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QUANTIZATION FOR UNIFORM DISTRIBUTIONS OF
CANTOR DUSTS ON R?

DOGAN COMEZ AND MRINAL KANTI ROYCHOWDHURY

ABsTRACT. Let P be a Borel probability measure on R? supported
by the Cantor dusts generated by a set of 4%, u > 1, contractive
similarity mappings satisfying the strong separation condition. For
this probability measure, we determine the optimal sets of n-means
and the nt? quantization errors for all n > 2. In addition, it is
shown that though the quantization dimension of the measure P is
known, the quantization coefficient for P does not exist.

1. INTRODUCTION

Quantization for a probability distribution is the process of estimating
it by a discrete probability that assumes only a finite number of levels in its
support. For an in-depth analysis of quantization of probability measures,
one may consult the excellent source by Sigfried Graf and Harald Luschgy
[7] and the sources [1], [8], [9], [10], and [15], to name a few. In this paper,
we are interested in the quantization of a particular type of continuous
singular self-similar probability measures.

Let R? denote the d-dimensional Euclidean space with the Euclidean
norm || ||. For any d > 1 and n € N, the n'"" quantization error for a Borel
probability measure P on R? is defined by

Vy, ==V, (P) = inf { /IIIGID |z — a||?dP(z) : o C RY, card(a) < n}
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196 D. COMEZ AND M. K. ROYCHOWDHURY

If [|z||?dP(z) < oo, then there is some set o for which the infimum is
achieved ([6], [7], [8]). Such a set « for which the infimum occurs and
contains no more than n points is called an optimal set of n-means. The
elements in an optimal set of n-means are called optimal quantizers. If « is
a finite set, in general, the error [ min,e, ||z — al|*dP () is often referred
to as the distortion error for a and is denoted by V(P;a). Then the n*®
quantization error for P is defined by V,, := V,,(P) = inf{V(P;a) : a« C
R?, card(a) < n}. It is known that for a continuous probability measure
P, an optimal set of n-means always has exactly n elements [7]. Naturally,
lim,, V,,(P) = 0; hence, one would like to know more about the rate of
convergence. To know some recent results in the direction of optimal sets
of n-means and the n'" quantization errors, one can see [2], [3], [12], [13],
and [14]. The numbers

.. 2logn — . 2logn

D(P) := hggloréf o Vo (P) and D(P):= h,ILILSo%p o V(P
are called the lower and wupper quantization dimensions, respectively, of
the probability measure P. If D(P) = D(P), the common value is called
the quantization dimension of P and is denoted by D(P). Quantization
dimension measures the speed at which the specified measure of the error
tends to zero as n approaches to infinity. Quantization dimension is also
connected with other dimensions of dynamical systems; for details, one
can see [7]. More accurate information about the asymptotics of the
quantization error is provided by the quantization coefficients. For any s €
(0,400), the numbers liminf, n*V,(P) and limsup,, n: V, (P) are called
the s-dimensional lower and upper quantization coefficients, respectively,
for P. If the s-dimensional lower and upper quantization coefficients for P
are finite and positive, then s coincides with the quantization dimension
of P.

Given a finite set o C R%, the Voronoi region generated by a € « is
defined by

M(ala) = {x € B : |}z — af) = min | — b]}};
(e’

i.e., the Voronoi region generated by a € « is the set of all elements in
R? which are nearest to a. The family of sets {M(ala) : a € a} is called
the Voronoi diagram or Voronoi tessellation of R? with respect to a. The
generator a € « is called the centroid of its own Voronoi region with
respect to the probability distribution P, if

1 ala de
S U / ap — DMl 24E
P(M(al)) Jar(aja) Jarcajay AP
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A Voronoi tessellation is called a centroidal Voronoi tessellation (CVT) if
the generators are the centroids of their own Voronoi regions with respect
to the measure P. The following proposition provides further information
on the Voronoi regions generated by an optimal set of n-means.

Proposition 1.1 ([5], [7]). Let o be an optimal set of n-means, a € a,
and let M (a|a) be the Voronoi region generated by a € «; i.e., M(ala) =
{x € R? : ||z — a| = mingeq ||z — b||}. Then, for every a € a, (i)
P(M(ala)) > 0, (ii) P(OM(ala)) =0, (ili)) a = E(X : X € M(a|a)), and
(iv) P-almost surely the set {M(a|c) : a € a} forms a Voronoi partition
of RY.

Remark 1.2. For a Borel probability measure P on R?, an optimal set
of n-means forms a centroidal Voronoi tessellation of R%; however, the
converse is not true in general [4], [5], [13]. Also, the optimal quantizers
are the centroids of their own Voronoi regions [7].

Let C be the standard Cantor set generated by the similarity mappings
Ui(z) = 3o and Uz(x) = 3o+ %, = € R, and let P, be the associated
self-similar Borel probability measure on R. It is well known that P, =
iP.oU;' + 1P o Uy ! with the Cantor set C as support [11]. For this
probability measure, Graf and Luschgy in [6] determine the optimal sets
of n-means and the n*" quantization errors for all n > 2. They also prove
that the quantization dimension exists, but the quantization coefficient
does not exist. Let S be a Cantor dust on R? which is generated by a set
of 4* similarity mappings {S; : j = 1,2,3,--- ,4%}, where v € N. Let P
be a Borel probability measure on R? such that

