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UNDECIDABILITY OF THE CARDINALITY OF
C*-EMBEDDED DISCRETE SUBSETS IN
PRODUCTS OF NATURAL NUMBERS

YASUSHI HIRATA AND YUKINOBU YAJIMA

AsstracT. Let N denote {1,2,---} with the discrete topology.
In this paper, we prove that it is undecidable in ZFC that every
C*-embedded (or C-embedded) discrete subset in N¢ is countable,
where ¢ = 2. We also show that there is a C*-embedded discrete
subset in N® with cardinality « only if x has countable cofinality.

1. INTRODUCTION

For a set A, we denote by |A| the cardinality of A. All cardinals dealt
with here (k and 7, etc.) are assumed to be infinite. In particular, w, wy,
and ¢ denote the first infinite cardinal, the first uncountable cardinal, and
the cardinal of continuum, respectively.

We denote by CH the continuum hypothesis (i-e., ¢ = wy). Let N denote
{1,2,---} with the discrete topology. For a space X, we denote by X"~
the product of k many copies of X. In particular, we deal with N®. Let
w(X) denote the weight of X. For a Tychonoff space X, we denote by
BX the Cech-Stone compactification of X.

For a space X, A C X is C*-embedded (C-embedded) in X if every
continuous function from A to the unit interval I = [0, 1] (the real-line R)
can be continuously extended over X.

In [10], Elzbieta Pol and Roman Pol prove the following result.

(1) There is a closed discrete countable subset in N° which is C*-
embedded but not C-embedded in N°.
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86 Y. HIRATA AND Y. YAJIMA

On the other hand, we prove the following in our previous paper [5].

(2) Under MA+—CH, every C*-embedded subset in N“* is C-embedded
in N“1 where MA denotes Martin’s axiom.

By (1) and (2), it is undecidable in ZFC that there is a C*-embedded
but not C-embedded (closed or closed discrete) subset in N,

Let D,,, denote a discrete space of cardinality w;. It should be noticed
by a known result (see Theorem 2.4) that SD,,, can be embedded in N2**
which means the following.

(3) Under 2% = ¢, there is an uncountable C*-embedded discrete sub-
set in N¢.

Since 2% = ¢ is inconsistent with CH, it is natural to ask the following
question.

Problem 1.1. Under CH, is every C*-embedded discrete subset in N¢
countable?

Now, we recall a special case of D. P. Baturov’s result in [2].

(4) For a cardinal 7, 27 < ¢ holds if and only if there is a (hereditarily)
normal dense subspace of N which contains a closed discrete subset with
cardinality 7.

In this paper, being stimulated by (4), we prove a more general result
than that as follows.

(5) For a cardinal k with k¥ = k and a cardinal 7, 27 < k holds if and
only if there is a C*-embedded discrete subset in N* with cardinality 7.

As an immediate consequence of (5), we can obtain an affirmative
answer to Problem 1.1.

Throughout this paper, all spaces are assumed to be T3 .

2. PRELIMINARIES

Let X be a space with a non-empty A C X. For a cover U of X, let
us denote Y | A={UNA:U €U}. For a continuous function f on X,
f I A denotes the restriction of f on A.

The following is well known as the characterizations of C*-embedding
and C-embedding (see [1]).

Lemma 2.1. Let X be a space with a non-empty A C X. Then A is C*-
embedded (C-embedded) in X if and only if for every binary (countable)
cozero cover U of A, there is a finite (countable) cozero cover V of X such
that V | A refines U.

Let X = [[,ca X be a product of spaces. For each I' C A, let X1 =
]_[)\EF X and 7 denotes the projection from X onto Xr.
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We will make use of the following classical result.

Lemma 2.2 (Gleason, see [6]). Let X = [],c, X be a product of sepa-
rable spaces. Let Y be a Hausdorff space, each point of which is a Gs-set.
Let f be a continuous map from X to Y. Then there are an R C A and
a continuous map g from Xg to Y such that |R| < w and f = go 7g.

