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HEREDITARILY INDECOMPOSABLE SUBCONTINUA
OF THE PRODUCT OF

TWO HAUSDORFF ARCS ARE METRIC

MICHEL SMITH

Abstract. We show that if each of A and B is a Hausdorff arc,
then every hereditarily indecomposable subcontinuum of A× B is
a planar metric continuum.

1. Introduction

The author is interested in a generalization of Bing’s result to non-
metric spaces concerning the existence of hereditarily indecomposable
continua in higher dimensional continua [1]. He showed that there ex-
ist non-metric continua arbitrary products of which do not contain non-
degenerate hereditarily indecomposable continua. On the other hand in
the case of a disc [0, 1] × [0, 1] there are lots of hereditarily indecompos-
able continua contained therein. In [8] and [9] the author showed that
for a Hausdoff arc X that any hereditarily indecomposable subcontinua
of X ×X must be metric in the case where X is a long line type of arc
and the case where X is a Souslin line respectively. Furthermore this re-
sults for the lexicographic arc follows from the stronger result of Greiwe,
Smith and Stone [4]. Thus it appears that in certain non-metric spaces
adding the condition of hereditary indecomposability on subcontinua of
the space yields metric continua. In general one would think that the
condition of hereditary indecomposability would have nothing to do with
metrizability, but indeed it does as these results show.
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16 MICHEL SMITH

In this paper we generalize these results and show that if each of A
and B is a Hausdorff arc then every hereditarily indecomposable subcon-
tinuum of A × B is metric. Once this is established it is relatively easy
to see that such a non-degenerate continuum must also sit inside a copy
of the unit disc inside A×B.

2. Definitions and Background

By a continuum we mean a compact and connected Hausdorff space.
By a Hausdorff arc is meant a continuum with exactly two non-cut points.

For a Hausdorff arc X we use the symbol <X to denote the order
that induces the topology of X; if the space X under consideration is
understood, the subscript will be omitted. If a, b ∈ X, we use the follow
notation for specific subsets of X:

(a, b) = {x|a < x < b}
[a, b] = {x|a ≤ x ≤ b}
[a, b) = {x|a ≤ x < b}

...
...

For a space S under consideration and H ⊂ S, we use the symbol H to
denote the closure of H in S.

Suppose that each of X and Y is a topological space. In order to avoid
confusion with this notation, we will denote a point p of a product space
X ×Y as p = 〈x, y〉 where x ∈ X, y ∈ Y . The functions π1 and π2 denote
the projection maps with domain X × Y and are defined as follows: For
each 〈x, y〉 ∈ X × Y :

π1(〈x, y〉) = x,

π2(〈x, y〉) = y.

Theorem 2.1. Suppose that each of A and B is a Hausdorff arc, X =
A × B and M ⊂ X is a hereditarily indecomposable continuum so that
π1(M) = A and π2(M) = B. Then the arcs A and B are metric arcs.

We will prove the theorems by proving a sequence of lemmas which
together yield a proof of the theorem. One should observe that each of
the lemmas hold with the interchange of A and B. We will frequently use
this fact without comment.
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Background Theorem 1. Suppose that A is a Hausforff arc and {ai}∞i=1

is a sequence of distinct points of A. Then there is a subsequence of
{ai}∞i=1 that is either increasing or decreasing.

Background Theorem 2. Suppose that M is a hereditarily indecom-
posable continuum; let H and K be two disjoint closed subsets of M and
let U and V be open set containing H and K respectively. Then M is the
union of three closed sets D,E, F so that:

M = D ∪ E ∪ F
H ⊂ D

K ⊂ F

D ∩ F = ∅
D ∩ E ⊂ V −K
E ∩ F ⊂ U −H.

Background Theorem 3. [Boundary Bumping Theorem] Suppose that
M is a continuum, U is an open set which does not contain M and C is a
component of M ∩ U . Then C intersects the boundary of U . [See Nadler
[7].]

3. Lemmas and Proof of the Theorem.

In the following we suppose that each of A and B is a Hausdorff arc
with endpoints rA < sA and rB < sB respectively and that M is a
hereditarily indecomposable subcontinuum of A× B so that π1(M) = A
and π2(M) = B.

Lemma 3.1. Suppose that b1, b2 ∈ B with b1 < b2 and C is a subcontin-
uum of A× B so that C intersects both A× {b1} and A× {b2}; further-
more suppose D is a subcontinuum of C irreducible between A×{b1} and
A× {b2}. Then D ⊂ A× [b1, b2].