4
1 E —1
=1

Then P is unique and P has the Cantor dust S as support. It is extremely
difficult to calculate the optimal sets of n-means and the n'" quantization
errors for all n € N and all v € N. Even they were not known for
u = 1. In this paper, we investigate them for v = 1. The Cantor dust
for u = 1 is called the standard Cantor dust, and it is generated by the
maps S1(z1,x2) = 5(z1,32), Sa(x1,22) = 3(x1,22) + (£,0), S3(x1,22) =
%(1‘1,172) + (O7 %), and 54(1‘1,1‘2) = %(Il,l'g) + (%, %), (.1‘1,502) S R2.
The associated self-similar Borel probability measure P on R? is given by
P=1iPoS;'+1PoS; +1PoS; +1PoS; . Then P has support S
[11]. For this probability measure P, we have determined the optimal sets
of n-means and the n® quantization errors for all n > 1. The standard
(as well as more general) Cantor dust S satisfies the strong separation
condition (SSC);i.e., S1(S), S2(5), S3(5), and S4(S) are pairwise disjoint;
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hence, the quantization dimension of the probability measure P exists and
equals the Hausdorff dimension of S [6]. In this paper, we show that the
quantization coefficient for P with support the standard Cantor dust does
not exist.

For any n points, in the case of the (standard) Cantor distribution P.,
one can easily determine whether the n points form a CVT [6]; however, in
the case of the probability distribution P supported by the Cantor dust,
considered in this paper, it is quite difficult to determine whether the n
points form a CVT. From the construction, the Cantor dust S above can
be viewed as C' x C and the probability distribution P can be considered
as P, x P.. Hence, it might be surmised that for any n > 1, the optimal
sets of n-means can be deduced as products of those of C. This is far from
the truth; as it will be clear from the arguments in the next sections that,
for instance, while o = {, %, 2} is an optimal set of 3-means for P,
the set o x « is not an optimal set of 9-means for P. By the same token,
there is no direct connection between n*® quantization errors in the cases
C and S.

The technique we utilize can be extended to determine the optimal
sets and the corresponding quantization error for many other singular
continuous probability measures on R2, such as probability measures on
more general Cantor dusts generated by 4" self-similar maps, u > 2.

2. PRELIMINARIES

Let I := {1,2,3,4} be an alphabet and, for k¥ > 1, call any finite
sequence o := 0109 ---0k, where o; € I, a word o over I with length
k. A word of length zero is called the empty word and is denoted by
(. By I*, we denote the set of all words over I of some finite length
k, including the empty word (. For any two words o := o102 0%
and 7 ;=TT -1 in I*, by o7 := 01+ -0,y - - - Ty, Wwe mean the word
obtained from the concatenation of the two words ¢ and 7. For 0,7 € I*,
o is called an extension of 7 if 0 = 7z for some word x € I'*. The maps
S; : R?2 — R?, 1 < i < 4, defined above, are the generating maps of the
standard Cantor dust S. For o := 0109 - -0 € I¥, set S, := S, o-- 0S4,
and J, := S,([0,1] x [0,1]). For the empty word ), by Sp, it is meant the
identity mapping on R?, and we will write J := Jy = Sy([0,1] x [0,1]) =
[0,1] x [0,1]. Hence, S := Ngen Userr Jo, and the elements of the set
{J, : 0 € I*} are the 4% squares in the k'! level in the construction of S,
which will be called basic squares at the k** level. The squares J,1, Jyo,
Jy3, and J,4 into which J, is split up at the (k -+ 1)*® level are called the
children of J,. The point of intersection of the two diagonals of J, will
be called the center of J,.
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A few observations on the S and self-similar probability measure P are
in order. Clearly, S has four axes of symmetry: the lines h (zo = %),
v (z1 = %), 7 (1 = x2), and | (z1 + 22 = 1). Furthermore, by the
following statement, the marginal distributions of P are P,. Since the
proof is straightforward, it will not be given.

Proposition 2.1. Let P, and Py be the marginal distributions of P; i.e.,
Pi(A) = P(A X R) for all A € B, and P,(B) = P(R x B) for all B € B,
where B is the Borel o-algebra on R. Then P, = P, = P., where P, is
the Cantor distribution associated with standard Cantor set.

Since P=1Po S +1PoS; ' +1Po Sy + 1P oS, we have, by

induction, that P = __;x 7P o S, '. Hence, Lemma 2.2 follows.

Lemma 2.2. Let f: R x R — R* x RT be Borel measurable and k € N.

Then
/fdP:%k Z/foSodP.

oelk

Remark 2.3. With respect to the horizontal and vertical lines h and v,
and the diagonals r and [, the Cantor dust S has mazimum symmetry, i.e.,
with respect to the four lines, the Cantor dust is geometrically symmetric
as well as symmetric with respect to the probability distribution P (see
Figure 1). By the symmetry with respect to P, it is meant that if the two
basic squares of similar geometrical shape lie in the opposite sides and
are equidistant with respect to any of the lines h, v, r, and [, then they
have the same probability. Notice that the Cantor dust has four lines of
maximum symmetry. Due to this fact, we conjecture that among all the
pairs of points whose Voronoi regions have the boundaries as oblique lines
passing through the point (3, ), the pair of points whose Voronoi regions
have the boundary as any of the two diagonals will give the smallest
distortion error.

Notation 2.4. As usual, let X = (X3, X3) be a random vector with
distribution P where E(X) and V(X) will denote the expected vector
and the expected squared Euclidean distance of X, respectively. For words
By, ,0 € I*, by a(B,7, -+ ,0), we mean the conditional expectation
of the random variable X given Jg U J, U---U Js; i.e.,
a(B,y,---,0) =E(X|X € JgUJyU---UJs)
(1) 1 /
== zdP,

P(JB J---uJ J(S) JBU"'UJS

where [xdP = [(z1,22)dP.
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! v s

FI1GURE 1. Symmetry axes of the Cantor dust.

