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THE HYPERSPACE OF SEQUENCES OF
A DENDRITE IS CONTRACTIBLE

ALEJANDRO ILLANES

ABsTrACT. Given a Hausdorff space X, let Sc(X) be the hyper-
space of nontrivial convergent sequences. It is an open problem to
determine if the contractibility of X implies the contractibility of
Sc(X). In this paper we prove that if X is a dendrite (a locally
connected continuum without simple closed curves), then Sc(X) is
contractible. This answers a question by Javier Camargo, David
Maya, and Patricia Pellicer-Covarrubias [Path connectedness, lo-
cal path connectedness and contractibility of Sc(X). Available at
arXiv:1802.00725v1 [math.GN].]

1. INTRODUCTION

The harmonic sequence is the subspace {0, 1, 3, %, ...} of the real line.

Given a Hausdorff space X, the hyperspace of nontrivial convergent se-
quences S.(X) is defined as
Sc(X) ={A C X : Ais homeomorphic to the harmonic sequence}.

This hyperspace is considered with the Vietoris topology. In the case
that X is a metric space, the Vietoris topology in S.(X) is induced by
the Hausdorff metric H.

The hyperspace S.(X) is introduced by S. Garcia-Ferreira and Y. F.
Ortiz-Castillo in [3]. Several authors study different aspects related to
these hyperspaces in [2]-[10]. A very natural problem is the following.
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58 A. ILLANES

Problem 1.1. Suppose that X is a Hausdorff contractible space. Does
this imply that the hyperspace S.(X) is contractible?

A general solution for Problem 1.1 seems to be very difficult. So the
following problem is also interesting.

Problem 1.2. Find families of contractible spaces X for which S.(X) is
contractible.

The most general result related to Problem 1.2 is [2, Theorem 4.3].
This result says that for every non-degenerate connected subset X of a
tree (a tree is a connected union of finitely many arcs, such that it does
not contain simple closed curves), we have that S.(X) is contractible.

In particular, Problem 1.2 is interesting for the family of cones over
compact Hausdorff spaces [2, Question 4.6] (still unsolved).

A continuum is a compact connected metric space with more than one
point. A dendrite is a locally connected continuum containing no simple
closed curves. The harmonic fan is the cone over the harmonic sequence.

In [7], it is shown that if X is the harmonic fan, then S.(X) is con-
tractible.

As can be seen in [7, §3] and in the main result of this paper, even for
families of very simple contractible spaces X, it is difficult to prove the
contractibility of S.(X).

The following interesting problems remain open.
Problem 1.3. Is the hyperspace S.([0,1]?) contractible?

Problem 1.4. Let X be the cone over the Cantor set. Is S.(X) con-
tractible?

Problem 1.5. Does there exist a non-contractible continuum X for which
Se(X) is contractible? If S* is a simple closed curve, is S.(S*) contractible
[2, Question 4.7]¢

In this paper we prove that if X is a dendrite, then S.(X) is con-
tractible.

A mapping is a continuous function.

Given a continuum X, let

2X = {A C X : A is nonempty and closed}.

The hyperspace 2% is considered with the Hausdorff metric H. Let
F(X)={A € 2% : Ais finite}.

If d is a metric for X and nonempty sets A, B C X, let dist(4, B) =
inf{d(a,b) : a € Aand b € B}. Givenp € X, A C X, and ¢ > 0, let
B(p,¢) be the e-neighborhood in X around p and N(A4,¢) = J{B(a,¢) :
a € A}. We extend the definition of diameter by defining diameter((}) = 0.
The cardinality of a set A is denoted by |A|.
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A dendroid is an arcwise connected continuum such that the intersec-
tion of any two of its subcontinua is connected. By [12, 8.23 and 10.35], a
continuum X is a dendrite if and only if X is a locally connected dendroid.
If X is a dendroid, for any two points p,q € X, pq denotes the unique arc

in X joining p and ¢, if p # ¢; and pg = {p}, if p = q.

2. Dendrites

A metric d for a continuum X is convezx if for every pair of points
p,q € X, there exists an isometry ¢ : [0,d(p, q¢)] — X such that ¢(0) =p
and ¢(d(p,q)) = ¢. Working independently, R. H. Bing [1] and Edward
E. Moise [11] prove that each locally connected continuum X admits a
convex metric.

Throughout this section, X will denote a dendrite with a convex metric
d such that diameter(X) < 1. The convexity of the metric d implies that
pq is isometric to the interval [0, d(p, ¢)].

