collection of points in the
first quadrant, each of which lies on or above the line y = z, since every
homology class must be born before it can die. There is a direct connec-
tion between the Betti numbers we mentioned above and the persistence
diagrams. The Betti number by (VR (X)) is the rank of Hy(VR.(X),R),
which is generated by k-cycles that have been born by time e and have
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not yet died. That is, by(VR:(X)) is the number of points (z,y) in the
k-dimensional persistence diagram where x < € and y > e.

In Figure 4 we show the 0- and 1-dimensional persistence diagrams
for the point cloud X, the subset of Gaussian primes used in Figure 3.
There are over thirty 0-dimensional homology classes. There are far fewer
points shown as all these classes are born when ¢ = 0 and all but one
share their time of death with other points in X. Note also that, follow-
ing standard conventions, we plot a point at (0,3) in the 0-dimensional
persistence diagram. This corresponds to the fact that, for all ¢ > D (the
diameter of X), there will be a single 0-dimensional feature that never
dies. That is, the full (#(X) — 1)-simplex always has a single generator
in O-dimensional homology. The 1-dimensional persistent homology has
six homology classes. However, only five points are visible in Figure 3
because two of these features share the same birth and death times. In
contrast to the 0-dimensional case, here the full (#(X) — 1)-simplex has
no 1-dimensional homology. So everything of interest is completely and
accurately indicated in the persistence diagram.

Persistence Diagram

3.0
1

15 2.0
I

Death

1.0

0.0
L

0.0 0.5 1.0 15 2.0 25 3.0

Birth

FiGURE 4. The 0- and 1-dimensional persistence dia-
grams for the subset of Gaussian primes considered in
Figure 3.

Because the questions of Gordon and Vardi are connected to the 0-
and 1-dimensional homology of Vietoris—Rips complexes associated to the
Gaussian primes, we focus on 0- and 1-dimensional persistence diagrams.
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We note that, in general, 0-dimensional persistence diagrams are some-
what boring, as all the connected components are born at the same time,
e=0.

We want to compare the persistence diagrams produced when X is a
subset of the Gaussian primes with the persistence diagrams arising from
point clouds X produced by our random models. The bottleneck distance
is one of the more commonly used metrics on the space of persistence di-
agrams. The bottleneck distance between two persistence diagrams is de-
fined in terms of bijections between their sets of birth-death pairs. When
constructing bijections between two persistence diagrams, it may be that
the two persistence diagrams have a different number of birth-death pairs.
For this reason, the convention is to allow the inclusion of extra points
along the diagonal y = z, together with the original birth-death pairs.
Indeed, even when the two persistence diagrams have the same number of
birth-death pairs, it is still allowed that an optimal bijection would match
a birth-death pair to some point on the diagonal.

Definition 3.1. The bottleneck distance between two persistence dia-
grams Py and P is

dp(Po,P1) = viﬁnefz ( sup ||p — /6(p)||oo> -

VpEPo

Here, ¥ denotes the set of all bijections between Py and P;.

The bottleneck distance gives a bound on how far points in one per-
sistence diagram need to move when being matched with the points of
another persistence diagram. Think of the two persistence diagrams as
sitting simultaneously in the first quadrant. If the bottleneck distance
between Py and P; is d, then, given any € > 0, there is a bijection from
Po to P1 where no point of Py is moved more than d + € units (in the £,
metric). That is, the individual (z,y)-coordinates are never changed by
more than a difference of d.

We are now equipped with the necessary tools to discuss the differences
between pairs of persistence diagrams. However, there is unfortunately
no canonical method to compute the mean of two (or more) persistence
diagrams. So, while persistence diagrams provide succinct, and pairwise
comparable, descriptions of the persistent homology of individual point
clouds, they are insufficient to describe the mean behavior of persistent
homology across a collection of point clouds.

3.3. RANK FUNCTIONS AND “MEAN PERSISTENT HOMOLOGY”.

Another method of examining the differences between persistence dia-
grams is to consider the related rank functions. In contrast to persistence
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diagrams, rank functions have a canonical method to compute means
across a collection. Hence with rank functions, we can describe the per-
sistent homological behavior observed, “on average,” across a collection of
point clouds.