Lemma 2.5. Let X := (X3, X5) be a random vector with distribution
P. Then E(X) = (E(X1), E(X2)) = (3,%) and V := V(X) = E||X —
(27 2)”2 l

Proof. Since P; and P, are the marginal distributions of X := (X1, X3),
the random variables X; and X5 have distributions P; and P, respec-
tively. Since, by Proposition 2.1, P, = P, = P, both X; and X5 are
P_-distributed random Variables Thus, by [6, Lemma 3.4], we obtain
that E(X;) = E(Xz) = £ and V(X;) = V(Xg) 1. Consequently, it fol-
lows that E[| X — (3, 1)[? = E(X1 —3)?+E(X2—1)2 = V(X)) +V(Xa) =

1 0
Remark 2.6. For any (a,b) € R?,

E||X — (a,b)|? = // 21— a)? + (25 — B2 dP(21,7)

= r1 —a 11 T — 2 x

—/O< )dP()/O(zb)dP2(2)

= B(Xy —a)? + B(Xs ~ b = V(X2) + V(X2) + (a— )* + (b~ 1)?

=V +ll(a,0) - (5, 5)I*

11
272
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Hence, by Lemma 2.2, for any o € I*, k > 1, we have
/ lz — (a,b)||?dP = — /||x— a,b)||*dPo S; 1,
Jo

which implies

@ [ o= @OIPP = 5 (GEV + 184G 5) - @),

o

3. OPTIMAL SETS OF n-MEANS AND
THE QUANTIZATION ERRORS FOR ALL n > 2

In this section, we determine the optimal sets of n-means, n > 1. First,
we will determine optimal sets of n-means for n = 1,2, 3, which will form
the base in determining optimal sets of n-means for n > 4. To determine
the quantization error, we will frequently use the relation (2). Below, an
oblique line will mean any line which is neither horizontal nor vertical.

First, from Lemma 2.5, it follows that the optimal set of one-mean is

E(X) ={(3,3)} and the corresponding quantization error is V (X) =
of the random variable X. For any word o € I*, k > 1, since a(o)
E(X|X € J,), using Lemma 2.2, we have

a(a):ﬁ/‘] :EdP(a:):/J xdPoS; ! /S )dP(x
= B(S,(X)). U

Since S; are similarity mappings, it follows that E(S;(X)) = S;(E(X))
for j =1,2,3,4, and so, by induction,

1
1

1

a(o) = E(S+(X)) = So(E(X)) = S, (2 2) for o e I*, k> 1.
From this observation, we surmise that the sets
11, 51 1 1 15

form two different optimal sets of two—means. In order to prove this fact,

first we will show that an optimal set of two-means cannot lie on an
oblique line.

Lemma 3.1. The points in an optimal set of two-means cannot lie on a
oblique line of S.
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Proof. The boundary of the Voronoi regions generated by the points in
={(3,3). (2, 3)}is theline v; i.e., J1UJs C M((,3)]B) and JoUJy C
((% 3)18). Let Va1 be the dlstortlon error due to the set 5. Then

11 51 5
V= [ o= (GplPar+ [ o= G plPar= 2.
J1UJ3 J3UJy

Among all the oblique lines through the point (4,3), as mentioned in

Remark 2.3, the pair of points whose Voronoi regions have the boundary
as any of the two diagonals will give the smallest distortion error.

We also know that the points which give the smallest distortion error
are the centroids of their own Voronoi regions. Let (a1,b1) and (ag,b2) be
the centroids of the left half and the right half, respectively, of the Cantor
dust with respect to the diagonal passing through the origin. Thus, using
(1), we have

(a1,a2) = B (X[X € Jo U (Ji2 U Jy2) U (J112 U J1a2 U Ja12 U Jago) U -+ -)

( 52(; ;)-1—42 <S12(2 2)-5-542(; ;))4— (5112(; ;)

-i-5142(1 1)+S412(1 1)+5442(1 1))+ )

2’2 2’2 2’2
5 1 11 7 29 25 83 79
=92((—. — - = = -
<(24’24)+(144’144)+(8647864)+(5184’5184) )
SOYA IRV I PO WA I T
T "\24 144 864 5184 '24 144 864 5184

25530
i.e

@ (1,02) = (1515

Similarly, one can show that

(ag,b2) = E(X|X € J3U (Jig U Jaz) U (J113 U J1ag U Ja13 U Jaag) U= -+ )
implying

3 7
. = (31
(4) (a2:02) = {75 79
Hence, if V3 5 is the distortion error due to the points (5, <) and (3, &),

then, writing A = JioU Jye, B = Ji12 U Jg12 U Jigo U Jygo, and C =
Ji12 U J1412 U Ji142 U Jiaa2 U Ja112 U Jag12 U Ja140 U Ja442, We have
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Voo

)

7 3
s K
distortion error due to (10 10 / [(z1,22) 10 10)”

7 3
+/waw (5 1IPaP + [ or2) = (GG 1) IPdP

3
/” o1.22) = (g5 1)l 0P)

5
= 2(0.0747492) = 0.1494984 > — = V4.

36
Therefore, the points in an optimal set of two-means cannot lie on an
oblique line of the Cantor dust S. |

The following proposition gives all optimal sets of two-means.