For two spaces X and E, we denote by C(X, E) the set of all continuous
maps from X to E. Let C(X,E) = {fe : £ € k}. We define Agc, fe :
X = E" by (A¢ewfe)(x) = (fe(x))eex for each o € X. The map Agcy fe
is called the diagonal map of C(X, E).

The following is quite well known as the diagonal theorem.

Theorem 2.3 (see [4, Theorem 2.3.20] and [3, Theorem 2.2]). Let X be a
Tychonoff space with |C(X,1)| = k, where I = [0,1]. Let ¢ be the diagonal
map of C(X,I). Then ¢ is a homeomorphic embedding of X to I*.

Let X and Y be spaces with X C Y. We say that X is E-embedded in
Y if every continuous function from X to E is continuously extendable
over Y. As is well known, a Tychonoff space X is I-embedded in SX as
a dense subspace.

A space X is E-compact if X is homeomorphic to a closed subspace in
a product of copies of E. In particular, R-compactness means realcom-
pactness.

A Hausdorff space is zero-dimensional if it has a base consisting of
clopen sets.

The following is also as well known as the above.

Theorem 2.4 (see [3, Theorem 2.2 and Proposition 2.4]). Let X be a
zero-dimensional space with |C(X, E)| = k. Let ¢ be the diagonal map of
C(X,E). Then we have
(i) ¢ is a homeomorphic embedding of X into E*;
(il) ¢(X) is E-embedding of X in E";
(iii) of X is E-compact, ¢(X) is closed in E".

Remark 2.5. For aspace X, we have |C'(X,N)| < |C(X,I)| < |C(X,R)| <
24(X)where d(X) denotes the density of X.

Furthermore, we add two facts related to realcompactness, which we
will use in the next section.

Fact 2.6 (see [3, Theorem 3.4] and [4, Exercise 3.11.D(a)]). A discrete
space D is realcompact if and only if |D| is Ulam non-measurable.

A Tychonoff space X is strongly zero-dimensional if each binary (finite,
countable or locally finite) cozero cover of X has a pairwise disjoint clopen
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refinement, which is often denoted by dim X = 0. Every strongly zero-
dimensional space is zero-dimensional.

Fact 2.7 (see [3, Theorem 3.10] and [8]). Every strongly zero-dimensional
and realcompact space is N-compact.

Moreover, we make use of the first part in the following results. The
proofs are quite standard.

Proposition 2.8. Let X be a Tychonoff space with A C X.

(1) If A is strongly zero-dimensional and N-embedded in X, then it
is C-embedded in X.

(2) If A is C-embedded in X which is strongly zero-dimensional, then
A is strongly zero-dimensional and N-embedded in X .

Proof. (1) Let {U; : i € N} be a countable cozero cover of A. By dim A =
0, there is a pairwise disjoint clopen cover {V; : i € N} of A such that
Vi € U; for each i € N. Take the function f : A — N defined by
f(V;) = {i} for each i € N. Since A is N-embedded in X, there is a
continuous function g : X — N such that g | A = f. Let W; = g~ (i) for
each i € N. Then {W; : i € N} is a pairwise disjoint clopen cover of X
such that W; N A=V, C U, for each i € N,

(2) Recall the fact that dim A < dim X holds for any C*-embedded
subset A in X. Hence, we have dim A = 0. Take a continuous function
f:A— N. Then {f~1(i) : i € N} is a pairwise disjoint clopen cover of A.
Since A is C-embedded in X, there is a countable cozero cover {V; : i € N}
of X such that V; N A C f~1(4) for each i € N. By dim X = 0, there is
a pairwise disjoint clopen cover {W; : i € N} of X such that W; C V;
for each ¢ € N. Take the continuous function g : X — N defined by
g(W;) = {i} for each i € N. Then we have g [ A = f. O

Let {0,1} denote a discrete space of two points.

Proposition 2.9. Let X be a Tychonoff space with A C X.

(1) If A is strongly zero-dimensional and {0, 1}-embedded in X, then
it is C*-embedded in X.

(2) If A is C*-embedded in X which is strongly zero-dimensional, then
A is strongly zero-dimensional and {0, 1}-embedded in X .

The proof is similar to that of Proposition 2.8. In fact, we may need
only to replace N with {0,1} to obtain the proof of Proposition 2.9.

