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ASYMMETRICS, COHERENCE, AND METRIZATION

H. H. HUNG

ABSTRACT. There is Niemytzki, the fountain-head of all classical
metrization results, and there is Collins-Reed-Roscoe-Rudin. Nei-
ther one implies the other. In response to Nagata’s call for unifi-
cation, we provide here a theorem to which both are corollaries.

In [11] Professor Nagata registered his “surprise” over the metrization
condition of Collins-Reed-Roscoe-Rudin (CRRR): T1-spaces with an open
point-network are metrizable [2], [4]. (We adopt here Balogh’s terminol-
ogy in preference to the designation “open decreasing (G),” the latter
being so tentative). In CRRR, conspicuously absent is any indication of
uniformity, a sine qua non among the “classical” results. Professor Na-
gata suspected something fundamental was setting apart CRRR from the
“classical” conditions. And yet he asked for unification.

These “classical” conditions are all topological realizations [6], [7] of
Niemytzki’s coherent symmetrics [14] and the uniformity among them is
there to account for the symmetry of the symmetric. On the other hand,
CRRR is not and there is no need for it to have any uniformity.

To have unification, we need to banish the symmetry in the symmet-
ric of Niemytzki’s and study coherence anew in the context of what is
to be called an asymmetric. Of our results, Corollary 3.1.1 accounts for,
Theorem 3.1 improves upon, while Corollary 3.1.3 and Theorem 3.2 sup-
plement CRRR. Corollary 3.1.4 is clearly an improvement on Niemytzki.
Thus our Theorem 3.1 unites the “classical” results via Niemytzki on the
one hand and CRRR on the other as its corollaries, as Professor Na-
gata wished. Apparently, efforts to derive CRRR from Niemytzki came
to nil [11]. Neither does Niemytzki follow from CRRR, in spite of what
Balogh [2] says. It is in this context that Theorem 3.1 is important.
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1. PRELIMINARIES

We exhibit here an unpublished strengthening of a factorization of
the property of having a base of countable order (Theorem 2.1 of [8]).
Notation adopted in a later paper [9] is also used.

Definition 1.1. We say a T1-space X has property (x), if, given z(1) € X
we let Uy = X; for 2(2) € Uy \ {z(1)}, we can choose an open neighbour-
hood Us C Uy \ {x(1)}; for any 2:(3) € Uz \ {x(2)}, we can choose an open
neighbourhood Us C Us \ {z(2)} ... and so on ad infinitum, such that if
(xz(n)) clusters to some = € ({U, : n € N}, the family {U,, : n € N} is a
base at x.

Clearly, quasi-metrizable spaces (10.1 of [5]) have property (). For,
we can let U,,n > 1, be any open ball at z(n) of radius less than % within
Un—1\{z(n —1)}. Likewise, a T}-space that admits a base of countable
order (BCO) [1] has property (k). Ty o-spaces |9] also have property ().
For, we can let U,,n > 1, be A(x(n),Up—1 \ {z(n — 1}).

Definition 1.2. We say a T;-space X has property (1), if, given z(1) € X
we let Uy = X; for 2:(2) € Uy \ {«(1)}, we can choose an open neighbour-
hood Us C Uy \{z(1)}; for any z(3) € Uz \ {x(2)}, we can choose an open
neighbourhood Us C Uy \ {z(2)} ... and so on ad infinitum, such that, if
x € (W{Un : n € N}, (x(n)) clusters to x.

Clearly, semi-stratifiable spaces have property (1), for, we can let U,,
n > 1, be (U1 \ {z(n —1)}) Ng(n,z(n)) (notation as in Theorem 5.8
of [5]). Likewise M P4 — spaces of |8] have property (7).

Theorem 1.3. Flirst countable Ty -spaces with properties (%) and () ad-
mit bases of countable order.

Remark. Recall that the task of constructing a BCO is made much easier
(see remarks after Definition 6.2 of [5]) with the introduction of the sieve
[3] where there is an all-important requirement that every element of the
sieve be the union of its immediate successors.