Proposition 3.2. The sets {(3,1),(2,3)} and {(3, %), (5, 2)} form two

different optimal sets of two-means with quantization error Vo = %.
Proof. By Lemma 3.1, the points in an optimal set of two-means cannot
lie on an oblique line of S; hence, the two optimal quantizers lie either on
a horizontal line or on a vertical line. We will show that these lines are v
or h.

First, assume that the optimal sets lie on a horizontal line. Let o :=
{(a,p), (b,p)} be an optimal set of two-means. Since the optimal quan-
tizers are the centroids of their own Voronoi regions, it follows by the
properties of centroids that

(0. )P(M ((a,p)|o)) + (5, 9) POI (. )l) = (5 5).
which implies that

aP(M((a,p)|a)) + bP(M((b, p)|e)) = pP(M((a,p)|a)) + pP(M((b,p)|a))
1

5.
Thus, p = 1, and the two optimal quantizers (a,1) and (b, %) lie on

the line h and are in opposite sides of the point (%, %) Again, since

the optimal quantizers are the centroids of their own Voronoi regions, it
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follows that 0 < a < % < b < 1. Thus,
1
Vo = /min |z — c||?dP = / min ||z — (¢, =)||*dP
cEa ce{a,b} 2

[ le-@pper + [ -

[0,42]x[0,1] [452,1]x[0,1]

_ /(xl—a)2dPC+ / (21 — b)2dP,

(252 .1]

+ (P05 + P50 ) [(wa R,

. 1
= Cé?ﬁ}(xl —¢)%dP. + /(xz - 5)2dPC.

Now, Va(P.) = fcen{l(ilrt}(x —¢)*dP, = 2 (see [6, Proposition 4.6]), and

it occurs when a = ¢ and b = 2. Since [(z2 — 3)?dP. = %, we deduce

that

1 1 1 5
V: i et de —72dP:— _ = —
o= [ min (o1 - 0PdPe+ [ 5P = o =
and {(%, %), (%, %)} is an optimal set of two-means. Due to symmetry, the
set {(3,%),(3,2)} also forms an optimal set of two-means. O

We now state and prove Lemma 3.3 and Lemma 3.5. These two lemmas
are useful to determine the optimal sets of three means.

Lemma 3.3. The set a3 = {(3,3),(2,8).(3,2)} forms a CVT with
three-means of distortion error %

Proof. Recall that the boundaries of the Voronoi regions lie along the
perpendicular bisectors of the line segments joining their centers. The
perpendicular bisectors of the line segments joining each pair of points
from the set oy are SW, TW, and UW with equations 1 = 3, z2 =
%zl + %, and x5 = f%xl + %, respectively, and they concur at the point

W(%, ) as shown in Figure 2(a).
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C B S

R R1

e -
( T '

_ e . ;
1. oW
. C B ‘9
P.C ———————————————————————— :l'.Q

o S A o @

(a) (b)

FIGURE 2. (a) CVT with three-means P, @), and R with
one on the vertical line of the symmetry; (b) CVT with
three-means P, @)1, and R; with one on a diagonal of
the square.

If (p1,p2), (¢1,42), and (r1,72) are the centroids of these regions asso-
ciated with P, respectively, we have

1 1 1
(pl,pQ)—P(]V[l)/MlzdP—P(Jl) /ledP—/xd(Posl )

—Sl(%a%) <é7é)7
1 -1
(Q1’q2):P(M2) /M2 d —P(Jz)/ngdP_/xd(PoS2 )
= 2(;a%) (%7é)7 and

1 1
(7’,7‘):7/ zdpzi/ xdP
V2T P(Ms) Ms P(J3UJs) J1,00,

1
P(JgUJ4)</]3xd +/]4a:d )

1 ) »
= m(P(h)/xd(PoSg )+P(J4)/xd(PoS4 ))
- 2(%53(%, %) - 384(%, %)) - (%7 %).
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Thus, we see that the given set oz forms a CVT with three-means. By
(2), the corresponding distortion error is

/ min lx — a||2dP

15
/ Iz — (5, = ||2dp+/ e~ 2, 2 ||2dp+/ |z~ (5. 2)IPdP
J3UJy

11 11 15
V V+ =2V 577—772 Su(z,2)— (5,2
= Vo +36[ +18s(5, 2) (5 DIP+181(5.5) — (5 )P
1
=13
proving the assertion. ]

Remark 3.4. The points in the set az = {(3,2),(3,3),(5.2)} given

by Lemma 3.3 form vertices of an isosceles triangle. Due to rotational

symmetry and uniformity of P, there are four such sets giving the same

distortion error 5.

Figure 2(b) suggests that the set of points {(2,32), (82, 42), (32, £2)}

also forms a CVT with three-means. The following statement conﬁrms

this prediction; however, the associated distortion error is larger than ﬁ

Lemma 3.5. The set 83 = {(2,2),(53.42), (32, 53)} forms a CVT with
three-means and the corresponding distortion error is larger than 12

Proof. The perpendicular bisectors of the line segments joining each pair

of points from the set of points {(%, g), (%, %), (%, %)} are SW, OW,
and TW with equations x5 = Z—gg — 31911, Ty = x1, and zy = 2L — L1