Definition 3.2. Let P be the k-dimensional persistence diagram for the
Vietoris—Rips complexes associated with a finite point cloud X. The rank
function of P is a function p from {(z,y) € R? |z > 0and y > z} to Z
where the value of p(z,y) is the number of elements in the basis of the
persistent homology that have been born by time x but have not yet
died by time y.

Rank functions for persistence diagrams are introduced in [12] and they
are closely related to the landscape functions defined in [3].

Given a finite collection of persistence diagrams {P1,...,P,} and the
associated rank functions {p1,..., pn}, the mean rank function is

Wz, y) = % > pilz.y).
i=1

Notice that the mean rank function will frequently take non-integer values
and hence, it is almost always the case that the mean rank function is not
actually the rank function of any persistence diagram.

The distance between two rank functions is the integral of their squared
differences. And, in particular, the distance between a rank function p
and the mean rank function y is

[ (ola) = ) aa.
]RZ

4. RESULTS

Using the approaches described above, we compare the distribution of
Gaussian primes with point clouds produced by the Vardi-Cramér and
symmetric Vardi—-Cramér models. Specifically, if

Rooo = {(x,y) € R? | || and |y| < 200},

then we compare the persistent homology of the Vietoris—Rips complex
associated with the Gaussian primes inside Rogg with the persistent ho-
mology of the Vietoris—Rips complexes associated with point clouds pro-
duced by each of the models in Rogp. We note that, on this scale, there
are approximately 17,000 points in each point cloud considered. This
is a non-trivial number of points when performing persistent homology
computations.
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Our focus will be on comparisons and conclusions derived from con-
sidering 1-dimensional persistent homology. In §4.2, we examine the evo-
lution of the first Betti numbers as € increases. In §4.3, we examine
1-dimensional persistence diagrams and bottleneck distances, as well as
mean rank functions and their associated distances. In the latter case,
we are able to apply null hypothesis testing to conclude that both models
are statistically unlikely to produce the Gaussian primes.

In §4.1, we briefly discuss our work on 0-dimensional persistent homol-
ogy, where the models appear to align more closely with the Gaussian
primes. However, in this case due to the large number of points being
considered, computations of bottleneck and/or rank function distances
are impractical and so we do not present a statistical analysis.

Finally, in §4.4, we include a discussion on what our techniques observe
and why the associated statistical analysis is not applicable with respect
to 2-dimensional persistent homology.

In all of the following comparisons, we have used 100 randomly gener-
ated point clouds produced by the indicated model.

4.1. CONNECTED COMPONENTS IN THE VIETORIS—RIPS CcOM-
PLEXES.

For a fixed point cloud X C R", recall that the zeroth Betti number,
bp = Rank [Ho(VR(X),R)], records the number of connected components
of the Vietoris—Rips complex VR.(X). For ¢ = 0, this is simply the
number of points in the point cloud X. Furthermore, the rate at which by
decreases to 1 as € increases is a measure of how difficult it is to connect
the points in X by edges of bounded lengths.

Observation. In Figure 5 we compare values of by when X is the set of
Gaussian primes in Rogo with the distribution of values of by obtained for
100 random point clouds generated using both the basic and the symmet-
ric Vardi-Cramér models (shown on the left and right, respectively). The
Gaussian primes are indicated with a thick black line; the distribution of
Betti numbers for the randomly generated point clouds are indicated by
overlapping gray lines.

Discussion. The most notable difference between the two models is that,
for any choice of €, the symmetric model has a greater variation within
the distribution of observed zeroth Betti numbers.