This section is devoted to proving that S.(X) is contractible. We fix a
point pg € X.

Given S € S.(X), S is homeomorphic to the harmonic sequence. Let
lim S be the point that corresponds to the number 0. Notice that for each
neighborhood U of lim S in X, we have that S\ U is finite.

Define K : 2% x [0,1] — 2% by

K(A,t) = {p € X : there exists a € A such that d(a,p) < t}.
In the case that K = {q} for some ¢ € X, we write K(q,t) instead of

K({q},1).
2.1. Properties of K.

Let A € 2X. Then

(1) K is continuous [12, 0.65.3],
(2) K(A,0)=A4,

(3) K(A,1) =X,

(4) if t € [0,1], then each component of K(A,t) intersects A,

(5) if ¢ > 0, then K(A,t) has a finite number of components.

We prove (4). Let D be a component of K(A,t). Take a point p € D.
Let a € A be such that d(a,p) < t. Since ap is isometric to the interval
[0,d(a,p)], we have ap C K(A,t) and ap C D.

We prove (5). By compactness of A, there exist r € Nand ay,...,a, €
A such that A C B(ay,t)U---UB(ar,t). Since d is convex, each B(a;,t) is
connected. Let D be a component of K(A,t). By (4), there exists a point
a€ AND. Let i € {1,...,r} be such that a € B(a;,t). Since B(a;,t) C
K(A,t) and B(a;,t) is connected, we have B(a;,t) C D. We have shown
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that each component of K(A,t) contains a point a;. Therefore, K(A,t)
has a finite number of components.

Given p € X and A € C(X), since X is a dendroid, there exists a
unique point o(p, A) € X such that po(p, A)N A= {o(p, A)}.

2.2. Properties of o(p, A).

Let A € C(X). Then
(6) if ¢ € A, then o(p, A) € pg;
(7) the function o|xyay : X x {A} = A is continuous.

The proof of (7) can be found in [13, Lemma 10.25].

Lemma 2.1. Let (S,t) € S.(X) x (0,1] and p € X. Then for each
component D of K(S,t)Npop, there exists a finite subset J of S such that
D = K(J,t) N pep.

Proof. Let R = {q € S : K(g,t) N D # (}. Given ¢ € R, since X
is a dendroid, K(q,t) N pop is connected, so § # D N K(q,t) N pop C
K(S,t)Npop, then K(q,t)Npop C D. This implies that D = K (R, t)Npop.

If R is finite, we are done. Suppose then that R is infinite.

Since K is continuous, we have R is compact.

We consider the function g : R — D given by g(¢q) = o(q, D). By (7),
g is continuous.

Given z € Im g, g~ !(x) is a compact subset of R, so we can fix a point
h(z) € g~(x) such that d(x, h(z)) = min{d(z,q) : ¢ € g~ *(z)}.

We claim that K (h(z),t)Npop = K(9~*(z),t) Npop. In order to prove
this, let ¢ € g7!(z) and y € K(q,t) Npop C D. Since g(h(z)) = z = g(q)
and y € D, by (6), x € yh(z) Nyg. Since d is convex, d(y, h(z)) =
d(y, z)+d(z, h(x)) < d(y, z)+d(z,q) = d(y,q) < t. Thus,y € K(h(z),t)N
pop. This proves that K(h(x),t) Npop = K(g~'(x),t) N pop. Since R =
U{g ! (z) : # € Im g}, we have

D = K(R,t) Npop = K(Im h,t) N pop.

In the case that Imh is finite, set J = Im h and we are done. Hence,
we suppose that Im h is infinite. Then Im g is also infinite.

Let sp = lim S. Since Imh C R C S, we have sop € R. Let go = g(so)
and Im g = {qo, q1, g2, - - .} where qo,q1, gz, ... are pairwise distinct.

Since g(h(gn)) = ¢n for all n > 0, the points h(qo), h(q1), h(ga), ... are
pairwise distinct. Since the points h(g,) belong to S, lim, . h(gn) = So.

In the case that sg ¢ D, let M be a compact connected neighborhood
of sg such that M N D = (). Then there exists N € N such that for each
n > N, h(gy) € M. Since M U spg(so) is a subcontinuum of X, such that
(MUsog(s0))ND = {g(s0)}, we have that for each n > N, ¢, = g(h(g,)) =
g(s0). This contradicts the choice of the points g,. Therefore, s € D and
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so = g(s0) = qo. Since g is continuous, lim, s ¢n, = lim,, o0 g(h(gn)) =
s0. Since sg € D, g(so) = So, 80 h(so) = h(g(s0)) = so and h(qo) = qo.

