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ON THE CONTINUITY PROPERTY OF
THE EXACT HOMOLOGY THEORIES

LEONARD MDZINARISHVILI

ABsTRACT. It is well known [Samuel Eilenberg and Norman Steen-
rod, Foundations of Algebraic Topology. Princeton, New Jersey:
Princeton University Press, 1952] that on the category K. of com-
pact pairs and continuous maps there is a continuity property of the
partially exact homology |Foundations of Algebraic Topology, Defi-
nition 2.3.X]. Namely, if the compact pair (X, A) is an inverse limit
of the compact pairs (Xa, Aa), then the partially exact homology
H, of (X, A) is an inverse limit of homology groups of (X«, Aa);
i.e., there is an isomorphism

Hio(X,A) 5 lim Hy(Xa, Ao).
—

It has been shown that among all the partially exact theories on the
category K¢, the Cech theory is essentially the only one satisfying
this continuity axiom [Foundations of Algebraic Topology, Theorem
3.1.X].

We define a continuity property of the exact homology theories
on the category K¢ and prove that the homology theory on the
category K¢, satisfying all the Eilenberg—Steenrod axioms and the
continuity property of the exact homology theories, exists.

Let K¢ be the category of compact pairs (X, A) and continuous maps;
let H, be an exact homology theory. Let {(X4, Aq)} be an inverse system
of compact pairs (X,, Ay) and (X, A) = lim (X,, A,). The inverse system

—

{(Xa, An)} generates an inverse system { H.(X,, A,)} and the projection
7ot (X, A) = (Xa, Aq) induces the homomorphism 7, . : Hio (X, A) —
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238 L. MDZINARISHVILI

H,.(X,,Aqs). The homomorphisms {7, .} induce the homomorphism
et Ho(X, A) = lim H. (X4, 4a).
—

Definition 1. The exact homology theory H., is said to be a continuity
on the category K¢, if there is an infinite exact sequence

O {iLn(%H)HnHHYa e len(l)Hn+lya — H,(X)

P Yim H, X = lim @ H, 1 Xg — - = lim @V H, Xy — -,
— — —

where X, = (X, Aa), X = (X, A).

On the category K¢, there are different definitions of exact homology
theories (see [4], [7], [9], [11]) which, on the category Kcar of compact
metric spaces, are isomorphic to the Steenrod homology. We will show
that these exact homologies are continuity; i.e., there is an infinite exact
sequence (1).

For each Y € K¢, let there be an integral free cochain complex C*(Y)
and for each continuous map f : Y7 — Y5, let there be the homomorphism
f*: C*(Y2) — C*(Y1). The examples of integral free cochain complexes
are the cochain complexes defined in [7], [8], and [11].

Using [5, Theorem III.4.1], we have the universal-coefficient theorem

(2)  0—Ext(HT™ (Y),G) — H,(Y,G) - Hom(H!(Y),G) — 0,

where H,(Y,G) = Hy(Hom(C*(Y),G)) and HI(Y) = H1(C*(Y)).

If C*(Y) is the free cochain complex defined by the system S = {S,} of
all finite decompositions S, [8], then there is an isomorphism [8, Theorem
2|

K ch
(3) H.Y,G)~ H.(Y,G),

K ch
where H, is the Kolmogorov homology and H . is the Chogoshvili homol-
ogy;

ch
(4) H.(Y,G) = H,(Hom(C*(Y),G)).
By [8, Theorem 3], there is an isomorphism
(5) H*(Y)~ H*(Y).

Using the exact sequence (2) and the isomorphisms (3), (4), and (5), we
have the exact sequence

(6) 0= Ext(HT(Y),G) — H,(Y,G) — Hom(H(Y),G) — 0.
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If C*(Y) is the free cochain complex of William S. Massey [7], then by [7,
Part I, Theorem 4.18], there is the exact sequence

(7)  0— Ext(H™(Y),G) — Il\flq(Y, G) — Hom(HY(Y),G) — 0,

M
where H is the Massey homology.

A continuous map f : Y7 — Y5 induces a commutative diagram with
exact rows

(8)

0 — Ext(HI9*1(Y1),G) — Hy(Y1,G) — Hom(H9(Y1),G) — 0

lfg lfq lf;

0 — Ext(HIT1(Y2),G) — Hy(Y2,G) — Hom(HI(Y3),G) —=0.