1395 ~ 31
. . . 7

respectively, which meet at the point W (22, 218.) Let (p1, p2), (q1,92),
and (r1,72) be the centroids of the three Voronoi regions with centers
Pi($3,13), Q1(33,82), and Ry(3,3), respectively. Since the similar-
ity mappings preserve the ratio of the distances of a point from any
other two points, by (3) and (4), with respect to the probability mea-
sure P, the centroids of the triangles OBC and OAB are obtained as
Sl(107 10) = (2, %) and Si(55, 5) = (55, =), respectively. Therefore,
using the definition of centroids, we have
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1

= P dP + P(AOB dP
) = praoEey (PO, 7P Pe080) [ aa)
1 1,15 1.3 7 13 19
- 168 55 w) ~ (o m):

1
= J. dP + P(AOAB dP
(4142 = 573 +P(AOAB)( ( 2)/,2x + P )/AOABQE )
1 115 1,7 3 19 13
B (1(6’6) 5050 30)> - (%’%
1 1 55
(ri,r2) = 545, 5) = (6’6)'
Thus, the set 83 forms a CVT with three-means. Now, using (2), the
corresponding distortion error is

/ min ||z — al|*dP
a€Bs

), and

13 19
(dlstortlon error due to(6 6)> + 2(d1stort10n error due to(90 30))
1 13 19 13 19
—v 2( =2 0)|2dP 2d
>V / Iz~ (a2, 2P +/ Iz~ (a2, 20| %dP
13 19
w [ e (g PP
J113UJ143 90" 30
13 19
+f o~ (55, 5p)lIPdP
J1113UJ1143UJ1413U 1443
13 19
+f o= (55 30)II%aP
J11113UJ11143UJ11413UJ11443UJ14113UJ14143UJ14413UJ 14443

13 19, 5
+ e = (55 55)1%4P)
J111113UJ111143UJ111413UJ111443UJ114113UJ 114143
1247143 < 1
14929920 12°
completing the proof of the lemma. O

Remark 3.6. One of the points of the CVT B3 in Lemma 3.5 is the
centroid of the child Jy and the other two points are equidistant from the
diagonal passing through the centroid. Due to rotational symmetry of
S, there are four such CVTs with three-means in which one point is the
centroid of one of the children Jq, J5, J3, or Jy and the other two points
are equidistant from the diagonal passing through the centroid; all have

the same distortion error larger than %
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Proposition 3.7. Let as be the set given by Lemma 3.3. Then ag forms
an optimal set of three-means with quantization error L. The number of

i2°
optimal sets of three-means is four.

Proof. As mentioned in Remark 2.3, the Cantor dust has four lines of
maximum symmetry: h, v, r, and [ (see Figure 1). Due to this, we con-
jecture that one of the points in an optimal set of three-means must lie on
any of the above four lines and other two will be equidistant from the line.
Thus, comparing the distortion errors for the CVTs given by Lemma 3.3
and Lemma 3.5, we deduce that the CVT a3, given by Lemma 3.3, forms
an optimal set of three-means with quantization error 75 (see Figure 3).

Remark 3.4 implies that the number of such sets is four. O
L] L] L] L] L] J .L L]
[1e[]

F1GURE 3. Optimal configuration of n points for 2 < n <5.

Remark 3.8. Lemma 3.3 and Lemma 3.5 together show that under
squared error distortion measure, the centroid condition is not sufficient
for optimal quantization for singular continuous probability measures on
R2, which is already known for absolutely continuous probability measures
on R? [4] and for singular continuous probability measure on R [13].

Lemma 3.9. Let n > 4 and let «,, be an optimal set of n-means such
that o, N J; # O for 1 < i < 4 and o, does not contain any point from
J\UL, J;. If Bi == a,NJ; with n; := card(B;), then Si_l(ﬂi) is an optimal
set of n;-means. Moreover,

1
36
Proof. By the hypothesis, 8; # 0 for all 1 < ¢ < 4, and «, does not
contain any point from J \ U{_,J;; hence, o, = U:_;5;. Since a, is an
optimal set of n-means,

4 4
Vi = E / min ||z — al|*dP = E / min ||z — a||*dP.
= aCon = a€pB;

Vo (Vs + Voo + Vo + Vah)
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Now, using Lemma 2.2, we have
(5)
4

4
1 1
V= o - dP = — i — a||*dP.
%2 [ vl - s @[Pap = o S min, el
If S7!(B1) is not an optimal set of n;-means, then we can find a set
v1 C R? with card(vy;) = n; such that

/min |z — al|?dP < / min ||z — a|*dP.
a€mn a€Sy (B1)
But then S7(v1) U B2 U B3 U B4 will be a set of cardinality n, and

/min{”x —al*:a € Si(n)UBUB3U By dP

= min ||z —a dP+— / 1n z — all?dP
/Jlaem iz — af? Z Iz — al

aes; ' (8i)

1 .
=35 aergll(I}YI)Hx—Sl a)|?dP + = Z/ mm ||x—a||2dP

- 2
/mme—aH dP + — Z/ H}lln |l — al|“dP

(Bi)

36 ae;rllilrgﬂl)|x—a||2dP+Z/ mm Hm—aHQdP.
Thus, by (5), we have [min{||z —a|®:a € Sl(’yl) U B2 U B3 UPs}dP <
V., which contradicts the fact that c«,, is an optimal set of n-means,
and so Sfl(ﬂl) is an optimal set of ni-means. Similarly, one can show
that S{l(ﬂi) are optimal sets of n;-means for all 2 < ¢ < 4. Thus, (5)
implies V;, = 5= (Vo, + Vi, + Vi, + Vir,)- This completes the proof of the
lemma. |

The similarity mappings S; preserve the ratio of the distances of a
point from any other two points; hence, the following proposition is an
immediate corollary of Lemma 3.9.