Since d is convex, we may identify pop with the interval [0,d(p, po)]
with all its structures as a subset of the real line, identifying the point pg
with 0 and p with d(p, po).

For each n € NU {0}, let [an,bn] = K(h(gn),t) N pop-

Since d is convex, for each n € N U {0},

apn = max{p07 qn — (t - d(h(Qn)a Qn))} and
bn = min{p, g, + (¢t — d(h(gn), qn))}-
In particular, ag = max{po,qo — ¢t} and by = min{p, o + t}.
Notice that D = K (Im h, t)Npep = U{K (h(gn),t)Npop : n € NU{0}} =
U{lan,bn] : n € NU{0}}.
Since lim, 0 gn = qo, there exists Ny € N such that ¢, € [ao, bo] for
all n > Nj.

We are going to show that there exist ni,ne, N € NU {0} such that
N > Ny and for each n > N, [an, by] C [an,,bn, ] U [ag, bo] U [an,, bn,].

First, we consider the case that there exists ny > Ny such that py <
apn, < ag. Since lim,, o, ¢, = lim, o h(gn) = qo, we have lim,, o a,, =
ap. Then there exists N € N such that N > Ny and a,, < a, for all
n > N. Moreover, g, € [ag,bo].

In the case that ag < a, for all n > Ny, we can take n; = 0 and
N = Ny. In both cases, there exist N > Ny and n; € NU {0} such that
for all n > N, an, < a, and g,, € [ag, o).

Proceeding in a similar way, and taking a larger IV if necessary, we
have that there exist N > Ny and ny € NU {0} such that b,, < b,,, for all
n > N and g, € [ao, bol.

Notice that [an, bn] C [any,bn, | U lao, bo] U [any, bns]-

This completes the proof of the existence of ni, ng, and N.

Let L ={0,1,...,N}U{nq,ne} and J = {h(g,) : n € L}. Then

D = K(mh,t)Npop
= U{K (h(gn),t) Npop : n € NU{0}}
= H{[an,bn] : n € NU{0}}
= H{lan,bn] :n € L}
= U{K(h(gn),t) Npop : n € L}
= K(J,t) N pop. U

Given A C R such that A is closed and has m components C1,...,Cp,
define

AA) =" diameter(C;).
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Lemma 2.2. Let ¢ > 0, A,B € 219 and § > 0 be such that A has
m components C1,...,Cn,; B has k components, H(A,B) < ¢; and
dist(Cy,C;) > 48 if i # j. Then |AN(A) — N(B)| < 4.

Proof. We suppose that for each i € {1,...,m}, C; = [a;,b;] and b; +46 <
ai+1, if ¢ < m. Then the sets (a; — 6,01 + 9),...,(am — 0,by, + ) are
pairwise disjoint. Since H(A, B) < §, we have that B is contained in the
union of these sets and intersects each of them. This implies that B has
at least m components, so k > m.

Given i € {1,...,m}, let D(l) "'7Dq(~?¢) be the components of B con-
tained in (a; — 9, b + 0); We suppose that for each j € {1,...,7(i)},
DJ@ e (l),ejZ | with e() J+1 1f] < r(3).

Let 1 <5 <r@). Ife +6<c]+1—6 then fix a point u € (e; @ 4
J, CJ+1 d). Since C(H < b; + 9, we have u < b;. Similarly, a; < w. Thus,
u € [a;, b;] C A. However, dlst({u} B) > §. This contradicts the fact that

H(A,B) < 4. We have shown that c(l -0 < e(z +46. Since H(A, B) < 6,
for each ¢ € {1,...,m}, c —d<a; <b < e ) + 9. Therefore,

AB) =31 ﬂ“ (e =y < (et — i)
<3 (b + 60— (a; — 8)) = AMA) +2md < A(A) + 2k6,

Z e+ 08— () —8)) =2md + 3 (el — i)
=1

=2mé 4305, [(er()i) - CE-()i)) + (Ci-z()i) - efvl()i)—ﬁ + (ev(f()i)—l - Cgl()i)—ﬂ"'

+ (6(21') _ céi)) Ec)gl) (i)) + (e} () _ (i))l .
= 2m3 + 7, (05 (e — o) + 7 ST e — )
§2m5+>\(B)+2k5§)\( ) + 4ké. O
By (5), for every (S,t) € S.(X)x (0, 1], we can put K (S,t) as the union
of its components in the following way:
K(S,t)=D.(S,t)U---U Dm(g’t)(s, t).
Define L : S.(X) x (0,1] — F(X) by
L(Sv t) = {U(pOa Dl(S» t))a R U(pOa Dm(S,t)(Sv t))}
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2.3. Properties of L.

