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FINITE EXTENSIONS OF
‘H- AND AH-ACCESSIBLE GROUPS

SAHANA H. BALASUBRAMANYA

ABsTrACT. We prove that the group properties of being H-accessible
and AH-accessible are preserved under finite extensions. We thus
answer an open question posed by Carolyn Abbott, Sahana H. Bal-
asubramanya, and Denis Osin in [Hyperbolic structures on groups,
Algebr. Geom. Topol. 19 (2019), no. 4, 1747-1835|.

1. INTRODUCTION

An important open question related to the class of acylindrically hy-
perbolic groups is the following (see [9, Question 2.20]).

Question 1.1. Is the property of being acylindrically hyperbolic pre-
served under quasi-isometries for finitely generated groups? In other
words, if G is a finitely generated acylindrically hyperbolic group and
H is a finitely generated group that is quasi-isometric to G, then is H
also an acylindrically hyperbolic group?

A group G is called acylindrically hyperbolic if it admits a non-elemen-
tary, acylindrical action on a hyperbolic space. The motivation behind
the following question comes from the observation that the class of acylin-
drically hyperbolic groups serves as a generalization to the classes of
non-elementary hyperbolic and relatively hyperbolic groups. The latter
two classes are preserved under quasi-isometries (see [6] and [5, Theorem
5.12]), making Question 1.1 a natural question to consider.

An answer to this question seems currently out of reach given the
lack of techniques to build an action of H on a hyperbolic space simply
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starting from an action of G on a (possibly different) hyperbolic space and
a quasi-isometry between the two groups. Indeed, this is hard to do even
in the case of actions on Cayley graphs that arise from finite generating
sets. By [10, Theorem 1.2], if G is acylindrically hyperbolic, then there
exists a hyperbolic Cayley graph, say I'(G, A), such that G ~ T'(G, A) is
acylindrical and non-elementary. If G is acylindrically hyperbolic, but not
a hyperbolic group, then A is necessarily infinite. Suppose that the groups
G and H are quasi-isometric with respect to some finite generating sets X
and Y, respectively. Then the lack of a relationship between G ~ T'(G, X)
and G ~ T'(G, A) makes it unclear as to how we may transfer the desired
properties to the group H.

Since the answer to this general question is out of reach, we may con-
sider some special cases of Question 1.1 instead. For instance, we may
ask the following.

Question 1.2. Let H < G be a finite index subgroup. If H is acylindri-
cally hyperbolic, then is G acylindrically hyperbolic?

While it seems that this question is much simpler, in actuality it is also
hard to answer. The primary obstruction here is the lack of any techniques
that allow us to build an action of the parent group G starting from
the action of a finite index subgroup H while retaining the properties of
hyperbolicity and acylindricity. Indeed, [3] and sections of [1] explore the
possibility of extending group actions in certain settings, especially from
peripheral and hyperbolically embedded subgroups, but those methods do
not generalize to the finite index case. It is also worth noting, as shown
in [3, Example 1.6], that the extension problem may not be solvable even
for finite index subgroups of finitely generated groups.

However, the authors of [8] prove that the answer to Question 1.2 is
affirmative in the special case when the finite index subgroup of G is
normal and A%H-accessible.

Proposition 1.3 ([8, Lemma 6]). Suppose that a group G contains a
normal acylindrically hyperbolic subgroup H of finite index which is AH-
accessible. Then G is acylindrically hyperbolic.

A group G is said to be AH-accessible if the poset AH(G) contains the
largest element. (Note that largest elements, if they exist, are unique.)
We will show that under the hypothesis of Proposition 1.3, something
even stronger holds true: The group G is also AH-accessible. Thus, we
have the following.

Proposition 1.4. Suppose that a group G contains a normal acylindri-
cally hyperbolic subgroup H of finite index which is AH-accessible. Then
G is also AH-accessible.
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Note that the groups G and H in the above proposition are quasi-
isometric. In particular, the above result shows that the property of being
AH-accessible (and also acylindrically hyperbolic) is preserved in this very
special situation of a quasi-isometry. We will also show that the property
of being H-accessible can be transferred under similar hypotheses.

Proposition 1.5. Suppose that a group G contains a normal, finite index
subgroup H such that H is H-accessible. Then G is also H-accessible.

Obviously, propositions 1.4 and 1.5 show that the properties of be-
ing H-accessible and AH-accessible are preserved under finite extensions,
which answers [1, Problem 8.10], an open question.

One important implication of being AH-accessible is that the group
admits a universal action; i.e., there is an acylindrical action of the group
on a hyperbolic space such that every generalized loxodromic acts loxo-
dromically in this action (see [1, section 7] for details). Another motiva-
tion for understanding whether a given group is H- or AH-accessible is
that when the answer is affirmative, it provides an obvious candidate for
which group action is the most informative in order to better understand
certain properties of the group. The largest structure is also preserved by
every automorphism of the group, which may be useful for studying the
group (see [1, section 2.3| for details).

2. PRELIMINARIES

We quickly recall some standard terminology and definitions from [1],
before proceeding with the proofs of the results.