3. SmMALL C*-EMBEDDED DISCRETE SUBSETS IN N*

Hereafter, we mainly deal with C*-embedded discrete subsets in N*
with cardinality 7. Since the cardinality of a discrete subset in a space
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X does not exceed the weight w(X) of X, we should note by w(N*) = x
that 7 < x always holds.

Lemma 3.1. For a (Ulam non-measurable) cardinal T, there is a C-
embedded (closed) discrete subset in N2 with cardinality .

Proof. Let D be a discrete space with |D| = 7. By Theorem 2.4, since
|C(D,N)| = w™ = 27, we may consider D C N?" and D is N-embedded
in N>". Since dimD = 0, it follows from Proposition 2.8(1) that D
is C-embedded in N?". For the parenthetic part, let 7 be Ulam non-
measurable. It follows from Fact 2.6 that the discrete subspace D in N2
is realcompact. By Fact 2.7, D is N-compact. Hence, it follows from
Theorem 2.4(iii) that D (= yD) is closed in N?", O

Lemma 3.2. If there is a C*-embedded discrete subset in N with cardi-
nality T, then 27 < k% holds.

Proof. Let D be a C*-embedded discrete subset in N® with |D| =7 > w.
Take an A C D. We take the continuous function f4 : D — {0, 1} defined
by fa(A) = {1} and fa(D ~ A) = {0}. Obviously, fa # far whenever
A,A" ¢ D with A # A’. Since D is C*-embedded in N, there is a
continuous function g4 : N* — I such that ga [ D = fa. It follows from
Lemma 2.2 that there are a countable subset R4 of k and a continuous
function h4 : NBa — T such that ga = haompr,, where mr, denotes the
projection from N* onto N®4. Note that

{ga:AC DY =|{fa: Ac D} =2l =27
Since R4 € [k]“ for each A C D, we have |{Ra: A C D}| < x“. Since
N%4 is separable (metric) and h4 is continuous, it follows that
{ga:AC D} =|{haomr, : AC D} < kY =r".

Hence, we obtain 27 < k“. O

Since N¢ is C-embedded in N* for any ¢ < x, Lemma 3.1 and Lemma
3.2 immediately yield the following theorem.

Theorem 3.3. Let k be a cardinal with k¥ = k. Then the following are
equivalent for a (Ulam non-measurable) cardinal 7.
(a) 27 < Kk holds.
(b) There is a C*-embedded discrete subset in N* with cardinality 7.
(c) There is a C-embedded (closed) discrete subset in N* with cardi-
nality 7.

Remark 3.4. The condition k¥ = k is necessary for only (b) = (a) as
in Lemma 3.2.
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Remark 3.5. Let D be a discrete space of cardinality 7. Then D, can
be embedded in N* under 27 = & (by Theorem 2.4). This means (a) =
(b) as stated in the introduction.

Letting x = ¢ and 7 = wy, since ¢ = ¢ and w; is Ulam non-measurable,
the following is an immediate consequence of Theorem 3.3.

Corollary 3.6. The following are equivalent.

(a) 2“1 = ¢ holds.
(b) There is an uncountable C*-embedded discrete subset in N°.
(c) There is an uncountable C-embedded closed discrete subset in N¢.

It is well known that 2“* = ¢ is consistent. On the other hand, since
2“1 = 2° > ¢ holds under CH, Corollary 3.6 immediately yields an affir-
mative answer to Problem 1.1 in the introduction.

Corollary 3.7. Under CH, every C*-embedded discrete subset in N€ is
countable.

From Corollary 3.6 and Corollary 3.7, we obtain the following.

Corollary 3.8. It is undecidable in ZFC that every C*-embedded (or C-
embedded) discrete subset in N° is countable.

In the proof of Lemma 3.1, consider {0, 1} instead of N and use Propo-
sition 2.9(1) instead of Proposition 2.8(1). Then we have the following
lemma.

Lemma 3.9. For a cardinal 7, there is a C*-embedded discrete subset in
{0,1}%" with cardinality T.

Then we can obtain the following result without any restriction for x
and 7.