Let S € S.(X) and s,t € (0,1]. Then
(8) [L(S,t)] =m(S,1),
(9) L is not necessarily continuous,

(10) L(S,1) ={po},

(11) if 0 < s <t < 1, then |L(S,t)| <|L(S,s)|.

Property (10) follows from (3).

We prove (11). Take 0 < s < ¢t < 1. Notice that K(S5,s) C K(S,1).
Given a component D of K (S,t), by (4), we have ) # DNS C DNK(S, s).
This implies that the number of components of K (S, t) is less than or equal
to the number of components of K(S,s). By (8), |L(S,t)| <|L(S,s)l|.

Let (S,t) € Sc(X) x (0,1]. Given p € X, since X is a dendrite, each
of the sets D1(S,t) N pop, ..., Dims,e)(S,t) N pop is either the empty set
or a (possibly degenerate) closed subarc of pop. Then we can define the
number

X(s.0)(p) = L2 diameter(D; (S, ) N pop).

Since d is convex, x(s,,)(p) < d(po,p).

Define

B(p) = the unique point in pop such that
d(po, B(p)) = d(po,p) — X(s,)(P)-
Define G : S.(X) x [0,1] = F(X)U{S} by

| {Bp):pe L(S,t)}, ift>0,
G(S’t){ 3 ps, if £ = 0.

2.4. Properties of G.

Let S € S.(X). Then

(12) G(S,t) € F(X), for all t > 0;

(13) G(S,1) = {po} and G(S,0) = S;

(14) let {z,}32,; be a sequence in X converging to a point z € X.
Let {(Sn,tn)}52; be a sequence in S.(X) x (0, 1] converging to
the element (S,t) € Sc(X) x (0,1]. Then lim, o X(s,,,t,)(Zn) =
X(s,) (2);

(15) if 0 < ¢, then G(S,t) = {8(q) : ¢ € K(S,t)}.

(16) G is continuous.

Property (12) follows from (8) and (13) follows from (10).

We prove (14). Since d is convex, we identify the arc ppx with the

interval [0, d(po, x)], with py corresponding with 0. We analyze two cases.

Case 1. K(S,t) Npox C {z}.
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Given ¢ > 0, since lim, .. x, = x, there exists N € N such that
for each n > N, x,, € K(z,¢). Since K(z,¢) is connected, pox,, C por U
K(z,€). In the case that K (S, t,)N(pox\B(z,¢€)) # 0 for infinitely many
numbers n, since lim,,_, o K(Sy,t,) = K(S,t), we obtain that K(S,t) N
(poz \ B(z,e)) # 0, a contradiction. Thus, we may assume that for each
n > N, K(Sp,tn)Npox C B(x,e) C K(x,¢). Let an, by, € K(Sn, tn)poxs,
be such that K(Sy,t,) N porn C anby. Since d is convex, x(s, ¢,)(Tn) <
d(@n,bn) < 2. Therefore, lim,, 00 X(s,t,,)(Zn) = 0 = X(s,¢) (7).

Case 2. K(S,t) Npoz is not contained in {z}.

Let € > 0. Fix dp > 0 such that 45y < €, §p < @, and (K(S,t)N
pox) \ K(z,00) # 0.

Let wg = o(po, K (z,dp)).

By (6), wo € poz. Notice that wy ¢ {po,z} and K(S,t) N powy # 0.
We write K (S,t) N powo as the union of its components:

K(S,t) Npowo = (D1(S,t) N powo) U -+ - U (D (S, 1) N powo).

Note that m < m(S,t).

Given ¢ € {1,...,m}, by Lemma 2.1, there exists a finite set J; of S
such that Di(S7 t) ﬂpowo = K(JZ, t) ﬂpowo.

Note that we can assume that for each p € J;, K(p,t)Npowg # . With
this assumption, we have that the sets Ji,..., J,, are pairwise disjoint.