If we let every element of the sieve be an open neighbourhood U (x) of
a specific point z, and every y € U(z)\ {z} contribute an open neighbour-
hood within U(z) \ {} to make up the family of immediate successors of
U(x), then the requirement that the elements of every branch constitute
a local base at the common point can be clearly and easily met, provided
we have first countability, (%) and (7).
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2. ASYMMETRICS AND COHERENCE
2.1. THE CONCEPT OF AN ASYMMETRIC.

Simply put, if the triangle inequality of the metric is allowed to lapse,
we have instead a symmetric. If, further, we allow the axiom of symmetry
to lapse too, we have (what is going to be called) an asymmetric. To keep
things simple, we are going to restrict the range of the distance function
to the inverses of the natural numbers plus 0. Formally,

Definition 2.1.1. An asymmetric d on a set X is a functiond : X x X —
{1,3,%....,0} such that for all 2,y € X,d(z,y) =0« z =y (cf. Nedev’s
o-metric [12]).

The (unqualified) ball of radius 1 about z is By(z, 1) = {y € X :
d(z,y) < 1}, subscript d often omitted.

These decreasing balls of course define the asymmetric as much as
the asymmetric the balls. We write By for the collection {By(z, +) : n €
N,z € X}. The smallest ball about x to contain y, y # x, written S(x,y),

is B(z, 1) for such an n that y € B(x, ) and y ¢ B(w, n}H)

Definition 2.1.2. A topology J (on X) is said to be generated by an
asymmetric d if U € J < for every x € U, there is contained in U some
ball about z.

Clearly, such a topology is 71 and given (z(n)) and z on X, d(x, z(n)) —
0 = x(n) — z. If the topology is Hausdorff and limit points are unique,
the converse is true. For, otherwise, d(x,xz(n)) - 0, there is a sub-
sequence outside some ball at x that nonetheless converges to x, even
though the points of this subsequence form a closed set. When we speak
of an asymmetric on a topological space, it is understood that the asym-
metric generates the topology.

2.2. A SPECIAL ASYMMETRIC.

The By of an asymmetric d on a topological space X is a point-network
of Balogh [2] if there is a shrinking A of open neighbourhoods [8] such
that, for every x € X and every open neighbourhood U, S(y,z) C U if
y € A, U)\ {x} .

Clearly, if x(n+ 1) € Up41 C A(z(n),Uy) \ {z(n)} for all n € N and
z € ({U, : n € N}, we have d(x,z(n)) — 0 and X has property (}) as
defined in §1.

Clearly, if U and V are open neighbourhoods of, respectively,  and v,
A(z,U)NA(y,V) # 0 = either y € U or z € V; and, if U, is an open
neighbourhood of x(n), for all n € N, z(i) € U; and z(j) ¢ U; whenever
i<j={A(z(n),U,):neN}=0. And X is paracompact [2], [4], |8].
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2.3. VARIOUS KINDS OF COHERENCE.

We study the concept of coherence as Niemytzki did when he sought
to generalize the seventh theorem of Pitcher and Chittenden [15] where
the term coherence was first used. Only now we have more possibilities,
having broken loose from the stricture of the requirement of symmetry.
Thus we say the asymmetric d on a topological space X has

(1) 1-coherence if, given (x(n)), (y(n)) and z so that z(n) — z, we
have: d(xz(n),y(n)) < d(z(n),x) for all n € N = y(n) — «

(2) 2-coherence if, given (x(n)), (y(n)) and z so that z(n % x, we
have: d(z(n),z) — 0 and d(xz(n),y(n)) < d(z(n),z) for all n €
N=y(n) = x;

(3) (a) 3a-coherence if, given (z(n)), (y(n)) and x so that d(z,z(n))

— 0, we have: d(z(n),y(n)) — 0= d(x,y(n)) — 0;
(b) 3b-coherence if, given (x(n)), (y(n)) and x so that d(x z(n))
— 0, we have: d(y(n),z(n)) = 0= y(n) = x;

(4) 4-coherence if, given x,y € X and n € N such that d(z,y) <
we have such an m € N that d(y,z) < = = d(z,2) < +;
(5) 5-coherence if, given (x(n)) and z, we have d(z,z(n)) —

d(z(n),z) — 0.