While there is not exact alignment in either model, there are several
instances where the predicted values of by from the models are close to
the true value of by for the Gaussian primes. Notably, the overall rates
of decrease for by from the Gaussian primes and from the models appear
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F1GURE 5. The evolution of the number of connected
components, as a function of ¢, in the Vietoris—Rips com-
plexes based on the Gaussian primes (thick black) com-
pared with the evolution of the number of connected com-
ponents in the complexes built from 100 random point
clouds created via the basic (gray on left) and symmetric
(gray on right) Vardi-Cramér methods.

comparable. Moreover, the increased variability in the symmetric model
only marginally improves its alignment with the true Gaussian curve.
Given that Vardi’s model and our symmetric variant take the density
of the Gaussian primes as a key input, it is not at all surprising that the
complexes built on these point clouds become connected at similar rates.
Additionally, the forced symmetry of our variant has very little impact
on the radially-outward density used in Vardi’s model, so it is also not
surprising that we see very little difference in the analysis at this level.

4.2. THE EVOLUTION OF FIRST BETTI NUMBERS.

For a fixed point cloud X C R", we let b; denote the first Betti number
of the simplicial complex VR (X). That is, b = Rank [H;(VR.(X),R)].
Just as we did in the previous subsection, for a fixed X, we graph b; as
a function of e. This allows us to see how the first Betti number changes
as the parameter € increases. It also allows us to compare this collection
of Betti numbers for the Gaussian primes with the Betti numbers for
point clouds generated by the random models. While the basic shape of
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the Betti curves produced by the models is consistent with the pattern
produced by the Gaussian primes, there are notable differences.

Observation. In Figure 6 we compare the evolution of first Betti num-
bers for the Vietoris—Rips complexes built off of the Gaussian primes in
Rogo with the distribution of first Betti numbers obtained from Vietoris—
Rips complexes built off of 100 random point clouds generated by the
basic Vardi—-Cramér model. The Betti numbers for the Gaussian primes
are indicated with a thick black line; the distribution of Betti numbers for
the randomly generated point clouds are indicated by overlapping gray
lines.

2800 -
2000 -
1800
1000 -

500

N

L L
1 2 3

FIGURE 6. The first Betti number, as a function of ¢, for
Vietoris—Rips complexes based on the Gaussian primes
(black) compared with the distribution of the first Betti
numbers for complexes based on 100 random point clouds
created via the basic Vardi-Cramér model (gray).

Discussion. If the Vardi-Cramér model was indeed producing accurate
approximations to the Gaussian primes, one would anticipate that, for
any €, the first Betti numbers arising from the Gaussian primes would
generally fall within the distribution of first Betti numbers arising from
the model. However, the Gaussian primes produce a significantly higher
maximum first Betti number and their first Betti numbers decay to zero
faster than the model predicts.

Observation. In Figure 7 we compare the evolution of first Betti num-
bers for the Vietoris—Rips complexes built off of the Gaussian primes in
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Rogo with the distribution of first Betti numbers obtained from Vietoris—
Rips complexes built off of 100 random point clouds generated by the
symmetric Vardi—-Cramér model. Again, the Betti numbers for the Gauss-
ian primes are indicated with a thick black line and the distribution of

Betti numbers for the randomly generated point clouds are indicated by
overlapping gray lines.
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F1GURE 7. The first Betti number, as a function of e, for
Vietoris—Rips complexes based on the Gaussian primes
(black) compared with the distribution of the first Betti
numbers for complexes based on 100 random point clouds
created via the symmetric Vardi-Cramér model (gray).

Discussion. The most notable difference from the previous case is that,
for any choice of ¢, the symmetric model has greater variation within the
distribution of observed first Betti numbers. As discussed in §2.3, this in-
creased variation stems from the fact that any homological feature arising
from the random selection of points in the m/4-sector will be replicated
eight times under the 8-fold symmetry. Furthermore, there are also fea-
tures that arise when the 7/4-sector is reflected over y = z or the z-axis;
the D4 symmetry then replicates these features four times. It follows that
homological features are frequently observed in quartets or octets, similar
to how they appear in the Gaussian primes. Hence, in contrast to the
0-dimensional case, the higher variation in the Betti numbers produced
by the symmetric model does allow for greater agreement with the Betti
numbers arising from the Gaussian primes. Specifically, the growth and
decay in the first Betti numbers for the Gaussian primes are closer to the
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distributions produced by the symmetric model. However, it is still the
case that the primes produce a higher maximum and decay to zero faster
than this symmetric model predicts.