Set J = J1U- - -UJp,. Then |J| > m and K (S, t)Npowo = K (J, t)Npowy.

Take d > 0 such that

89 < min({dist(D;(S,t) N powo, D;(S,t) Npowo) : ¢ # j}
U{ 57> d(Po, wo), do})-

Let N € N be such that for each n > N, H(S,,S) < J, |[t, —t] <,
and d(z,,x) < 6.

Take n > N.

For each u € J C S, fix a point v(u) € S, such that d(u,v(u)) < 6 and
let w(u) = o(v(u), powo).-

2.5. Property of v(u).

(17) Given u € J, we have that
(a) either K(v(u),t,) N powo # 0 and
H(K (u,t) N powo, K (v(u),t,) Npowy) < 26
(b) or K(v(u),tn) Npowo = 0 and K (u,t) Npowy C K (w(u),29).
Before continuing the proof of (14), we prove (17).
Notice that for each point y € K (v(u), t,), we have d(u,y) < d(u,v(u))+
dv(u),y) < tp,+9d <t+26.
This proves that for each y € K(v(u),t,), d(u,y) <t + 20. Similarly,
for each z € K (u,t), d(v(u),z) < t, + 2.
Let w = o(u, powp).
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Since K (u,t) N powo # 0, there exists a point y; € powp such that
d(u,y1) < t. By (6), w € yju. Since d is convex, we have d(u,w) <
t. Given y € K(v(u),tn) N powo, by (6), w € yu. As we saw before,
d(u,y) < t+ 26. Let yo be the first point in the arc yu, going from y
to u, such that d(u,yo) < t. Since d is convex, d(y,yo) < 26. Since
d(u,w) < t, yo € yw. This implies that yo € powg. We have shown
that there exists yo € K(u,t) N powo such that d(y,yo) < 20. Thus,
K(v(u),ty,) Npowo C N(K (u,t) N powg, 20).

Reasoning as in the last paragraph, in the case that K(v(u),t,) N
powp # 0, we have K (u,t)Npowe C N (K (v(u),t,) Npowo, 28). Therefore,
H(K (v(u),tn) Npowo, K (u,t) N powp) < 2.

Now, suppose that K(v(u),t,) Npowo = @. Then d(v(u), w(u)) > t,.
Given z € K (u,t)Npowp, we know that d(v(u), z) < tn,+26. Since w(u) €
v(u)z and d is convex, we have d(v(u),z) = d(v(u), w(u)) + d(w(u), 2).
Thus, d(w(u),z) < 26. This proves that K(u,t) N powy C K(w(u),26),
and the proof of (17) is finished.

Now we continue proving (14).

Let e = d(po,wp). Since d is convex, we identify the arc powp with the
interval [0, e], with py corresponding with 0.

Let A= K(S, t) M powg-

Define B C powp in the following way. Given u € J, if K(v(u),t,) N
powo # 0, let B(u) = K (v(u), t,)Npowo, and in the case that K (v(u), t,)N
powo = 0, let B(u) = {w(u)}. Then we define B = |J{B(u) : u € J}.
Notice that each B(u) is connected, so the number of components of B is
finite; let us say that B has k components. Then k < |J|.

By (17), we have that for each u € J, H(B(u), K(u,t) N powy) < 26.
Then H(B,K(J,t) N powo) = H(B,J{K (u,t) N powp) : u € J} < 2.
Therefore, H(B, A) < 20.

By Lemma 2.2, |A(A) — A(B)| < 8|J|d. Then A(A) < A\(B) + 8|.J| .

Since x,, € K(x,dy) and K (x,dp) is connected, we have pox,, C powo U
K (x,60) and wo € poxy,. Then wox, C K(x,dy) and d(wo, z,) < 20¢ < 5.

Notice that B C (K (Sn,tn) Npowo) U{w(u) : u € J}. Since J is finite,
A(B) < MK (Sn,tn) Npowo) < MK (Sn,tn) N poxn) = X(8,,t0) (Tn)-

Since K(S,t) N poxr = (K(S,t) N powo) U (K(S,t) N wox), we have
MK (S,t) Npox) = MK (S,t) N powo) + MK (S,t) Nwoez). Then

X(s,0) () = AMA) + MK (S, t) Nwoz) < A(A) + d(wo, x)
<X (S ,tn) (@) + 8T8 +00 < X(5,,8,)(Tn) + .

