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ON THE PARACOMPACTNESS OF A CLASS OF

MONOTONICALLY NORMAL SPACES

PETER NYIKOS AND JERRY E. VAUGHAN

Abstract. We prove that if a monotonically normal space X is
both a weak P (λ)-space and a λ-perfect space, then X is paracom-
pact. As a corollary, we obtain a new proof that linearly strati�-
able spaces are paracompact. The main tool in our proofs is the
Balogh�Rudin theorem that says a monotonically normal space is
paracompact if and only if it has no closed subsets homeomorphic
to a stationary subset of some regular uncountable cardinal κ.

1. Introduction

Jack C. Ceder [3] originally de�ned a strati�able space to be a T1-space
with a σ-cushioned pair-base. It is more common, however, to use as the
de�nition the following characterization of Carlos J. R. Borges [2] (or its
complementary form in terms of closed sets). We state the de�nition for
all linearly strati�able spaces.

De�nition 1.1 ([11], c.f. [2]). A T1-space (X, T ) is said to be strati�able
over λ, where λ is an in�nite cardinal number, provided there exists a
function S : λ× T → T satisfying for all β < λ and U ∈ T ,

LS1: clX [S(β, U)] ⊂ U ;
LS2:

∪
{S(β, U) : β < λ} = U ;

LS3: if U,W ∈ T and U ⊂ W , then S(β, U) ⊂ S(β,W );
LS4: if γ < β < λ, then S(γ, U) ⊂ S(β, U).
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The map S is called a λ-strati�cation for X. A space that is strati�able
over some λ is called linearly strati�able. A space (X, T ) can be strati�able
over many di�erent cardinals λ (e.g., see [12]). In particular, if C ⊂ λ is a
co�nal subset of λ, then the restricted map S � (C×T ) satis�es LS1�LS4.
Thus, for most purposes, we may assume that λ is a regular cardinal, and
we now make that assumption.

A space is strati�able over ω if and only if it is a strati�able space in
the sense of Ceder and Borges.

A well-known class of λ-strati�able spaces is what Felix Hausdor� [7]
called ωµ-metrizable spaces. The use of the notation ωµ has persisted
for them, partly to avoid confusion with the class of κ-metrizable spaces,
where κ does not refer to a cardinal number.

Recall that a paracompact space is a Hausdor� space in which every
open cover has a locally �nite open re�nement [4].

We de�ne two concepts which are probably known and certainly well
known in the countable case.

De�nition 1.2. A space X is said to be a λ-perfect space provided every
open subset of X is the union of at most λ closed sets.

In the countable case, a space X is an ω-perfect (or perfect) space if
every open set is an Fσ-set (the union of countably many closed sets).
The word �perfect� has also been used to designate a closed, dense-in-
itself subset of a (usually metric) space, so that it is useful at times to
have the expression ω-�perfect� available.

De�nition 1.3. A space is called a weak P (λ)-space if every subset of X
of cardinality less than λ is closed [4].

In the countable case, every space is a weak P (ω)-space, and a space X
is a weak P (ω1)-space (or weak P-space) if every countable set is closed
[8].

In the next section, we prove a number of results about stationary
subsets of regular cardinals and about monotonically normal spaces, cul-
minating in Theorem 2.5. This theorem is used to get a new proof, simpler
than the earlier ones, of an important old result (see Theorem 2.6).

The standard proof that strati�able spaces are paracompact uses a
characterization of paracompactness by E. Michael [9] that says a space
is paracompact if and only if every open cover has a cushioned re�ne-
ment. Results of Ceder and Michael are extended to the general case of
�strati�able over λ� by J. E. Vaughan [11], resulting in a proof that lin-
early strati�able spaces are paracompact when combined with a theorem
of M. Jeanne Harris [5] which says that every linearly strati�able space
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has a linearly cushioned pair-base such that the ordered pairs in the pair-
base form a function. A simpler proof, also using Michael's theorem on
cushioned re�nements (but not pair-bases), is given in [12].

Our proof that linearly strati�able spaces are paracompact does not
use pair-bases or cushioned collections.

For basic topological notions, we refer to [4]. Our limited use of set
theory is essentially self contained. These results were presented by the
second author at the 32nd Summer Conference on Topology and its Ap-
plications 2017.

2. Stationary Sets and Linearly Stratifiable Spaces

Let κ be a regular uncountable cardinal. We use the usual order topol-
ogy on ordinals.

Recall that the set of all closed and unbounded subsets (club sets) of
κ generates a �lter base C (called the club �lter). A set E ⊂ κ is said to
be a stationary set provided C ∩ E ̸= ∅ for all C ∈ C. Three trivial facts
about stationary sets are

(1) stationary sets are unbounded in κ,
(2) the intersection of a stationary set with a club set is a stationary

set, and
(3) any set that contains a stationary set is a stationary set.

Recall that a space X is called scattered provided that for every non-
empty Y ⊂ X, Y has at least one isolated point in its subspace topology.
It follows immediately from this de�nition that in a scattered space, the
set of isolated points is dense. Clearly, every well-ordered set with the
order topology is scattered (given a non-empty subset Y , the minimum
element of Y is clearly isolated in the subspace topology on Y ). So every
subspace of an ordinal is a scattered space; in particular, every stationary
set is scattered.

We are grateful to the referee for providing the following two lemmas,
and their proofs, to simplify the proof of our main theorem.