4.3. PERSISTENCE DIAGRAMS.

Observation. Figure 8 compares the 1-dimensional persistence diagram
for the Vietoris—Rips complexes associated with the Gaussian primes with
the union of all 1-dimensional persistence diagrams for the Vietoris—Rips
complexes associated with 100 point clouds randomly generated by the
basic and symmetric Vardi—-Cramér models.

FiGURE 8. Comparing the 1-dimensional persistence di-
agrams arising from 100 random point clouds generated
by the basic (gray on left) and symmetric (gray on right)
Vardi—Cramér models with the 1-dimensional persistence
diagram arising from the Gaussian primes (black).

Discussion. As with the comparison of the first Betti numbers, one
sees some similarity between the persistence diagram produced by the
Gaussian primes and the collection of diagrams produced by each model.
However, there are once again some distinguishing features. Using ei-
ther the basic or the symmetric model, one observes a large number of
1-dimensional homology classes that are born later than any that occur
in the Gaussian primes. This is particularly true for the point clouds pro-
duced by the basic Vardi-Cramér model. Further, both models give rise to
1-dimensional homology classes that die later than any that occur in the
Gaussian primes. This is particularly true for the point clouds produced
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by the symmetric Vardi-Cramér model. The impact of these distinguish-
ing features is quantified by the two distance functions we described in
§3.

4.3.1. ANALYSIS OF BOTTLENECK DISTANCES.

Observation. We compute the bottleneck distance between the 1-dimen-
sional persistence diagram for the Vietoris—Rips complexes associated
with the Gaussian primes and the 1-dimensional persistence diagrams for
the Vietoris—Rips complexes associated with 100 point clouds randomly
generated by the basic Vardi-Cramér model, as well as 100 point clouds
generated by the symmetric Vardi-Cramér model. The descriptive sta-
tistics for the distributions of observed bottleneck distances are shown in
Table 2.

TABLE 2. Distribution of bottleneck distances between
the persistence diagram associated with the Gaussian
primes and 100 diagrams associated with random point
clouds generated by each of the basic and symmetric
Vardi—Cramér models.

Basic Symmetric
Vardi—Cramér | Vardi—Cramér
minimum 0.56 0.50
median 0.94 0.91
maximum 1.87 2.37
mean 1.01 1.06

Discussion. To give some context for the numerical significance of these
statistics, one should note that all of these persistence diagrams have al-
most all of their birth and death times in the range 0 < ¢ < 6. So, having
the mean bottleneck distance be roughly 1 suggests that, in every match-
ing, there exists at least one birth-death coordinate pair which must be
matched with a point that is roughly 16% of the total range of values away.
Subsequently, this implies there are fundamental differences, specifically
in the 1-dimensional homological structure, between the Gaussian primes
and the point clouds generated by either model.

4.3.2. ANALYSIS OF RANK FUNCTIONS.

In this section we will use rank functions to allow us to apply a null
hypothesis test and conclude that the difference between the Gaussian
primes and the point clouds arising from either model is statistically sig-
nificant.
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Observation. Given 100 random point clouds generated by the basic
Vardi-Cramér model, we construct the mean rank function p; from all
100 rank functions arising from 1-dimensional persistence diagrams for
each individual point cloud. We then compute the distance between
and each of the 100 individual rank functions. This creates a distribu-
tion of possible distances observed within the basic model. Finally, we
also compute the distance from p; to the rank function arising from the
1-dimensional persistence diagram for the Gaussian primes. This proce-
dure is repeated for 100 point clouds randomly generated by the symmet-
ric Vardi—-Cramér model. We construct the mean rank function ps and
compare the distribution of observed distances within the model to the
distance from the Gaussian primes. Table 3 shows the descriptive statis-
tics of both distributions, as well as the distance to the Gaussian primes.
You will note that the distance from the mean rank function to the rank
function for the Gaussian primes is considerably larger than the distance
to any of the random point clouds.