Proposition 3.10. For two cardinals 7 and k, 27 < k holds if and only
if there is a C*-embedded discrete subset in {0,1}* with cardinality 7.

Proof. The “only if” part follows from Lemma 3.9. For the “if” part, let D
be a C*-embedded discrete subset in {0,1}" with |D| = 7 > w. Since D
is C"-embedded in Clyg 1y~ D, we have Clgg 13~ D = BD. It follows from
[4, Theorem 3.6.11] that 27 = w(8D) < w({0,1}") =  holds. O

Remark 3.11. A C-embedded subset in a (pseudo)compact space is
pseudocompact. Since every infinite discrete space is not pseudocompact,
we cannot replace “C*-embedded” with “C-embedded” in Proposition 3.10
for any cardinal 7 > w.
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4. C-EMBEDDED BUT NOT P-EMBEDDED SUBSET IN N*

For a space X, A C X is P-embedded in X if every continuous function
from A to a Banach space B can be continuously extended over X. The
following is also well known (for example, see [1, Theorem 14.7]).

Lemma 4.1. Let X be a space with a non-empty A C X. Then A is
P-embedded in X if and only if for every locally finite cozero cover U of
A, there is a locally finite cozero cover V of X such thatV | A refines U.

In [5], we prove that every C-embedded subset in N“* is P-embedded
in N*1. So it is natural to ask the following.

Problem 4.2. Is every C-embedded subset in N P-embedded in N* for
any cardinal kK > w;?

The following seems to be known. So we state only an outline of its
proof.

Lemma 4.3 (folklore). Let X = [[,cp Xx be a product of separable
spaces. Then there is no uncountable point-countable collection of non-
empty open sets in X.

Proof. Let {U, : v € T'} be an uncountable collection of non-empty open
sets in X. For each v € I', we may assume that U, = (V) for some
ry € [A]<¥ and some open set V, in X, . By the A-system lemma,
there are an uncountable subset I of I' and a finite subset r of A such
that r, N7y = r for any ~,7" € IV with v # +'. Since X, is separable,
{m(V;) : v € I'"} is not point-countable in X,.. By the choice of r,,y € I,
we can show that {U, : v € I'"} is not point-countable in X. O

Proposition 4.4. Let X = [[,cp Xa be a product of separable spaces.
Then every uncountable discrete subset in X is not P-embedded in X .

Proof. Let D be an uncountable discrete subset in X. Assume that D is
P-embedded in X. Since U = {{d} : d € D} is a discrete clopen cover of
D, there is a locally finite cozero cover V of X such that V | D refines
U. For each d € D, take a Vz € V with d € V. Since V;N D = {d} for
each d € D, {V; : d € D} is an uncountable locally finite collection of
non-empty cozero sets in X. This contradicts Lemma 4.3. O

Considering 7 = w1, Lemma 3.1 and Proposition 4.4 immediately yield
a negative answer to Problem 4.2 as follows.

Corollary 4.5. For each k > 2“!, there is an uncountable C-embedded
closed discrete subset in N which is not P-embedded in N*.
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5. LARGE C*-EMBEDDED DISCRETE SUBSETS IN N*

It follows from Theorem 3.3 that there is no C*-embedded discrete
subset in N® with cardinality x when k¥ = k. So it is natural to ask
whether this is true without assuming «“ = &.

Problem 5.1. Let s be an uncountable cardinal. Is there no C*-embedded
discrete subset in N* with cardinality 7

Remark 5.2. In the case of 7 = Kk = w, there is obviously an infinite
C-embedded closed discrete subset in N“. In the case of 7 = kK = wq, it
follows from [5, Lemma 4.1] that there is no uncountable C*-embedded
discrete subset in N1,

Remark 5.3. Without “C*-embedded” in Problem 5.1, Jan Mycielski [9]
proves the existence of a closed discrete subset in N* with cardinality «
if k is less than the first weakly inaccessible cardinal #;. However, it is
consistent that 2¢ is weakly inaccessible or that 2 > 6; holds (see [7, p.
34)).