Throughout this paper, all group actions on metric spaces are assumed
to be isometric. Given a metric space S, we denote by dg the distance
function on S unless another notation is introduced explicitly. Given a
point s € S or a subset R C S and an element g € G, we denote by gs
(respectively, gR) the image of s (respectively, R) under the action of g.
Given a group G ~ S and some s € S, Gs denotes the G-orbit of s under
the group action.

Let X and Y be two generating sets of a group G. We say that X is
dominated by Y, written X <Y, if the identity map on G induces a Lip-
schitz map between metric spaces (G,dy) — (G,dx). This is equivalent
to the requirement that sup,cy |y|x < oo, where |-[x = dx(1,-) denotes
the word length with respect to X. It is easy to see that < is a preorder
on the set of generating sets of G and, therefore, it induces an equivalence
relation in the standard way:

X~Y & X2XYandY X X.
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This is equivalent to the condition that the Cayley graphs I'(G, X) and
I'(G,Y) are G-equivariantly quasi-isometric. We denote by [X] the equiv-
alence class of a generating set X and by G(G) the set of all equivalence
classes of generating sets of G. The preorder < induces an order relation

< on G(G) by the rule
X< Y] & X2V

Note that the above order relation is inclusion reversing; i.e., if Y C X,
then [X] < [Y]. This definition is consistent with the following observa-
tion: If we take the generating set X = G, then the corresponding Cayley
graph is a bounded space of diameter 1. This Cayley graph retains prac-
tically no information about the structure of the group G, and so [G] is
always the smallest element in G(G).

The set of hyperbolic structures on a group G, denoted H(G), is a par-
tially ordered set containing equivalence classes of generating sets [X] such
that T'(G, X) is a hyperbolic space. The partial order on this poset is the
one inherited from G(G). The subset AH(G) C H(G) is the partially or-
dered set of acylindrically hyperbolic structures on a group G. It contains
equivalence classes of generating sets [X] € H(G) such that G ~ T'(G, X)
is acylindrical.

An element [X] € H(G) (respectively, AH(G)) is called largest if for
every [Y] € H(G) (respectively, every [Y] € AH(G)), we have that [Y] <
[X]. It is easy to see that if a largest element exists, it is unique. When
H(G) (respectively, AH(G)) contains the largest element, then we say
that the group G is H-accessible (respectively, AH-accessible).

Note that while the question of H-accessibility makes sense for any
group, the question whether a group is AH-accessible only makes sense
in the case of acylindrically hyperbolic groups. Indeed, if the group G is
not acylindrically hyperbolic, then the cardinality of AH(G) is either 1 or
2; in either case, the group is AH-accessible (see [1, Theorem 2.6]). Fur-
ther note that for acylindrically hyperbolic groups, the property of being
AH-accessible is strictly stronger than being acylindrically hyperbolic.
Indeed, every (non-elementary) AH-accessible group is acylindrically hy-
perbolic, but there exist acylindrically hyperbolic groups that are not
AH-accessible (see [1, Theorem 2.17]).

For further details of this poset, we refer the reader to [1, sections 1
and 7). In particular, we would like to mention [1, Theorem 2.19], which
proves that the following classes of groups are AH-accessible groups: map-
ping class groups of punctured closed surfaces, right-angled Artin groups
(RAAGSs), and fundamental groups of compact orientable 3-manifolds
with empty or toroidal boundary.
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3. MAIN RESULTS

We start by proving Proposition 1.4. The strategy used in the proof
of Proposition 1.3 in [8] is the following: Given the largest element [X] €
AH(H) and a finite set Y of distinct representatives of cosets of H in G,
the authors show that [X UY] € AH(G). Since H ~ I'(H, X) is non-
elementary, it follows that so is G ~ I'(G, X UY"). We will show that the
structure [X UY] is the largest in AH(G). We will set this notation for
the following proof.

Proof of Proposition 1.4. Let [Z] be any element in AH(G). Then I'(G, Z)
is hyperbolic and G ~ T'(G, Z) is an acylindrical action. We will show
that [Z] < [X UY], which will prove the result.

Since H < G, H " T'(G, Z) is also acylindrical. Since H has finite in-
dex in G, the action is also cobounded. Indeed, the G-action is cobounded
since we are considering an action on a Cayley graph and we have that

U hY = G. Since Y is finite, it is bounded in dz. By using the Svarc—
heH
Milnor map from |1, Lemma 3.11|, we get that there exists [W] € AH(H)
such that H ~ I'(H,W) is equivalent to H ~ I'(G, Z). (See [3] or [1,
section 3| for further details.)

By definition, this means that there is a coarsely H-equivariant quasi-
isometry ¢: I'(G,Z) — T'(H,W). Thus, there exists a constant C' satis-
fying the following conditions for every g € G and every h € H:

(1) —C+ 5dzl,g) < dw(6(1), 6(9)) < Cdz(1,9) +C.

(3-2) suppe dw (ho(g), ¢(hg)) < C.