If the B, of an asymmetric d on a topological space is a point-network,
then d has 1-coherence (Proposition 2.3.2 below). Conversely, if we have
first countability (Proposition 2.3.1 below). Thus 1-coherence is quite
strong.

On the other hand, 3a-coherence on an asymmetric d is also quite
strong. For one thing, it is strong enough to ensure that the balls are all
neighbourhoods (Proposition 2.3.3 below) and, if these neighbourhoods
are not open, there is another asymmetric 6 with open balls and with
3a-coherence. Indeed, if d is, in addition, symmetric, then 3a-coherence
by itself is capable of bringing forth metrizability in the topology (as
Niemytzki would assert). What we designate 3a-coherence on our asym-
metric is known as Condition (II) in Nedev and Coban [13].

In contrast, the property 2-coherence is a property common to both
1-coherence and 3a-coherence and is relatively weak.

In the presence of 5-coherence, 3a-coherence implies 1-coherence. Even
the weaker 2-coherence does, when z(n) — z = d(z,x(n)) — 0 (Proposi-
tion 2.3.5).

Clearly, 4-coherence on an asymmetric makes the balls open and open
(topologically) balls endow 4-coherence on it. With this 4-coherence, an
asymmetric d with 2-coherence implies (%) on X (Proposition 2.3.4).

1
n’

Proposition 2.3.1. On a first countable space, if an asymmetric d has
1-coherence, then By is a point-network.
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Proof. Suppose otherwise. Suppose By is not a point-network. Sup-
pose there is an z, an open neighbourhood U(z), a decreasing open base
{Vo(z),n € N} at « and x(n) € V,(z) for every n so that, for every n,
there is y(n) € S(z(n),z) \ U(x). Clearly (y(n)) does not converge to x
even though 1-coherence says it should. |

Proposition 2.3.2. On a topological space X, if an asymmetric d is such
that By is a point-network then it has I-coherence.

Proof. Suppose otherwise. Suppose, given (z(n)), (y(n)) and z so that
z(n) — z and d(z(n),y(n)) < d(x(n),z) for all n, i.e., y(n) € S(z(n),z)
for all n, we have y(n) - x. There is such an open neighbourhood U (z)
of = that y(n) ¢ U(x) for some arbitrarily large n. For this U(z), we
cannot have the V(z) required in the definition of a point-network. O

Proposition 2.3.3. If an asymmetric d on a topological space X has 3a-
coherence, then all members of By are neighbourhoods generating a first
countable topology.

Proof. Given Bq(z,1). Let Y C Bq(z, 1) besuchthaty € Y = Bqy(y, =)\
Ba(z, 1) # 0 for every m € N. For any z € By(z, 1)\ Y, we cannot have
Ba(z, 1)\ [Ba(z, )\ Y] # 0 for every | € N, because of the 3a-coherence
of d. Therefore By(z,2)\'Y is open and = is in it i.e., By(z, 1) is a
neighbourhood of z.

Remark.

(1) cf. Theorem 2 of Martin [10] and Lemma 3 of Nedev and Coban
[13].

(2) For any sequence (z(n)),z(n) — = d(z,z(n)) — 0.

(3) An asymmetric d with 3a-coherence begets an asymmetric ¢ with
3a- and 4-coherence: We can let § be such that Bs(z, L) =
BS(z, 1), for all z € X, n € N, noting d(z,y(n)) = 0= y(n) >z
and y(n) - = = 0(z,y(n)) — 0. This J also has 2-coherence.

Proposition 2.3.4. If there is an asymmetric d on a topological space X
with 2- and 4-coherence, then X has property (x).