Let {X,} be an inverse system of compact spaces X,. By diagram
(8), the inverse system {X,} generates a short exact sequence of inverse
systems

(9) 0 — {Ext(H™"(Xa),G)} = {Hy(Xa, G)}
— {Hom(HY(X,),G)} — 0.
Let X = lim X,. For each a € 2, a continuous map p, : X — X,
—

induces the homomorphism pq « : Hi(X,G) — H.(X,,G). The system
{Pa,} generates the homomorphism

(10) Pyt Ho(X,G) — lim H.(X,, G).
—
Using the exact sequences (8), (9), and the property of the functor lim ,
—
we have a commutative diagram with the exact rows
0 > Ext(HITY(X),G) — Hy(X,G) — Hom(HY(X),G) —0
(11) |7 | | P
. 1 . .
0 — lim Ext(H9! (Xa), G) = lim Hy(Xa, @) — lim Hom(H9(Xa), G) =
— 1(1_@” Ext(HItY(Xa),G) — {iLn(l)Hq(Xa,G) —
- Lm(l) Hom(HY(Xa),G) — -+ .
In the category K¢, the Cech cohomology satisfies the continuity ax-
iom; i.e., there is an isomorphism
(12) liLnH*(Xa)QH*(X).
Using isomorphisms (5) and (12), we have an isomorphism

(13) lim H*(X,) 5 H*(X).
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Using the property of the functors Hom(—, G), the direct limit lim, and
—

isomorphism (13), we have an isomorphism
(14) Hom(H*(X),G) ~ Hom(lim H*(X,), G) ~ lim Hom(H*(X,),G).
— —

From diagram (11) and isomorphism (14), it follows that there is a
commutative diagram

0 - Ext(HT1(X),G) — H¢X,G) — Hom(HYX),G) —0

(15) 7 |pa ~|rg

0 —lim Ext(HI1(X,), G) = lim Hy(Xa, G) = lim Hom(H?(X,),G) =0
and
(16) Ker p;, = Kerp,, Coker p;, ~ Coker p,.
Therefore, there is an exact sequence
(17) 0 — Kerp), — H,(X,G) — lim Hy(Xo, G) = Coker p;, — 0.
Using the exact sequence, from [2, Proposition 1.2],
(18) 0 — lim W Hom(A,, G) — Ext(lim Ay, G)
— —
— lim Ext(A,,G) — lim ® Hom(A,, G) — 0,
— —
isomorphism (13), and also from the exact sequences (17) and (18), we
have the exact sequence
(19) 0— 1}31“) Hom(H*Y(X,, Q) — H,(X,G)
— lim Hy(X,, G) — lim ® Hom(H*(X,,),G) — 0.
— —
For each Y € K¢, there is a free cochain complex
0 1 n—1 n
crY)=c"S ot S om0 on S omtt

Denote Z™ = Ker 6", B" = Imdé" !, and H" = Z"/B".
The functor Hom(—, G), where G is an abelian group, induces the chain
complex

C.(Y,G) = Hom(C*(Y), G)
N AP R S

Denote Z,, = Ker9,,, B, = Im 9,41, and H,(C.) = Z,,/B,.
By [10, Lemma 1], if C*(Y) is a free cochain complex, then there is an
exact sequence

(20) 0 — Hom(B"*',G) — Z, — Hom(H",G) — 0.
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By [10, Lemma 2], there is a commutative diagram

0 — Hom(B"*!,G) —— Z,, ——= Hom(H",G) —= 0

L

G)
0 — Ext(H"*!,G) —— H,, — Hom(H",G) —=0

| |

0 0

By [10, Theorem 1], if there is a direct system {C*(X,)} of the free
cochain complexes C*(X,), then, for n € Z and i > 2, there exists a split
exact sequence

(21) 0 — lim W Ext(H"*(X,),G) — lim Y H,(X,,G)
— —
— 1lim ) Hom(H"(X,),G) — 0.
—
Definition 2. A direct system C* = {C%} of the cochain complexes C*

is said to be associated with a cochain complex C* if there is a homomor-
phism C* — C* such that, for each n € Z, the induced homomorphism

lim HY — H"(C™)
—
is an isomorphism, where H” = H"(C%).

Theorem 1. If a direct system C* = {C%} of the free cochain complezes
Cr is associated with a free cochain complex C*, then there is an infinite
exact sequence

(22) g {iLn(%l)H?HH — {iin(l)H;XH — Hy(C)

_)EElH? —>1<i£1(2)H(‘;‘+1 _ ..._>1(i£1(2i)Hg+i e
where HY' = H,(CY)=H,(Hom(Cy, G)) and Hy(C.)=Hy(Hom(C*, G)).
Proof. By Definition 2, for all ¢ € Z, there is an isomorphism
(23) lingg 5 HI(C™).
Using the formula of universal coefficients, the exact sequence (19), and
also isomorphism (23), we have an exact sequence

im (D q+1 i a
(24) O—>1<£n Hom(HI™,G) — Hy(C.) —>1(£1Hq
— lim @ Hom(HI™, G) — 0,
—

where H,(C,) = Hy(Hom(C*,G)) and Hy = H,(Hom(C;;, G)).
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The method developed in [10] (see the proof of Theorem 2) and the
split exact sequence (21), the exact sequence (24), and the isomorphism

h£1<i> Ext(HS,G) ~ h£1<i+2> Hom(HS,G), i>1
give the statement of the theorem. ]