Proof. Assume the hypothesis of the theorem and that there is a subcon-
tinuum D of C so that D is irreducible between A × {b1} and A × {b2}
but D is not a subset of A × [b1, b2]. Then there is no subcontinuum of
D ∩ A × [b1, b2] intersecting both A × {b1} and A × {b2}. (Note: here
and throughout the text, expressions such as D ∩ A × [b1, b2] should be
interpreted as D ∩ (A × [b1, b2]) since another grouping doesn’t make
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sense in the current spaces under consideration.) Therefore we have
D∩A× [b1, b2] is the union of two disjoint compact sets H and K so that
D∩A×{b1} ⊂ H and D∩A×{b2} ⊂ K. But then H ∪ (D∩A× [rB , b1])
and K ∪ (D ∩ A × [b2, sB ]) are two disjoint compact sets whose union is
D which is a contradiction. �

Lemma 3.2. Suppose a ∈ A is such that rA < a < sA. Then ({a}×B)∩
M is uncountable.

Proof. Let G denote the components of M ∩ [rA, a]×B and J denote the
components of M ∩ [a, sA]×B. Then since M ∩ (rA, a)×B is nonempty,
it follows that each component of M ∩ [a, sA] is a proper subcontinuum
of M and so is nowhere dense. So by the Baire Category Theorem, J is
uncountable. Since each component of M ∩ [a, sA]×B intersects {a}×B
it follows that M ∩ {a} ×B is uncountable. �

Lemma 3.3. Suppose a ∈ A is such that rA < a < sA, G◦ denote the
nondegenerate components of M ∩ [rA, a)×B and J◦ denote the compo-
nents of M ∩ (a, sA]×B. Then each of G◦ and J◦ is uncountable.

Proof. Since each proper subcontinuum of M is nowhere dense in M and
M ∩ [rA, a)×B is a locally compact Hausdorff space, the uncountability
of G◦ follows from the Baire Category Theorem; similarly for J◦. �

The lemma applies equally well to the arc B. Let us use the following
notation:

G◦A,a denotes the collection of non-degenerate components of M ∩
[rA, a]×B;

J◦A,a denotes the collection of non-degenerate components of M ∩
[a, sA]×B.
And similarly for the b ∈ B with rB < b < sB :

G◦B,b denotes the collection of non-degenerate components of M ∩
A× [rb, b];

J◦B,b denotes the collection of non-degenerate components of M ∩
A× [b, sB ].
And we observe that Lemma 3.3 implies that each of these collections is
uncountable.

Lemma 3.4. Suppose 〈a, b〉 ∈ M is such that rA < a < sA and rB <
b < sB. Then, if x < a < y some element of of G◦B,b or J◦B,b intersects
(x, y)× {b}.
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Proof. The set M ∩ (A × {b}) is totally disconnected so without loss of
generality, by shrinking (x, y) if necessary, we can assume 〈x, b〉 /∈ M
and 〈y, b〉 /∈ M . So there is u < b < v so that {x} × [u, v] ∩M = ∅ and
{y}×[u, v]∩M = ∅ but (x, y)×[u, v] contains 〈a, b〉 so the component C of
M∩(x, y)×[u, v] containing 〈a, b〉 intersects the boundary of (x, y)×[u, v].
Thus C intersects (x, y)×{u} or (x, y)×{v}. If C intersects (x, y)×{u}
then consider the subcontinuum D of C irreducible from (x, y) × {u} to
(x, y) × {b}. Then, by lemma 3.1, D ⊂ (x, y) × [u, b] so the element of
G◦B,b that is the component ofM ∩A× [rB , b] containing D is the required
set. The case where C intersects (x, y)× {v} is similar. �

Lemma 3.5. Let H ⊂ A×B be a continuum. Suppose that {ai}∞i=1 is an
increasing (or decreasing) sequence of distinct points in A and there is a
point b′ > b in B so that a component of H ∩ [ai, ai+1]× [b, b′] intersects
both [ai, ai+1]× {b} and [ai, ai+1]× {b′}. Then H contains an arc.