Proof. We can, given n > 1, let U,, be any open neighbourhood of z(n)
so long as it is contained in ({S(z(m),z(n)) : m < n}, in B(z(n), 1)
and in U1 \ {z(n — 1)}. For, for every m, there is an n > m such that
xz(n) € S(z(m),x), if (x(n)) clusters to some x € ({U,, : n € N} and it
is clear that S(z(m),z(n)) = S(x(m),z) and {S(z(m),z) : m € N} is a
base at x. |

Remark. In particular, if d has 3a-coherence, then X has property (x)
(Remark (3) on 2.3.3).
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Proposition 2.3.5. If, on a topological space X, an asymmetric d has 2-
and 5-coherence, it also has 1-coherence, provided x(n) — « = d(z,z(n))
— 0.

Proof. Given (z(n)), (y(n)) and = so that x(n) — z and d(z(n),y(n)) <
d(xz(n),z) for all n. We have d(z,z(n)) — 0 and d(z(n),z) — 0 and,
because of 2-coherence, y(n) — x, i.e., 1-coherence. O

Remark. In particular, if d has 3a- and 5-coherence, it also has 1-coherence.

3. COHERENCE ON ASYMMETRICS AND METRIZATION

It is well known and easily demonstrated that a Ti-space X is para-
compact and has property () as defined in §1, if on it is a point-network
of Balogh [2], [4], [8]. In view of Theorem 1.3, therefore, we need only
() as defined in §1 and first countability on such an X to conclude its
metrizability. Thus where an asymmetric with 1-coherence falls short
in its effort towards generating a metrizable topology, Proposition 2.3.4
above immediately suggests itself, resulting in the following.

Theorem 3.1. A topological space X is metrizable if (and only if) on it
is an asymmetric d with 1-coherence and an asymmetric & with 2- and
4-coherence (each individually generating the topology).

Corollary 3.1.1. A topological space X is metrizable if (and only if) on
it is an asymmetric d with 1- and 4-coherence. (Essentially Collins-Reed-
Roscoe-Rudin.)

Corollary 3.1.2. A topological space X is metrizable if (and only if) on
it s an asymmetric d with 2-, 4- and 5-coherence.

Proof. Result follows from Proposition 2.3.5. (]

Corollary 3.1.3. A topological space X is metrizable if (and only if)
on it is an asymmetric d with 1-coherence and an asymmetric § with
3a-coherence.

Proof. Asymmetric § with 3a-coherence begets an asymmetric §’ with 3a-
and 4-coherence (Remark 3 on 2.3.3) and a fortiori 2-coherence. There-
fore Theorem 1 applies. (|

Corollary 3.1.4. A topological space X is metrizable if (and only if) on
it s an asymmetric d with 3a- and 5-coherence.

Proof. Clearly d also has 1-coherence (Remark on Proposition 2.3.5).
There is a 6 with 3a- and 4-coherence (Remark 3 on 2.3.3) and a for-
tiori 2-coherence. Therefore Theorem 1 applies. (]



ASYMMETRICS, COHERENCE, AND METRIZATION 103

Remark. Clearly, Niemytzki’s that a coherent symmetric generates a met-
rizable topology is a particular case.

Theorem 3.2. A first countable space X is metrizable if (and only if)
on it is an asymmetric d with 1- and 3b-coherence.

Proof. B, is a point-network on X (Proposition 2.3.1). There is therefore
a shrinking A of open neighbourhoods such that, if x,41 € U,41 C
A(xy,,Up) \ {z,} for all n € N and if there is an = € {U,, : n € N},
d(z,x,) — 0 (2.2). The family {A(z,,U,) : n € N} is a base at x.
For, otherwise, there is such an open neighbourhood U of = that there
is Y € A(2,,Upn) \ U for every n € N. Clearly, d(y,,z,) < 1 (because
Yn € A(xp,, Up,) for all m < n) and d(yy,z,) — 0 and therefore in view
of 3b-coherence y, — x and we have a contradiction. With such a base
we can claim (x). O

Clearly, Cor. 3.1.4 is (an improvement of) Niemytzki and Cor. 3.1.1
is essentially CRRR. Both are corollaries of Theorem 3.1. Thus we have
the long-sought unification.
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