Lemma 2.1. Let E be a stationary subset of the regular uncountable

cardinal κ. Then every set that is closed in the relative topology of E and

is a subset of the set E0 of isolated points is bounded in κ.

Proof. Suppose H is unbounded in E0. The set C of limit points of H in
κ is club, so C ∩ E ̸= ∅. It follows that H is not closed in E. �
Lemma 2.2. The set E0 of isolated points in a stationary set E in a

regular uncountable cardinal κ is not the union of fewer than κ-many

subsets that are closed in E.
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Proof. If α < κ, then the least element of E strictly larger than α is an
isolated point of E. Hence, E0 is unbounded. Now the result is immediate
from Lemma 2.1 and the regularity of κ. �

The following theorem may be of independent interest. The referee
suggested the �rst conclusion; the second is our original conclusion.

Theorem 2.3. Let E be a stationary subset of the regular uncountable

cardinal κ. Then E is not λ-perfect for any λ < κ, nor weak P (λ) for

any λ ≥ κ. In particular, E is not both λ-perfect and weak P (λ) for any

λ.

Proof. That E is not λ-perfect for any λ < κ is immediate from Lemma
2.2. By either lemma above, E is not discrete. Let δ ∈ E be a limit point
of E. Then [0, δ] is not closed discrete and has cardinality < κ. Hence, E
is not weak P (λ) for any λ ≥ κ. �

Next, we recall a powerful theorem by Z. Balogh and M. E. Rudin [1].

Theorem 2.4. A monotonically normal space is paracompact if and only

if it has no closed subsets homeomorphic to a stationary subset of some

regular uncountable cardinal.

Thanks to Theorem 2.4, we do not need the de�nition of monotone
normality for our main theorem.

Theorem 2.5. If a monotonically normal space X is both a weak P (λ)-
space and a λ-perfect space, then X is paracompact.

Proof. This is immediate from Theorem 2.3, the Balogh�Rudin theorem,
and the observation that λ-perfect and weak P (λ) are hereditary proper-
ties. �
Theorem 2.6. Every linearly strati�able space is paracompact.

Proof. Let (X, T ) be strati�able over λ with strati�cation map S : λ ×
T → T . Since linearly strati�able spaces are monotonically normal [11],
it su�ces by Theorem 2.5 to show that X is both a weak P (λ)-space and
a λ-perfect space. That X is λ-perfect follows immediately from LS1 and
LS2.

To see that X is a weak P (λ)-space, let Y ⊂ X with |Y | < λ, and
let x ∈ X. Since X is T1, we can show that Y is closed by showing that
Y \{x} is closed, so we may assume that x ̸∈ Y . Let U = X \{x}, an open
set. By LS2, for each y ∈ Y , there exists αy < λ such that y ∈ S(αy, U).
Since λ is regular, α = sup{αy : y ∈ Y } < λ; hence, by LS4 and LS1,

Y ⊂
∪

{S(αy, U) : y ∈ Y } ⊂ S(α,U) ⊂ S(α,U) ⊂ U = X \ {x}.

Thus, x is not a limit point of Y , and this shows that Y is a closed set. �



MONOTONICALLY NORMAL AND PARACOMPACT SPACES 109

References

[1] Z. Balogh and M. E. Rudin, Monotone normality, Topology Appl. 47 (1992), no.
2, 115�127.

[2] Carlos J. R. Borges, On strati�able spaces, Paci�c J. Math. 17 (1966), 1�16.

[3] Jack G. Ceder, Some generalizations of metric spaces, Paci�c J. Math. 11 (1961),
105�125.

[4] Ryszard Engelking, General Topology. Translated from the Polish by the author.
2nd ed. Sigma Series in Pure Mathematics, 6. Berlin: Heldermann Verlag, 1989.

[5] Melanie Jeanne Harris, Linearly Strati�able Spaces. Ph.D. Thesis. University of
Pittsburgh, 1991. ProQuest LLC Accession Order Number ATT 303965885.

[6] M. Jeanne Harris, On strati�able and elastic spaces, Proc. Amer. Math. Soc. 122
(1994), no. 3, 925�929.

[7] Felix Hausdor�, Grundzüge der Mengenlehre. Leipzig: Verlag Von Veit & Comp.,
1914.

[8] K. Kunen, Weak P-points in N∗ in Topology, Vol. II (Proc. Fourth Colloq., Bu-
dapest, 1978). Colloq. Math. Soc. János Bolyai, 23. Amsterdam-New York: North-
Holland, 1980. 741�749.

[9] E. Michael, Yet another note on paracompact spaces, Proc. Amer. Math. Soc. 10
(1959), 309�314.

[10] Roman Sikorski, Remarks on some topological spaces of high power, Fund. Math.
37 (1950), 125�136.

[11] J. E. Vaughan, Linearly strati�able spaces, Paci�c J. Math. 43 (1972), 253�266.

[12] J. E. Vaughan, Zero-dimensional spaces from linear structures, Indag. Math.
(N.S.) 12 (2001), no. 4, 585�596.

(Nyikos) Department of Mathematics; University of South Carolina;,

Columbia, SC 29208

Email address: nyikos@math.sc.edu

(Vaughan) Department of Mathematics and Statistics; UNC-Greensboro;

Greensboro, NC 27402

Email address: j_vaugha@uncg.edu