Proof. Since {ai, }∞i=1 is an increasing sequence, let a be the limit point
of the sequence {ai, }∞i=1. Let Ci denote the component of H ∩ [ai, ai+1]×
[b, b′] that intersects [ai, ai+1] × {b} and [ai, ai+1] × {b′}. Then for each
p ∈ [b, b′] there is a point 〈xi, p〉 ∈ Ci ∩ ([ai, ai+1] × {p}). Then since
ai ≤ xi ≤ ai+1, 〈a, p〉 is a limit point of {〈xi, p〉}∞i=1. Thus 〈a, p〉 ∈ H for
all p ∈ [b, b′] and so {a}× [b, b′] ⊂ H, so H contains an arc. The argument
is similar in the case that {ai, }∞i=1 is decreasing. �

Definition. Suppose that A is a Hausdorff arc, then the point p ∈ A
is called a p-point from below iff whenever {xi}∞i=1 is sequence of points
of A with xi < p then there is a point x ∈ A so that xi < x < p for all
i ∈ N; the point p ∈ A is called a p-point from above iff whenever {xi}∞i=1

is sequence of points of A with p < xi then there is a point x ∈ A so that
p < x < xi for all i ∈ N.

Lemma 3.6. Suppose that 〈a, b〉 ∈M is such that rA < a < rB. Then a
is not a p-point from below in A.

Proof. Suppose that the lemma is not true and a ∈ A is a lower p-point
such that rA < a < sA. By Lemma 3.4, G◦A,a is uncountable. So we
can construct inductively an infinite set {Ci}∞i=1 of disjoint components
of M ∩ [rA, a]× B, an infinite set of points {〈a, xi〉}∞i=1 with 〈a, xi〉 ∈ Ci
and an infinite sequence {(ui, vi)}∞i=1 of disjoint open sets in B so that
xj ∈ (ui, vi) if and only if i = j and so that 〈a, ui〉 /∈ M, 〈a, vi〉 /∈ M ;
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furthermore {xi, }∞i=1 can be constructed so that it is either increasing or
decreasing.

For each i there is an element ai ∈ A and a subcontinuum Li ⊂ Ci lying
in [ai, a]× (ui, vi) so that 〈a, xi〉 ∈ Li and Li ∩ {ai}× (ui, vi) 6= ∅ (in fact
a component of Ci ∩ [ai, a]× [ui, vi] intersecting {a}× (ui, vi) will witness
this). By the lower p-point property there is an element â ∈ A so that
ai < â < a for all i. Then there is a subcontinuum L̂i of Li irreducible
from {â}× (ui, vi) to {a}× (ui, vi) (e.g. a subcontinuum of Li irreducible
from {â}×[ui, vi] to {a}×[ui, vi]). This satisfies the hypothesis of Lemma
3.5 so this implies that M contains an arc which is a contradiction. �

Applying the above lemma to both A and B for the portions both
below and above cut points, we have the following:

Corollary 1. The arcs A and B are first countable at their cut points.

Lemma 3.7. Suppose rA < r < a < sA. Let H be a component of
M ∩ ([rA, a] × B) that intersects both {rA} × B and {a} × B; let U be
open with H ⊂ U . Then there exist a′ ∈ A, a < a′ and a continuum
C ⊂ M ∩ ([r, a′] × B) so that C ⊂ U , C intersects both {r} × B and
{a′} ×B and C ∩H = ∅.

Proof. Let V be open so that H ⊂ V ⊂ V ⊂ U and so that V ∩ (M ∩
[rA, a]×B) = V ∩ (M ∩ [rA, a]×B). Let Ĥ be the component of M ∩ V
that contains H. Since Ĥ intersects Bd(V ) and H is a component of
M ∩ ([rA, a]×B) it follows that Ĥ contains a point 〈a′, y〉 for some a′ > a

and y ∈ B. Since H is nowhere dense in Ĥ, Ĥ contains a point 〈r′, y′〉
not in H for some r′ < r and y′ ∈ B. So Ĥ contains a continuum C
irreducible from {r′} × B to {a′} × B. So C ⊂ [r′, a′] × B. Since H
contains a point of {rA} ×B and no point of {a′} ×B and C contains a
point of {a′}×B and no point of {rA}×B is follows that C ∩H = ∅. �

Lemma 3.8. The arcs A and B are first countable at their endpoint.

Proof. Suppose not; without loss of generality suppose that A is not first
countable at rA. Let rA < r < sA be such that 〈r, rB〉 /∈M and 〈r, sB〉 /∈
M ; let H be a component of M ∩ ([rA, r]×B) intersecting {rA}×B. Let
P ∈ H ∩ {r} × B and let Q ∈ M ∩ (rA, r)× (rB , sB)−H. By Corollary
1, X is first countable at P so let {Ui}∞i=1 be a countable local basis at P
so that Ui+1 ⊂ Ui. Construct a sequence of subcontinua {Ci}∞i=1 of M so
that Ci is irreducible from Q to Ui. By the hereditary indecomposability
of M , Ci ⊂ Ci+1. We consider the following two cases.
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Case 1: There is a sequence of integers {ni}∞i=1, ni+1 > ni and a se-
quence of distinct points {〈rA, bi〉}∞i=1, 〈rA, bi〉 ∈ Cni so that some point
of H is a limit point of the sequence.