Theorem 2. Let {X,} be an inverse system of compact spaces X, and
X = 1<i£1Xa. If H, is an exact homology theory generated by an inte-

gral free cochain complex C*, for each compact space and a direct system
{C*(X4)} of integral free cochain complexes C*(X,,) associated with an
integral free cochain complex C*(X), then there is an infinite exact se-
quence

(25) s Im P X, e s im Y X,
— —
— Hy(X) — lim H, X, — lim O H, 1 X,
— . *>1<£n(2l)Hq+zXa — e
where H, X = Hy(X,G) = Hy(Hom(C*(X),G)) and Hy X, = Hy(X,,G)
= H,(Hom(C*(X,),G)) and G is an abelian group.
Using Theorem 1, we get the statement of Theorem 2.

Corollary 1. The exact homology theories of A. N. Kolmogoroff [4], John
W. Milnor [11], and Massey [7], defined on the category Kc of compact
spaces and continuous maps are the homology theories generated by the
integral free cochain complexes. Therefore, there is the continuity property
of these exact homology theories.

Corollary 2 ([11, Theorem 4]). Let H be a homology theory satisfying
nine axioms, and let

Xl(—XQ(—X2<—"'

be an inverse sequence of complex metric spaces with an inverse limit X.
Then there is an exact sequence

(26) 0— h£1<1>Hq+1Xi — HyX — lim HyX; — 0
for each integer q. The corresponding assertion holds if each space is
replaced by a pair.

Proof. For every inverse sequence £ = {&;} of abelian groups ¢&;, there is
lim W¢ = 0, i > 2 [6, Theorem 11.52]. Therefore, using Theorem 2, we
—

have the exact sequence (26). O
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It is known ([1, Theorem 10.1]) that for each compact pair (X, A) there
exists an inverse system {(K,,Lqs)} of finite polyhedral pairs (Ko, Ly)
such that

(X, A) =1lim (K., Ly).
—

Definition 3 ([9]). An exact homology theory h satisfies the property of
partial continuity on the category ¢ of compact pairs, if for all ¢ € Z,
there is an exact sequence

27)  0— rgn“)th(Ka, La) = hg(X, A) = lim hy(Ka, La) =0.

Corollary 3. If H, is an exact homology theory generated by an integral
free cochain complex C* for each compact space, then for all q € Z, there
is a short exact sequence

(28) 0 — lim WH,, (Ky, La) — Hy(X, A)
—
— lim Hy,(Ky,Ly) = 0,
—
where (X, A) = {iﬁl(Ka,La) and (K, Ly) is a finite polyhedral pair.

Proof. Using the conditions of the corollary and an exact sequence (19),
we have an exact sequence

(29) 0 — lim @) Hom(HI*(K,),G) — H,(X,G)
— lim Hy(Kq, G) — lim ® Hom(H9* (K,),G) = 0.
— G

There is an exact sequence

(30) -+ = lim W Ext(HY(K,),G) — lim W H,(Kq,G)
— lim W Hom(HY(K,),G) — lim @ Ext(HI*Y(K,),G) = -- - .
— —

Since the cohomology groups H*(K,) are finite generated abelian groups,
by [2, Corollary 1.5], there is
(31) {iLn(i) Ext(H*(K,),G) =0 for i>1.
Therefore, from an exact sequence (30) and equality (31), there is an
isomorphism
(32) lim O H 1 (Ko, G) = lim @ Hom(H™(K,), G).
By [2, Corollary 1.5], there is
(33) 1i£<i> Hom(H*(K,),G) =0 for i> 2.

Using the exact sequence (28), isomorphism (32), and equality (33), we
obtain the statement of the corollary. (]
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Corollary 4. Let {X,} be an inverse system of compact spaces X, and
X =limX,. If H, is an exact homology theory from Theorem 2 and G
—

s an injective abelian coefficients group, then there is an isomorphism

H,(X,G) 5 lim H,(X.,G).
—

Proof. By the exact sequences (11) and (18), the split exact sequence
(21), and [5, Theorem II1.10.2], we have

lim WH,(X,,G) =0, i>1.
—

Therefore, using this equality and the infinite exact sequence (25), we
have the statement of the corollary. O

Let K be the category of inverse systems {Aq }aeq of abelian groups
A, and let lim : K% — K be the inverse limit. On the category K,
—

consider a chain complex

an Qn+1
Q*:{an—lpgn — Qn+1<_"'};

where C), = {C%, Tga taca € K%, n € Z, and Q = {a} is a set of indices
of the inverse system C,,.