Let X be a space with A C X and U a cover of X. Let us denote
St(A,U) = {U e U : UN A # 0}. In particular, for each z € X, let
St(x,U) = St({x},U).

Lemma 5.4. Let k be a cardinal. Let X be a space which has a base
{K¢ : € € Kk} such that each binary cozero cover of X is refined by a cover
{K¢ : £ € R} of X for some R C p with p < k. If F' is a C*-embedded
subset in X, then each locally finite cozero cover of F' has a subcover of
cardinality less than k.

Proof. Let V be a locally finite cozero cover of F'. We will find a subcover
V' of V with |V'| < k. By induction, we define an increasing sequences
{A¢: £ € K+ 1} and {B¢ : £ € K+ 1} of subsets of F. Put Ag = By = 0.
If § € k+11is alimit ordinal, then put A¢ = U, ¢, 4y and Be = U, ¢ By.
Let £ € k and assume that subsets A¢ and B¢ of F' are defined. If
KeNF C St(A¢UBe, V), then put A¢11 = Ae and Bey1 = Be. Otherwise,
take an a¢ € (K& NF)\ St(Ag U BE,V) and put A§+1 = Ag U {ag}. If
KeNF C St(Aeq1 U Be, V), then put Beyi = Be. Otherwise, take a
be € (K¢ N F) \St(A§+1 U B¢, V) and put Beyy = Be U {bg}.

After finishing induction, let V4 = St(A,,V) and Vg = St(F \ V4, V).
Since V4 and Vp are the unions of locally finite collections of cozero sets
in F, they are also cozero sets in F. Since {V4,Vg} is a binary cozero
cover of F, it follows from Lemma 2.1 that there is a binary cozero cover
{Wa,Wg} of X such that WaNF C V4 and W N F C Vp. Take an
R C p with pp < k such that {K¢ : £ € R} is a cover of X and refines
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{Wa,Wg}. Let V/ ={V eV:VN(A,UB,) # 0}. By the definition, we
see that [A,|,|Bu| < |u| < k. So [V'| < k holds since V is point finite.

It suffices to show that V' covers F. Pick an x € F. Takea £ € R
with # € K¢. Then we have K¢ C W4 or K¢ C Wpg. It follows from
x € KeNF and St(A¢UBe, V) C St(Ag1UBe, V) C St(A,UB,, V) =JV
that € [JV’ holds in the case K¢ N F C St(A¢ U Be,V) or KeNF C
St(A£+1 U B, V).

In the other case, we have ag € (K¢ N F)\ St(Ae U Be, V) and be €
(Ke N F)\ St(A¢q1 U Be, V). We shall derive a contradiction by showing
that be ¢ W4 and a¢ ¢ Wpg, ie., K¢ ¢ W4 and K¢ ¢ Wg. It suffices to
show that be ¢ V4 and ag ¢ Vi since WaNF C V4 and W NF C Vp.

For each b € F'\Vy, it follows from St(ag, V) C V4 that b ¢ St(ae, V), so
ag ¢ St(b, V) holds. Hence, a¢ ¢ Vp. Next, pick an a € A,. Takea p € &
such that a = a, € K,NF\St(A,UB,,V)and 4,11 = A,U{a,}. If p <&,
then be ¢ St(Aer1 UBe,V) D St(a, V) holds since a =a, € A,11 C Agyr.
If p> ¢, then a =a, ¢ St(A, U B,,V) D St(be, V) since be € Bey1 C B,
s0 be ¢ St(a, V) holds. Hence, we obtain be & Va. O

For a cardinal x, we denote by cf(x) the cofinality of .

Lemma 5.5. Let x be a cardinal with cf(k) > w. If F is a C*-embedded
subset in N* | then each locally finite cozero cover of F' has a subcover with
cardinality less than k.