There is a subsequence of {bi}∞i=1 that is either increasing or decreasing
in B and has sequential limit b. Without loss of generality, for ease of
notation, suppose ni = i and {bi}∞i=1 is increasing. Then let {(ui, vi)}∞i=1

be a sequence of disjoint segments in B so that bi ∈ (ui, vi) and for some
ai ∈ A with ai < π1(Q) the continuumM intersects neither {ui}× [rA, ai]
nor {vi}× [rA, ai]. Then for each i there is a component of Ci ∩ [rA, ai]×
[ui, vi] intersecting {rA} × [ui, vi] and {ai} × [ui, vi]. Since A is not first
countable at rA, there is an element â ∈ A so that rA < â < ai for all i.
But then by lemma 3.5, M contains an arc, which is a contradiction.

Case 2. There is a point 〈rA, y〉 of H and an open set (u, v) containing
y so that no point of {rA}× [u, v] intersects any Ci. Then for each i there
is a point ai ∈ A so that [rA, ai) × (u, v) misses Ci. Then there is an
â ∈ A so that â < ai for all i. Then [rA, â) × (u, v) misses Ci for all i.
Then ∪∞i=1Ci is a continuum containing P and Q and not 〈rA, y〉 and H
is a continuum containing P and 〈rA, y〉 and not Q; this contradicts the
hereditary indecomposablity of M . �

Lemma 3.9. Suppose rA < a < sA and G is the collection of components
of {a} ×B −M . Then G is countable.

Proof. Suppose not and that for some rA < a < sA the collection of com-
ponents of {a}×B−M is not countable. Then let G = {{a}×(uα, vα)}α∈I
for some uncountable index set I be this uncountable collection of com-
ponents. Since A is first countable at a there is a countable sequence
of segments {(wi, zi)}i=1 with wi < wi+1 < a < zi+1 < zi and {a} =
∩∞i=1(wi, zi). For each α ∈ I let 〈a, xα〉 be a point of {a} × (uα, vα); for
each α there exist (u′α, v′α) with uα < u′α < xα < v′α < vα and an integer
nα so that (wnα , znα)× (u′α, v

′
α) does not intersect M .

Since I is uncountable, there is an integer k so that nα = k for un-
countably many α. Then, without loss of generality, we can assume that
there is an infinite increasing sequence {xαi}∞i=1 where nαi = k. Then for
each i, observe that neither (wk, zk) × {u′αi} nor (wk, zk) × {v′αi} inter-
sect M but since there is a point of M ∩ {a} ×B in {a} × (v′αi , u

′
αi+1

) it
follows that there is a subcontinuum of M intersecting {a} × (v′αi , u

′
αi+1

)

that must intersect either {wk} × (v′αi , u
′
αi+1

) or {zk} × (v′αi , u
′
αi+1

). In
either case, the hypothesis of lemma 3.4 is satisfied and M contains an
arc, which is a contradiction. �
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Observation regarding Lemma 3.9: Assume the hypothesis and con-
clusion of the lemma. Suppose that G = {(ui, vi)}∞i=1 is the collection of
components of ({a} × B) −M . Then B = {M ∩ {a} × [ui, vj ]|i, j ∈ N}
is a countable basis for ({a} ×B) ∩M and so ({a} ×B) ∩M is a metric
space.

Lemma 3.10. Suppose r and s are such that rA < r < s < sA. Then
[r, s] is separable.

Proof. By lemma 3.9, the collection of components of {r}×B−M is count-
able. These components will be in the form {r} × (u, v), {r} × [rB , v) or
{r} × (u, sB ]. Let {r} × (ui, vi) denote those components, where for no-
tational ease we let (u−∞, vi) denote [rB , vi) and (ui, v∞) denote (ui, sB ]
when necessary. Let xi ∈ (ui, vi), again for notational ease we will use
the notation (x−∞, xi) to denote [rB , xi) and (xi, x∞) to denote (xi, sB ].
Then the collection of open basis elements {(xi, xj)}i,j∈N∪{−∞,∞} is count-
able. For each pair, i, j ∈ N, let `i,j = lub{π1(C)|C is a component of M∩
[r, s]×B that intersects {r} × (xi, xj)}.