Proposition 3.10. Let n > 4 and o, be an optimal set of n-means such
that o, NI, # O for o € I'™ for some £(n) € N, and a,, does not contain
any point from J\U,¢crem Jo. If Bo i= an NI, with n, := card(B,), then
S Y(By) is an optimal set of n,-means and

1
Vo = 2oy > V.

oeltn)
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Proposition 3.10 provides a major step in describing the optimal sets of
n-means and the associated quantization errors, subject to the conditions
that oy, NJy # 0 and o, N (J \ Uyereem Jo) = 0. Thus, it remains to prove
that these conditions are satisfied, which will be the focus of the next
three statements.

Lemma 3.11. If «, is an optimal set of n-means forn > 4, then a,,NJ; #
0 for 1 <i<4.

Proof. Recall that the Cantor dust has four lines of symmetry: h, v, r,
and [. First, we will prove that, for n > 4, an optimal set of n-means a,
meets each of the quadrants determined by the lines A and v. Consider
the set 3 := {S;(3 1 <4 < 4}. Then the distortion error due to the
set B is given by

4
11 1
. 2 2
—all’dP =" —Si(=, 2)|PdP = 2V = =,
/Iglelgux aH i=1 /Jz ”z 1(2’ 2)H 9 36

Since V,, is the quantization error for n-means for n > 4, we have V,, <
Vi < 316 If all the elements of «,, lie on the line A, then, for any =z €

Uiy Jis, mingea, lz —al* > (3 - %)2 = 34294, and the distortion error is

2 2)

/ min |z — al/*dP

49 1
>Z/ mll'l |.T—a||dp>2324 ” %>%ZV

which contradicts the optimality of o. Therefore, a,, ¢ h. It follows by
the same argument that a,, ¢ v. If o, C r then, for any x € Jao U Js3,
migea, |z —all®> > (5, §) — (5. 3)II> = g5 Hence,

979
49 1
/min Ha:fa||2dP>/ min ||z — al|?dP >2- — - —
a€any JaaUJs3 acay 162 16
49
= —oz >V,
1296 ~

which, again, contradicts optimality. Similarly, a,, ¢ I, either. Now, by
the properties of centroids, we have
4
Z(aiv bi)P(M((ai7 bl)lan)) = (57 5)7
i=1
yielding that

> P (M (@, b)lan) =  and S BP (M (s, b)) = .
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This implies that all the elements of «,, cannot lie only on one side of the
line h nor only on one side of the line v.

Next, we claim that at least a pair of points of «,, lie in the region
above h and at least another pair lie in the region below of h. Suppose
that there is only one point of a,, that lies above the line h. Due to
symmetry, we can assume that the point lies on the line v. Then, for

L 1y 49

x € Js3 U Jyg, Mingeq, lz —al®> > (5 —§5)? = 555, and for z € A =

.]31 U J32 U J34 U J41 U J42 U J43, minaean ||.Z‘ — CLH2 Z (% — %)2 = % Then
min ||z — a||?dP > / min ||z — al|*dP —|—/ min ||z — al|*dP
a€any JagUdyy @€ A 0€an

49 1 1 1 19
=2 59116 "% 36 16 6 ™

which is a contradiction, proving the claim. It follows in the same manner
that at least two of the points of «, lie on one side of the line v and at
least two of the points of «,, lie on the other side the line v. Therefore,
oy, contains points from each of the four quadrants. Since supp(P) C
J1 U Ja UJs U Jy and P is symmetrically distributed over J, we deduce
that «, contains points from each J;, 1 < i < 4;i.e., a, NJ; # O for
1<i<4. |

Below, for any 1 < i,j < 4, we will use the notation ij*) for the
concatenation of i with j(*), where j*) denotes the k-times concatenation
of j with itself.

Lemma 3.12. If n > 4 and «,, is an optimal set of n-means, then o, N
4

(J\ 'Ul Ji) =0.
1=

Proof. First, assume that n = m4‘("), where m, f(n) € N. Then, due
to the maximum symmetry (i.e., symmetry with respect to h, I, r, v,
and P) and Lemma 3.11, the optimal set «;, contains m4™ =1 elements
from each of J;, 1 < ¢ < 4. By Proposition 1.1, the Voronoi region of
each point in an optimal set of n-means has positive probability measure.

Since support of P lies in U} ;.J;, it follows that a, N (J \ _@1 Ji) = 0.

Thus, it remains to prove the assertion for n = m4‘™ + k, 1Z; k<3.
Suppose oznﬂ(.]\iél J) # 0, n=ma"™ 4k, 1<k < 3. Again, due to

the maximum symmetry, without loss of generality, we can assume that

(i) when k = 1, a,, contains m4™ =1 elements from each of .J;, and
the remaining one element is the center (1, 1);
(ii) when k = 2, o, contains m4‘(™~1 elements from each .J;, and the

remaining two elements are the points (3, +) and (3, 3); and
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(iii) when k = 3, v, contains m4“™~1 + 1 elements from each .J;
and J, and m4? =1 elements from each of J5 and Jy, and the
1 5)

remaining one element is (3, §

In all these cases, if the Voron01 regions M ((s, 3)|a,) of these points do

12
not contain any point from iul Ji, then P(M((s, 1)|ov,)) = 0, and this
contradicts Proposition 1.1.