We have shown that for each n > N, x (s, (2) — € < X(s,,t.,)(Tn)-

Now we will prove that there exists N1 € N such that for each n > Ny,
X(Snotn) (Tn) < X(5.)(2) + €.
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In order to do this, take dyp and wg as above. Suppose that K (S,t)Npox
has k¢ components. We can also ask that 6y < m.

Let K(S,t) = C1U---UC,,UD, where C1,...,C,, are the components
of K(S,t) intersecting powo and D = K(S,t) \ (C; U---UCy,). Then
m < ko. By (5), D is compact. Let 6; > 0 be such that 6; < §p and
K(po’wo, 251) NnD= @

Let N7 € N be such that for each n > Ny, H(S,,S) < 1, |tn — t| < o1,
and d(zp,x) < 1. Since d(x,wp) < &g, we have d(z,, wy) < 2dp.

Let n > Nj.

We are going to show that K (S, t,) Npowe C N(K(S,t) Npowo, 2d1).

Given v € K (S, t,) Npowo, there exists g € S, such that d(v, q) < t,.
Let p € S be such that d(p,q) < 61. Then d(v,p) < d(v,q) + d(q,p) <
t + 267.

In the case that d(v,p) < t, we have v € K(S,t) N powo and we are
done. Then we suppose that d(v,p) > t; define w; as the only point in vp
satisfying that d(p, w;) = t. Notice that w; € K(S,t). Since d is convex,
it follows that d(v,w;) < 26;. Then w; € K(S,t) N K(powo,201) C
C1U---UC,,. Thus, we may assume that w; € C.

If w1 € powp, then v € N(K(S,t) N powo,2d1). Thus, suppose that
w1 ¢ powg. Let wy = o(wy, powp). Notice that wy € vw.

Let z € C1 Npowy. By (6), wa € wyz and wy € vwy. Since C; is
connected, w1z C C1, so wy € Cq and d(v,ws2) < d(v,w1) < 2§;. Hence,
v € N(K(S,t) Npowo,261). This completes the proof that K (Sy,t,) N
Powo C N(K(S, t) M powo, 251)

Since z,, € K(x,01), by the choice of wp, we have wy € poz,. Then

K(S'rutn) ﬁpoxn C
(K (Sn,tn) N powpy) U wox, C
(N(Ol ﬁpowo, 2(51) J---u N(Cm ﬂpowo, 261)) U wWoLy.

Thus,

X (S itn)(@Tn) <
d(wo, ) +4méy + Y- diameter(C; N powp) <
200 + 4md; + X(S,t)(af)-

Therefore, x(s, t,)(Tn) < 200 +4kod1 + X (5,4 () < X(3,+)(x)+€. There-
fore, for each n > max{N, N;}, |X(Sn,tn)($n) - X(S,t)($)| < e.
This completes the proof of (14).

We prove (15). Since L(S,t) C K(S,t), we have G(S,t) C {8(¢q) : ¢ €
K(S,t)}. Given ¢ € K(S,t), let D;(S,t) be the component of K (S,t)
such that ¢ € D;(S,t) and let p = o(po, D;(S,t)). Then p € L(S,t) and
P € Pog; S0 pog = pop U pg. Since p,q € D;(S,t), we have pg C D;(S,1).
Notice that D;(S,t) Npog = pg. Thus, diameter(D;(S,t) Npoq) = d(p, q).
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Ifie{1,...,m(S,t)} \ {j}, then D;(S,t) Npg =0, so D;(S,t) N pog =
D;(S,t) N pop. Hence,

X(s,0)(q) = Z?i(ls’t)diameter(Di(S, t) N poq)
= d(p,q) + >, diameter(D;(S,t) N pop)
=d(p,q) + x(s,)(P)-

Since d(pOa Q) = d(po,p)+d(p, q): we have d(p()a Q)7X(S,t) (Q) = d(pOap)i
X(s,t)(p)- Hence, B(q) = B(p) € G(S,1).
This finishes the proof of (15).

We now prove (16). Let {(Sy,t,)}>2; be a sequence in S.(X) x [0,1]
converging to an element (S,t) € S.(X) x [0,1]. We consider two cases.

Case 1. t > 0.

In this case we suppose that ¢, > 0 for all n € N. By (15), G(S,t) =
{B(p) : p € K(S,1)}.