Suppose that {`i,j}i,j∈N is not dense in [r, s] then there exists r < r′ <
s′ < s so that no point of {`i,j}i,j∈N lies in (r′, s′). Let rA < t < r; then
M ∩ [rA, t] × B and M ∩ [s′, sA] × B are two closed subset of M lying
respectively in the two open sets M ∩ [rA, r) × B and M ∩ (r′, sA] × B.
So M is the union of three closed sets D,E, F so that:

M ∩ [rA, t]×B ⊂ D,

M ∩ [s′, sA]×B ⊂ F,

D ∩ F = ∅,
D ∩ E ⊂ M ∩ (r′, sA)×B −M ∩ [s′, sA]×B

=M ∩ (r′, s′)×B,
F ∩ E ⊂ M ∩ [rA, r)×B −M ∩ [rA, t]×B

=M ∩ (t, r)×B.
Let C be a component of M ∩ [r, s] × B that intersects E ∩D. Then C
cannot intersect F (since it contains no points of E ∩ F ⊂ [rA, r) × B).
So C intersects either D ∩ {r} ×B or E ∩ {r} ×B.

Case 1. C intersects D∩{r}×B at some point 〈r, y〉. There are xi, xj
with xi < y < xj so that {r} × (xi, xj) ∩M ⊂ D. (In the case j = ∞
we would have xi < y ≤ sB and similarly for i = −∞ we would have
rB ≤ y < xj .) So every component C ′ of M ∩ [r, s] × B intersecting
{r} × (xi, xj) does not intersect F and so must lie in D ∪ E. Then for
such a C ′, lub{π1(C ′)) ≤ s′. But lub{π1(C)) > r′ so r′ < `i,j < s′ which
contradicts the choice of r′ and s′.
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Case 2. C intersects E∩{r}×B. Let 〈r, y〉 ∈ C∩(E∩{r}×B) be such
a point. There are i, j so that xi < y < xj and {r} × (xi, xj) ∩M ⊂ E.
(If j = ∞ then xi < y ≤ sB and similarly for i = −∞.) So if C ′ is
a component of M ∩ [r, s] × B intersecting {r} × (xi, xj), then C ′ does
not intersect F ; so C ′ ⊂ D ∪ E. Furthermore, lub{π1(C ′)) ≤ s′. But
lub{π1(C)) > r′ so r′ < `i,j < s′ which is a contradiction to the choice of
r′ and s′. �

Proof of the main theorem.

Proof. Since by lemma 3.10, for each rA < r < s < sA, [r, s] is separable
and A is first countable at its endpoints it follows that A is separable and
therefore metric. Similarly for B. �

Corollary to the proof: If each of A and B is a Hausdorff arc and M is
a hereditarily indecomposable subcontinuum of A×B then each of π1(M)
and π2(M) is a metric arc and M sits in a metric disc π1(M) × π2(M)
lying in A×B.

4. Questions

Question 1. If each of A, B and C is a Hausdorff arc, then is every
hereditarily indecomposable subcontinuum of A×B × C metric?

The next step in this area of research would be to determine whether
or not the theorem holds for the three (or more) Hausdorff arcs. In her
dissertation, Regina Greiwe Jackson, proved that the theorem does indeed
hold for the product of three arcs for various species of Lexicographic arcs.
[5] In another direction, Smith showed for a large class of Hausdoff arcs
that include the compactified long-line, that hereditarily indecomposable
subcontinua of finite products of these arcs are metric [8]. Also in [10]
he constructed Hausdorff arcs arbitrary products of which do not contain
non-degenerate hereditarily indecomposable continua; thus in these cases
the generalized theorem is true vacuously.

Question 2. If X is a Hausdorff continuum that contains no non-degen-
erate hereditarily indecomposable continua, then is every hereditarily in-
decomposable continuum of X ×X metric.

We conjecture that the answer is “no” and that the non-metric perfectly
normal hereditarily indecomposable continuum constructed by Greiwe,
Smith and Stone [3] is imbeddable in the product of two copies of the
‘non-metric solenoid’ that was described in [11] [12]. In any case this
leads to the following general question.



24 MICHEL SMITH

Question 3. What are the characteristics of Hausdorff continua with the
property that all hereditarily indecomposable subcontinua of products with
itself must be metric.
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