TABLE 3. Distribution of distances between the mean
rank function and the individual rank functions of 100
random point clouds generated by the basic and sym-
metric Vardi—-Cramér models.

Basic Symmetric
Vardi-—Cramér | Vardi—Cramér

minimum 242 2104

median 759 5944

maximum 3370 20205

mean 906 6908

standard deviation 522 3701

to Gaussian primes || 189218 \ 176051

Discussion. Now, our null hypothesis is that the Gaussian primes could
be produced by either of the probabilistic models. Or more accurately, the
distance from the mean rank function to the rank function of the Gaussian
primes could be produced by either of these models. If the distribution
of distances from the rank functions for the random point clouds gener-
ated by the models to the mean rank function was nearly normal, the
probability of producing a distance as large as that produced between the
mean rank function and the Gaussian primes would be essentially zero.
However, our set of sample point clouds produces a skewed distribution
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of distances, so applying statistical methodology that relies on normality
is inappropriate.

Chebyshev’s Inequality provides a broadly applicable method of finding
the maximum probability of a value arising n standard deviations from
the mean for almost any distribution. If we assume that our sample size of
100 random point clouds generated by each model is sufficiently large to
accurately determine each underlying distribution’s true mean and stan-
dard deviation, we can then apply Chebyshev’s Inequality to produce the
upper bounds on probability indicated in Table 4. For example, the dis-
tance between the mean rank function for the symmetric Vardi-Cramér
model and the rank function generated by the Gaussian primes is over 45
standard deviations from the mean. The chance of producing a distance
this far from the mean, in almost any distribution, is less than 0.05%.

TABLE 4. Chebyshev’s Inequality implies that it is
highly unlikely for the models to produce a rank func-
tion with distance as far from the mean rank function as
that achieved by the Gaussian primes.

Basic Symmetric
Vardi—Cramér | Vardi—Cramér

Standard deviations

from the mean
Chebyshev’s upper bound
on probability

360.47 45.70

0.0000077 0.000479

A far more conservative approach would be to use the bound estab-
lished in [14] for when the population mean and standard deviation are
unknown and must be approximated by a sample mean and sample stan-
dard deviation. Again using our sample size of n = 100, we find that this
conservative bound still gives the probability of seeing distances as far
from the mean rank function as that produced by the Gaussian primes is
less than 1% in both the basic and symmetric models.

Conclusion. In the language of hypothesis testing, we reject the null
hypothesis at the @ = 0.01 level of significance, even under the most
conservative assumptions about our distribution. Thus, we conclude that
neither model is producing point clouds whose 1-dimensional persistent
homology is consistent with the Gaussian primes.



20 C. HAMMARSTEN ET AL.

4.4. LOOKING AT 2-DIMENSIONAL HOMOLOGY.

While Hs is not motivated by the questions of Gordon and Vardi, higher
dimensional persistent homology is connected to the geometry of the
base point cloud. (See [1] and [2].) We will briefly describe what our
techniques can, and cannot, say about this case.

Let bo = Rank [Ho(VR.(X),R)]. That is, b2 denotes the second Betti
number of the simplicial complex VR (X). Just as we did for by and by,
we will graph by as a function of € for a fixed X.

Observation. In Figure 9 we compare the evolution of b, when X is
the set of Gaussian primes in Rogg with the distribution of values of by
obtained from 100 random point clouds generated using both the basic
(shown on the left) and the symmetric (shown on the right) Vardi-Cramér
models. The Betti numbers for the Gaussian primes are indicated with
a thick black line; the distribution of Betti numbers for the randomly
generated point clouds are indicated by overlapping gray lines.

o1 I i

FIGURE 9. The second Betti number, as a function of
e, for Vietoris—Rips complexes based on the Gaussian
primes (black) compared with the distribution of second
Betti numbers for complexes based on 100 random point
clouds created via the basic (gray on left) and symmetric
(gray on right) Vardi-Cramér model.