The spectral homology groups H,(Cs, s) of the chain complex C. are
the inverse limit {iian(Cf‘), where H,,(C%) is a homology of chain com-

plexes C¢ = {-+- <~ C%_; < C < ---}. Projective homology groups
H,(C.,p) of the chain complex C, are obtained if we first take the limit
of the inverse system {C%} of the chain complexes C?; i.e., there is a
chain complex

imC, ={ -« lmC,_1 <8—"1ian — -}
— — —

and then we apply the homological functor, i.e., Hn(@g*) The chain

complex C, generates for each n € Z two exact sequences of the inverse
systems

(34n) 0— Zn+1 — Qn+1 le En — 07
(35,) 0 = By — Zn — H, — 0,

where Z,, = Ker0,,, B, =Im 0,41, and H,, = {H,(C2), Tga}-
Since the functor lim is a left exact functor, the exact sequences (34,,)
—

and (35,,) induce, respectively, the exact sequences
(36n) 0— {iLnZn-ﬁ—l — {iﬂlgnﬂ-l — {Elﬁn

HHHHI(I)ZTLHH@(UQTLHH“W
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(37,) 0 — lim B,, — lim Z,, — lim H,, — lim Y B,,
S 1limMZ, > limWH, > 1lim®B, —---.
— — —

Lemma 1. If limWC, = 0 and lim B, = 0, i = 1,2, then for all
— —
n € Z, there is an exact sequence

(38) 0 — lim WH, 1 — H,(Cy,p) = Hy(C,s) — 0.

Proof. Since the projective homology group H,,(C., p) defined by H,,(C.,p) =
lim Z,,/Im 8,41, there is an exact sequence
—

(39) 0—1limB,/Imd,y; — H,(Cx,p) = lim Z,,/lim B,, — 0.
— — —

Using the conditions of the lemma and the exact sequences (36,,) and
(37,), we have

(40) 1'gflﬁn/lm Ony1 = {igl(l)Zn-‘rl R~ {El(l)ﬂn-&-b
Since l<£n (W B,, =0, using the exact sequence (37,), we have
(41) lim Z,, /lim B,, ~ lim H,, = H,(C., s).
— — —
Therefore, using the exact sequence (39) and isomorphisms (40) and
(41), we get the statement of Lemma 1. O

Corollary 5. If K = {K,} is an inverse system of finite polyhedral
spaces, then there is an exact sequence

(42) 0= 1lmWH,11(Ka,G) = Ho(K,G,p) = Ha(K,G,s) =0,
where H,(K,G,p) = H,(Cx,G,p) = Hn(1<£n C%) is a projective homology
group, C¢ = C.(Ka), and H,(K, G, s) = {iﬂlHn(Kaa G).

Proof. Since a direct system C* = {C*(K,)} of the integral cochains

complexes C*(K,) is a direct system of free cochain complexes, and all
of the conditions of [3, Theorem 3] are fulfilled, we find that liLnQ* is a

free cochain complex. Using [2, Proposition 1.2], for all n € Z, there is
im (9 — lim @ n — S
(43) 1(31 Cn(Kqo,G) h£1 Hom(C"(K,),G) =0, i=1,2.
Since C™(K,)/B™(K,) is a finitely generated abelian group, n € Z, by
[2, Corollary 1.5], for ¢ > 2, there is the equality
(44) lim ) 72, (Kq,G) = lim @) Hom(C™(K,)/B"(K,),G) = 0.

Using the exact sequence (36,) and equalities (43) and (44), there is
lim WB, (K,) =0,i=1,2.
—
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Since the conditions of Lemma 1 are fulfilled, we obtain the statement
of Corollary 5. |

Corollary 6. If H, is an exact homology theory generated by an integral
free cochain complex C* for each compact space, then, for alln € Z, there
is an isomorphism

where X = l(iLnKa, K ={K,}, K, is a finite polyhedron.
Proof. Using the exact sequences (28) and (42) and a homomorphism

H,(X,G) —» H,(X,G,p) induced by the chain homomorphism C,(X,G)
— {iLnC* (K4, G), we have a commutative diagram with exact rows

OHLm(l)Hn_H(Ka,G)HHn(X G) — lim Hy(Kq,G) —>0
0—>1(1Ln(1>Hn+1(KQ,G)*>Hn(K G,p) —> lim Hy (Ko, G) —>0.

Therefore, using the lemma of five homomorphisms, we get the state-
ment of the corollary. |
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