In case (i), if M((%, 3)|an) contains points from J; for all 1 < i < 4,
then there is a positive integer k such that Jy o) UJaz0n U dgam Udymn C
M((3, 3)|an). Then the distortion error due to the set v, is larger than
the distortion error due to the set «, when the extra one point is moved
to any of the children J;, 1 <4 < 4. This contradicts the fact that «,, is

4
an optimal set of n-means. Thus, a;, N (J\ U J;) = 0.
In case (i), if M((3,§)lon) and M((27 6)|ozn) contain points from

U J;, then M((Q, 6)\04”) will contain points from both J; and J,, and

M((27 2)|en) will contain points from both J3 and Jy. But, in that situ-
ation, the distortion error due to the set «,, is larger than the distortion
error due to the set a,, when the point (i, 1) is moved to either .J; or

276
Jo, and the point (3 is moved to either J; or J4, contradicting the

2 6)
4
optimality of «,,. Thus, a,, N (J\ i) Ji) = 0.

In case (iii), if M((3, 6)|o¢n) contains points from U J;, then we see

=1
that M((4, 2)|v,) will contain points from both J5 and Jy. But then the
distortion error due to the set a, is larger than the distortion error due to

the set c,, when the point (3, 3) is moved to either J3 or Jy, contradicting

the optimality of a,,. Thus, a,, N (J\ _91 J;) = 0. O

In the next proposition, o~ will denote the word o109 - --0,_1, where
0 = 0109 °0p.

Proposition 3.13. Let a,, be an optimal set of n-means for n > 4/
for some £(n) € N. Then, for each o € I'™ a,,NJ, # 0 and o, N (J,- \

G T, ) =0
=1

Proof. First, we will consider the case n = 4 for some ¢(n) € N.
If (n) = 1, n = 4, then the assertion follows from Lemma 3.11 and
Lemma 3.12. So let ¢(n) > 2. Then, by Lemma 3.11, Lemma 3.12, and
the symmetry of P, the set a,, contains 4™)~1 elements from each of .J;,,
where 1 < 47 < 4. Since the probability measure P o S[ll on J;, is also
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symmetric as the probability measure P on J, by applying Lemma 3.11
and Lemma 3.12 on J;,, we see that «a,, contains 44")=2 glements from
each of J;,;,, where 1 < i3 < 4. Proceeding in this way inductively, we
see that a,, contains one element from each of .J,, where o € I*("); in
other words, a,, NJ, # 0 for o € I*™. Since oy, N J, - = Ut o N Iy,

it follows that a,, N (J,- \ 'Q Jy—i) = 0.

Now let n = 44" 4+ 1 for some ¢(n) € N. Again, by Lemma 3.11,
Lemma 3.12, and the symmetry of P, there exists an element i; € I such
that o, contains 4/™~1 4+ 1 elements from J;,. Applying Lemma 3.11
and Lemma 3.12 on J;, again, and proceeding in this way inductively, we
can see that there exists a word o € I*("™), where ¢ is an extension of iy,
such that «, contains two elements from J,, and «, contains only one
element from each J, for 7 € I*"™ with 7 # ¢. Thus, the proposition is
true for n = 44" 4+ 1.

When n = 4" + 2 for some £(n) € N, via Lemma 3.11, Lemma 3.12,
and the symmetry of P, there exists two elements i1,i5 € I, such that a,
contains 4°(")~1 41 elements from each of .J;, and J;, and 4/)~1 elements
from each of J; for j € I'\{i1,i2}. Applying Lemma 3.11 and Lemma 3.12
on both J;, and J;, again, and proceeding in this way inductively, we can
see that there exist words o,7 € I"), where ¢ is an extension of i,
and 7 is an extension of i, such that «,, contains two elements from
each of J, and J., and «,, contains only one element from each Js for
§ € I'™\ {0, 7}. Thus, the proposition is true for n = 44" 4 2,

If n = 44" 4 3, the assertion is obtained similarly to the case n =
4m) 4 1. Thus, we deduce that the statement is valid for any n >
44 p(n) € N.

O

By Lemma 2.5, the set oy = {(3, 1)} is the only optimal set of one-
mean with quantization error V = %. By Proposition 3.2 and Proposi-
tion 3.7, the sets ap = {(3,3),(5.2)} and a3 = {(3,5):(2.2). (5. 2)}
are optimal sets of two- and three-means with quantization error 3% and
%, respectively. The sets as and a3 are not the only optimal sets of two-
and three-means; indeed, the total number of optimal sets of two-means
is two and the total number of optimal sets of three-means is four. With
this, the optimal sets of n-means for all n > 4, their numbers, and the

associated quantization error are determined by the following theorem.
Theorem 3.14. Let P be a Borel probability measure on R? supported
by the Cantor dust S. Let n > 4, 1 <m < 3. Then
(i) if n = m4'™ for some £(n) € Z*, then a,, = {S,(am) : 0 €
I} s an optimal set of n-means. The number of such sets is
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184t ) L .
(2m=U4" and the corresponding quantization error is

Z / min ||:v — a*dP.

peltm J, a€So(am)

(i) if n = m4“"™ 4k, where 1 < k < 4™ for some {(n) € Z7,
and t C I'™ with card(t) = k, then an(t) = {So(am) : 0 €
IO\ Y U{S, (amy1) : 0 € t} is an optimal set of n-means. The
number of such sets is (2’”’1)4“”)*’C A Cy-2™% ifm = 1,2 and
(27"_1)4M)_’C . 4“)0;C if m = 3; the corresponding quantization

error s

Z / min |,73 — a|| dP
Jo

a€S,(a
celtm\t (erm)
+ E / min ||z — al|*dP,
a€Ss(m41)

where “C, = (Z) , the binomial coefficients.