Discussion. Most notably, the Gaussian prime Betti number curve ex-
hibits exactly two non-zero features: a thin and tall spike near ¢ = 3.5
and a shorter, wider feature near ¢ = 3. None of the point clouds created
under the basic model come anywhere near achieving the same height as
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the former and very few of these point clouds have any features with the
same width as the latter. On the other hand, some of the random point
clouds generated by the symmetric model have Betti curves that achieve
similarly tall and thin spikes and other random point clouds have Betti
curves with features of notable widths. Unfortunately, these desirable fea-
tures generally occur at different values of € from those in the Gaussian
primes.

Observation. In Figure 10 we present the 2-dimensional persistence dia-
gram for the Vietoris—Rips complexes associated with the Gaussian primes
with the union of all 2-dimensional persistence diagrams for the Vietoris—
Rips complexes associated with point clouds generated by the basic and
symmetric Vardi-Cramér models.

40
40

35
35

Death
Death

3.0
3.0

25
25

FicUreE 10. Comparing the 2-dimensional persistence
diagrams arising from 100 random point clouds generated
by the basic (gray on left) and symmetric (gray on right)
Vardi—Cramér models with the 2-dimensional persistence
diagram arising from the Gaussian primes (black).

Discussion. Quantifying the impact of these distinguishing features is
beyond the scope of bottleneck distances. One can see that all of the
birth-death pairs occur very close to the diagonal y = x. For this reason,
the optimal matching used to compute pairwise bottleneck distances will
almost always pair every point with points along the diagonal. So the
bottleneck distances will not specifically measure the difference between
diagrams, but instead merely report that both diagrams are very close to
the diagonal. Essentially, we have that all persistence diagrams considered
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are “small” under the bottleneck metric and hence must be close to each
other, even if they contain drastically different birth-death points.

Similarly, these distinguishing features are not well quantified by rank
functions. In general, when using persistent homology techniques, one
considers homological features which have birth-death pairs near the di-
agonal to be noise. However, following the work in [1] and [2], the indi-
cation is that some of these short-lived features could be directly arising
due to the geometry of the point cloud, rather than just as artifacts of
the topological methods. Unfortunately, in our data, one sees great vari-
ation across all point clouds constructed by either the basic or symmetric
Vardi—Cramér models. Specifically, the precise location of the birth-death
pairs travels up and down the diagonal from around € = 2 to € = 5 with
no clear preference indicated across all trials. For this reason, when con-
structing the mean rank functions, any relevant properties that may exist
will almost certainly be lost in the noise since they both exist on similar
scales. Hence, comparisons to the Gaussian prime rank function are unin-
formative. This is especially true in the symmetric case, where the Betti
number graphs from the model exhibit the “tall and thin” spike behavior
at a variety of different e values.

So while there are observable differences between the persistent second
homology of the Gaussian primes and the persistent second homologies
of point clouds generated by either the basic or symmetric Vardi—-Cramér
models, the techniques of this paper are not well suited to specifically
quantify or analyze their significance. We would like to note, however, it
appears that once again the inclusion of symmetry into the model induces
a greater variability in the observed persistent homology which broadly
translates to a higher level of agreement with the true Gaussian primes.

5. CONCLUDING REMARKS

We have used statistical techniques, applied to persistent homology,
to argue that the basic Vardi-Cramér model and the symmetric Vardi—
Cramér model are not producing point clouds in Rygo that accurately
describe the geometry of the Gaussian primes. In doing so we have essen-
tially used a null hypothesis methodology, which, as is nicely described
in [13], is not straightforward but is reasonable. We also acknowledge
that, while we are working with a large number of points in the plane
and our samples are about as large as our computing power will allow us
to analyze, we are using finitary methods to analyze the fitness of mod-
els and thus give us insights into conjectures about asymptotic behavior.
Even with these caveats in the foreground, we believe that the visual
differences in the first Betti numbers, the bottleneck distance statistics,
and especially the rank function distances, give evidence to suggest that
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neither Vardi-Cramér’s probabilistic method of modeling the Gaussian
primes nor its symmetric variant are accurately approximating the geom-
etry of the Gaussian primes.
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