Since [X] is the largest element in A (H), we must have that [W]
[X]. Thus, there exists a constant K such that

(3.3) supex lolw < K.
Let © € X. Then z € H and, by using (3.1) and (3.2), we get that
dz(1,2) < Cdw (¢(1), ¢(2)) + C* < Cdw (¢(1), 2¢(1)) + 2C>.

By using the triangle inequality and (3.3), we get that
dz(1,2) < Cdw(¢(1),1) + Cdw (1,2) + Cdw (z, 2¢(1)) + 2C*
< 2Cdw (1,6(1)) + CK +2C2.
Since dw (1, ¢(1)) is a constant independent of the choice of z, we get that
Sup,cx ||z < oo.

Since Y is finite, it follows that sup |s|z < co. Thus, [Z] 5 [XUY]. O
seXUY
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Corollary 3.1. Right-angled Cozxeter groups (RACG) that contain a right-
angled Artin group (RAAG) as a finite index normal subgroup are AH-
accessible.

Proof. By [1, Theorem 2.19(c)], every RAAG is AH-accessible (where
the largest action corresponds to the action on the extension graph). The
result now follows from Proposition 1.4. |

Note that by [4, Lemma 3|, given any RAAG H, there exists a RACG
K such that H is a finite index and normal subgroup of K. Thus, by
Corollary 3.1, the associated RACG K is AH-accessible.

Also note that the result that every RACG is AH-accessible is proved
in [2, Theorem A(4)]. The proof contained therein uses techniques related
to the hierarchically hyperbolic structure of these groups and shows that
the largest action of a RACG corresponds to the action of the group on an
altered contact graph. However, in the cases when the RACG contains
a RAAG as a finite index normal subgroup, by Corollary 3.1, we may
alternatively study the largest action of the RACG by considering the
extension of the action of the RAAG on its extension graph (since the
two actions are equivalent).

We will now turn our attention to the proof of Proposition 1.5. The
first part of the proof is practically identical to the first part of the proof
of [8, Lemma 6], which we reproduce here for the sake of completion. In
what follows, we set the notation that G is a group and H < G is a finite
index, normal subgroup such that H is #-accessible.

Proof of Proposition 1.5. Let [X] be the largest element in H(H ), and let
Y be a fixed set of distinct representatives of cosets of H in G, where the
representative of H is 1. Obviously, Y is finite and X UY is a generating
set for G.

It follows from [1, section 2.3] that the action of Aut(H) on H(H)
defined by a([W]) = [a(W)] is a well-defined, order preserving action.
Since [X] € H(H) is the largest element, we must have a([X]) = [a(X)]
for every o € Aut(H). In particular, since H is normal in G and Y is
finite, there exists a constant L such that

(3.4) ly taylx =y a7 ylx < L

for all x € X and for all y € Y.

We will show that the inclusion map from I'(H, X) — I'(G, X UY) is
an H-equivariant quasi-isometry, which will prove that the Cayley graph
I'(G,X UY) is hyperbolic. Obviously, this map is H-equivariant. To see
that the map is coarsely surjective, observe that for every g € GG, there
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exists h € H and y € Y such that g = hy. Then

dxuy (g, h) = dxuy (hy,h) = dxuy (y,1) < 1.
Further, we have that for every h € H,

[hlxuy < |h|x.

So it remains to find a constant M such that for every h € H, we have that

|h|x < M|h|xyy. To this end, let h € H and let ajas....a,, be the shortest

word in X*' U Y*! representing h. Let wy = 1 and w; = a,as...a; for

every i = 1,2, ...n. For every 4, there exists y; € Y such that wiyi_l € H.
Then

h = (yoary; ) (yraz2ys ) (Yn—20n-195 1) (Yn—1any;, "),
where yo = y, = 1. Observe that
(1) yoary; " n wyy; € IH; ) X X
(2) yiajty; = Wiw; )(wiajry; i) = Wiw; ) (witay; ) € H;
(3) Yn—-10nYn = (yn—lw;11)(wn—lan) = (yn_lw,ﬁl)wn € H since
w, = h € H.
This establishes that yi,laiyjl € H foralli =1,2,..n. If q; € X,
then a; € H. By normality, yia,;yi_l € H. Observe that

vic1a:y; b = (Yio1y; D (viaiy; ).

Since yi,laiyfl € H, we must have that yi,lyfl € H, which implies that
y;H = y;_1H. Since Y is a collection of distinct coset representatives, this
implies that y; = y;—1. It follows from equation (3.4), that \yi_laiyi_l |x <
L.

If a; € Y, then |yi,1aiy;1\y < 3. Since Y is finite and yi,laiyjl € H,
we can find a constant N (independent of i) such that |y;_ja;y; '|x < N
in this case as well. Take M = max{L, N}. Then |h|x < M|h|xuy-

Since I'(H, X) is hyperbolic, so is I'(G, X UY'). Hence, [XUY] € H(G).
That this is the largest element in H(G) follows from an argument almost
identical to the one in the proof of Proposition 1.4, by considering [Z] €
H(G) instead (since we do not have to worry about acylindricity in this
case). O
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