Proof. For each subset S of «, let Ts be the set of all pairs (r, t) such that r
is a finite subset of S and ¢t € N". For each (r,t) € Ts, put Kg(r,t) = {x €
N° : z | r = t}. Enumerating the members, let T}, = {{r¢,t¢) : € € }
and put K¢ = K, (r¢,t¢) for each £ € k. Then {K¢ : £ € k} is a base of
a space X = N” satisfying the assumption of Lemma 5.4. Actually, we
see from Lemma 2.2 that each binary cozero cover of X is of the form
V={V,={zxeX:x|SeU}:i¢c2} for some countable subset S of
and for some binary cozero cover {Uy, U;} of N°. Since T is a countable
subset of T, we can take a countable subset R of s such that

{{r,t) € Tsg : Kg(r,t) C U; for some i € 2} = {(r¢,t¢) : € € R}

Since cf(k) > w, we obtain a p < k with R C p. It is routine to check
that {K¢ : £ € R} covers X and refines V. O

Theorem 5.6. Let k be a cardinal with cf(k) > w. Then there is no
C*-embedded discrete subset in N* with cardinality k.

Proof. Assume that there is a C*-embedded discrete subset D in N* with
|D| = k. Then {{d} : d € D} is a locally finite cozero cover of D
and its subcover is itself. By Lemma 5.5, we have |D| < . This is a
contradiction. (]
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As a special case, we have the following corollary.
Corollary 5.7. Every C*-embedded discrete subset in N“' is countable.

This also yields Corollary 3.7 immediately.

Finally, we would like to close with an unsolved problem. The condition
k¥ = k in Theorem 3.3 seems to be so strong that we raise the following
question.

Problem 5.8. Let x be a cardinal with k% > k > w. Assume that there
is a C*-embedded (or C-embedded closed) discrete subset in N* with
cardinality 7 > w. Is then 27 < k true?

Remark 5.9. If it would be proved that there is an uncountable C*-
embedded discrete subset in N*2, under 2% = 2“' = w3, Problem 5.1
would be negative.

ACKNOWLEDGMENT. The authors would like to thank Professor Haruto
Ohta and the referee for their many helpful comments and suggestions in
preparing this paper.

REFERENCES

[1] Richard A. Alo and Harvey L. Shapiro, Normal Topological Spaces. Cambridge
Tracts in Mathematics, No. 65. New York-London: Cambridge University Press,
1974.

[2] D. P. Baturov, Normality in dense subspaces of products. Topology Appl. 36

(1990), no. 2, 111-116.

Katsuya Eda, Takemitsu Kiyosawa, and Haruto Ohta, N-compactness and its

applications in Topics in General Topology. Ed. K. Morita and J. Nagata. North-

Holland Math. Library, 41. Amsterdam: North-Holland, 1989. 459-521.

Ryszard Engelking, General Topology. Translated from the Polish by the author.

2nd ed. Sigma Series in Pure Mathematics, 6. Berlin: Heldermann Verlag, 1989.

3

[4

[5

Yasushi Hirata and Yukinobu Yajima, C*, C- and P-embedded subsets in products
and undecidability of a certain property on N“1. To appear in Topology and its
Applications.

6

J. R. Isbell, Uniform Spaces. Mathematical Surveys, No. 12. Providence, R.I:
American Mathematical Society, 1964.

[7

Kenneth Kunen, Set Theory: An Introduction to Independence Proofs. Studies in

Logic and the Foundations of Mathematics, 102. Amsterdam-New York: North-

Holland Publishing Co., 1980.

[8] S. Mrowka, On E-compact spaces II, Bull. Acad. Polon. Sci. Sér. Sci. Math. As-
tronom. Phys. 14 (1966), 597-605.

[9] Jan Mycielski, a-incompactness of N¢, Bull. Acad. Polon. Sci. Sér. Sci. Math.

Astronom. Phys. 12 (1964), 437-438.



UNDECIDABILITY OF THE CARDINALITY OF C*-EMBEDDED DISCRETE 95

[10] Elzbieta Pol and Roman Pol, Note on countable closed discrete sets in products
of natural numbers, Topology Appl. 175 (2014), 65-71.

(Hirata and Yajima) DEPARTMENT OF MATHEMATICS; KANAGAWA UNIVERSITY;
YoOKOoHAMA, 221-8686 Jaran
Email address, Hirata: hirata-yQ@kanagawa-u.ac.jp

Email address, Yajima: yajimyOi@kanagawa-u.ac.jp