O W ME W FE R
S FE FE FE FLE FLE

Sl [ OE R [FE R
S ME oRme FE omes [

F1GURE 4. Optimal configuration of n points for 16 <
n < 18.

Proof. Let m = 1,2,3. Let n = m4‘™ 1 < m < 3, for some ¢(n) € N.
Then, by Proposition 3.13, it follows that «,, contains m elements from
each J, for o € I and Proposition 3.10 implies that S, (ca, N J,) is
an optimal set of m-means (i.e., a, N J, = Sy (ayy,)); thus,

ap = Li( )S[,(am) = {S,(am) : 0 € '™},
el

Since a,, can be chosen in 2™~! different ways, the number of such sets

s (2’”“_1)4@("), and the corresponding quantization error is given by
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Vi = / min ||z — al|?dP = g min ||z — al|*dP
acoy, 7 acay,
oc€It(n) ¥ v

Z / min ||z — al|*dP.
Jo

eIt a€S,(am)

To prove (ii), we proceed as follows: Let t C I*"™) with card(t) = k.
Then, by Proposition 3.13, it follows that «, contains m elements from
J, for each o € I*™) \ t and (m + 1) elements from .J, for o € t. In other
words, o, NJ, = Sy(ay,) for o € I\ t and a,, N J, = Sy (amy1) for
o € t. Thus,

an(t) = {So(am) : 0 € I\ t} U{Sy(tmy1) : 0 € ).

The corresponding quantization error is given by
/ min ||z — al|*dP
a€ony,
— 2 p—
Z anel}ln |z — all dP—|—Z/ mm ||x al|*dpP

Va

certmng’Ie oct
= Z / min ||z — al| dP—I—Z/ min ||z — al|*dP.
e TTmN L a€Sqy(am) oot a€Sy(mt1)

Recall that as can be chosen in two different ways, as can be chosen
in three different ways, and a4 can be chosen in only one way. Thus, if
m = 1, the number of a,, is MTL)C’;C -2k if m = 2, the number of «,, is
94—k A" o gk and if m = 3, the number of a,, is 44—k . 4 0y
Hence, the proof of the theorem is complete. O

4. QUANTIZATION DIMENSION AND
QUANTIZATION COEFFICIENT

Since the standard Cantor dust S under investigation satisfies the
strong separation condition, with each S; having contracting factor of
3, its Hausdorff dimension is equal to the similarity dimension. Hence,

from the equation 4(1)® = 1, we have dimg(S) = 8 = ﬁgg. By [7, Theo-

rem 14.17], the quantization dimension Ds(P) exists and is equal to /3.
Next, we proceed to show that § dimensional quantization coefficient

for P does not exist. The proof of it follows the same general strategy

as [6, Theorem 6.3]. We begin with the following simple observation. If

f :[1,2] = R is a function defined by f(z) = 31633/3 (13 — z), then it is

strictly increasing on [1,2]; hence; f([1,2]) = [3, 13-
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Theorem 4.1. §-dimensional quantization coefficient for P does not ex-
15t.

Proof. Let (ng)ren be a subsequence of the set of natural numbers such
that 4¢("8) < p; < 2. 44mx) | The assertion of the theorem will follow if

we show that the set of accumulation points of the sequence (nk% Vo Je>1
is [, 13]. Let y € [3,13], then y = f(x) for some z € [1,2]. Set ny, =
|z4%], where |24¢] denotes the greatest integer less than or equal to z4°.
Then ny, < ny,,, and ¢(ng,) = ¢, and there exists xy, € [1,2] such that

= x1,4% Recall that by £(ng,) = ¢, it is meant that 4° < n;, < 41,

nk[
Notice that if 44" < n < 4/0)+1 then, by Theorem 3.14, we have
1 1 1 5
— (9. 4%n) _ - _ 4¢n) el
Vo= @4 —n)gmy g T (-4 e 36

1 ‘()
= g+ (13 -4°") — 4n).
Thus, putting the values of ny, and Vi, » we obtain
5 np_1 ¢ B 1 ¢ ¢
N, Vi, = Mg, 2oy (13-4 —4dny,) = xk/lﬁ e (13-4° — 4x,4%)
¢ 36 36
g0 1 ¢ ¢
= ,f9 36”1(13'4 — 4ay,4%),
which yields
12
(6) g, Vor, = 3636’“ (13 —day,) = f(a:;w).
Again, z;,4° < 24° < 23,4° + 1, which implies x — & < zj, < z, and so

élim xk, = . Since f is continuous, we have
— 00

2
: B _ _
Jm g Vo, = f(z) =y,

which yields the fact that y is an accumulation point of the subsequence
2

(n Vi, )e>1 whenever y € [+, 13]. To prove the converse, let y be an

2
accumulation pomt of the sequence (n,fV Jk>1. Then there exists a

subsequence (nk Vi, )iz1 of (nk Ve )k>1 such that hm nk Vi, = y- Set

Oy, = L(ny,) and z, = :E’j; Then zy, € [1,2] and, as shown in (6), we

have )
Let (mkij )j>1 be a convergent subsequence of (zy,);>1, then we obtain

2 1 11
Y= ZgrgonkV = hm nk Voo, = lirglof(wk )5[575]
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2
Thus, the set of accumulation points of the sequence (n; V., )k>11s [3, 151,
which yields the proof of the theorem. O
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