Given p € K(S,t), by continuity of K, there exists a sequence {p,}°2
in X such that lim, . p, = p and for each n € N, p,, € K(S,,t,). Since
X is a dendrite, lim,_, popn = pop.

By (14), limye0 X(5,,t,)(Pn) = X(5,6)(p)- Since lim, o0 d(po, pn) =
d(po,p), we have lim, o d(po, 8(prn)) = d(po,B(p)). This implies that
lim,, o0 B(pn) = B(p). This proves that G(S,t) C liminf,_,oc G(Sn,tn)
(for the definition and properties of liminf and limsup, see [12, §2, Ch.
4]).

With similar arguments it follows that lim sup,, , .o G(Sn,t») C G(S, ).
Therefore, lim,, o, G(Sn,t,) = G(S,t).

Case 2. t =0.

Since G(Sp,0) = S,, and G(S,0) = S, we suppose that 0 < t,, for all
n € N.

Let ¢ > 0. Let g = limS. Take g9 > 0 such that dg <
set S\ K(zo,dp) is nonempty (and finite). Suppose that S\ K
{z1,..., 2}

Fix ¢ > 0 such that § < % and the sets K(x1,20),...,K(xg,20)
and K (K (zo,d0),20) are pairwise disjoint.

Let N € N be such that for each n > N, t,, < §, H(S,,S) < 4, and
H(K(Sn,tn), K(S,0)) = H(K(Sn,tn),5) <.

Take n > N. Given p € K(Sp,t,), there exists u € S,, such that
d(p,u) <t, < 4. Let w € S be such that d(u,w) < d. Thus, d(p,w) < 20.
Then p € K(S,2§) C K(x1,20)U---UK(xy,20) U K(K(xq,0d0),2d). This
proves that

and the
Zo, 50) =

wlm

—~

K(S,,tn) C
K(S,20) C
K(z1,20)U---U K (z,26) U K(K (g, d0),25).
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Given p € K(Sn,tn), K(Sn,tn) Npop C (K(x1,26) N pop) U --- U
(K (2, 20)Npop)U(K (K (x0,d0),26)Npop). This implies that x (s, +,)(p) <
4ké + 26p + 46 < 3dg < €.

Then d(po, B(p)) = d(Po,p) — X(8,,t.)(P) > d(po,p) — € = d(po, B(p)) +
d(B(p),p) —e. Thus, d(B(p),p) < e.

By (15), G(Sp, tn) C K(K(Sn,ty),e) C K(S,d+4¢). Thus, G(Sp,tn) C
K(S,2e).

On the other hand, given g € S, there exists p € S,, C K(Sp,tn)
such that d(q,p) < 6. Since d(p,B(p)) < €, by (15), we conclude that
S C K(G(Sn,tn),2¢).

We have shown that for each n > N, H(S,G(Sp,t,)) < 3e. Therefore,
limy, 00 G(Sn,tn) = S = G(S,0). This completes the proof of (16).

Define G; : S.(X) x [0,1] = S.(X) by
G1(S,t) = G(S,t)US.

2.6. Properties of G;.

Let S € S.(X) and t € [0,1]. Then
(18) G is continuous,

(19) G1(S.1) € S.(X),

(20) G1(57 O) = S;

(21) G1(S5,1) = S U {po}.

Fix a point go € X \ {po}.

Let eg = d(po,qo). We identify the arc pogo with the interval [0, eq],
with all the structure that the interval has as a subspace of R, identifying
the point pyp with 0 and g with eg.

For eachn € N, let p,, = %qo, then p,, € poqo. Let So = {po,p1,p2,.-.} €
S¢(X); note that lim Sy = po.

Let Ga : pogo % [0,1] = X be given by

GQ(pa t) = tp
Define G3 : S.(X) x [0,1] — S.(X) by
G3(S,t) = G(S,t) UGa(Sy x {t}).

2.7. Properties of G3.

Let S € S.(X) and ¢t € [0,1]. Then
(22) (3 is continuous,
(23) G3(S,1) € Se(X),
(24) G3(5,0) = SU{po},
(25) Gg(S, ].) = S().
Finally define F : S.(X) x [0,1] — S.(X) by
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],
]

Gi(S,2t), ifte]

_ 0,3
F(5,t) = { Gs(8,2t—1), iftel;,1

2.8. Properties of F'.

Let S € S.(X). Then

(26) F' is continuous,
(27) F(S,0) =S,
(28) F(S,1) = So.

Therefore, S.(X) is contractible.
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