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ABSTRACT. Answering a problem posed by the second author on
Mathoverflow [1], we prove that the connected countable Hausdorff
spaces constructed by Bing [5] and Ritter [19] are topologically
homogeneous.

In [5] Bing presented a simple construction of a Hausdorff space which
is countable and connected. This example is included to the book “Coun-
terexamples in Topology” (22, Ex.75]. The first (difficult) example of a
connected countable Hausdorff space was constructed by Urysohn in [26].
For some other examples of such spaces, see [2], [3], [4], [6], [7], [9], [10],
[11], [12], [13], [14], [15], [16], [17], [18], [19], [20], [21], [22, Ex. 61,126],
23], [24], [25].

The Bing space B is the rational half-plane {(z,y) € Q x Q : y > 0}
endowed with the topology 7 consisting of the sets U C B such that for
every point (a,b) € U there exists € > 0 such that

{(z,0) e B: |z—(a—b/V3)| < e}U{(x,0) e B: |z—(a+b/V3)| <&} CU.

Observe that the points (a — b/v/3,0) and (a + b/v/3,0) are the base
vertices of the equilateral triangle with vertex at (a,b) and base on the
line R x {0}.
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It is easy to see that for any rational numbers a > 0 and b the affine
map f: B — B, f: (z,y) — (ax+0b,ay), is a homeomorphism of the Bing
space B. This implies that the homeomorphism group of the Bing space
B has at most two orbits: By := Q x {0} and B\ Bg. On the other hand,
the Bing space endowed with the topology inherited from the Euclidean
plane is a countable metrizable space without isolated points and hence
is homeomorphic to the space Q of rational numbers according to the
classical theorem of Sierpinski [8, 6.2.A(d)].

These observations motivate the following problem posed by the second
author on Mathoverflow [1].

Problem 1. Is the Bing space B topologically homogeneous?

In this paper we will answer this problem affirmatively. Moreover, we
will prove that any bijection f : A — B between #-discrete subsets A, B
of the Bing space extends to a homeomorphism of B.

A subset D of a topological space X is called

e discrete if each point z € X has a neighborhood O, C X that
contains at most one point of the set D;

e O-discrete in X if each point z € X has a neighborhood O, C X
whose closure O, contains at most one point of the set D;

e O-closed in X if each point € X \ D has a neighborhood O, C X
whose closure O, does not intersect the set D.

It is easy to see that each #-discrete subset of a topological space X
(satisfying the separation axiom 7T7) is discrete (and closed in X). A
subset D of a regular topological space X is §-discrete if and only if it is
discrete and closed in X.

On the other hand, we have

Example 1. The Bing space B contains a 0-closed discrete subset, which
is not O-discrete.

Proof. Take any sequence {a, }new C B\ By that converges to zero (0,0)
in the Euclidean topology on B C Q x Q. It can be shown that the set
A ={(0,0)} U{an}new is O-closed and discrete in B. On the other hand,
A is not f-discrete (as the closure of any neighborhood of (0,0) contains
all but finitely many points of the set A). O

The main result of this paper is the following theorem that will be
proved in Section 1.

Theorem 1. Any bijection f : A — B between any 0-discrete subsets
A, B of the Bing space extends to a homeomorphism f: B — B of B.

Now we present some corollaries of this theorem.
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A topological space X is called n-homogeneous for a positive integer
number n if any bijection f : A — B between n-element subsets of X can
be extended to a homeomorphism of X. Observe that a topological space
is topologically homogeneous if and only if it is 1-homogeneous. It is easy
to see that the real line is 2-homogeneous but not 3-homogeneous and the
circle is 3-homogeneous but not 4-homogeneous. The space Q of rational
numbers is n-homogeneous for every n € N. Since each finite subset of a
Hausdorff space is 6-discrete, Theorem 1 implies the following corollary.

Corollary 1. The Bing space B is n-homogeneous for every n € N.

In [19] Ritter observed that the topology 7 on B generated by the base
consisting of regular open subsets of B turns B into a connected locally
connected countable Hausdorff space. The obtained topological space
(B, 7) will be denoted by B and called the Ritter space. We recall that
a set U in a topological space X is regular open if U coincides with the
interior of its own closure U in X. Observe that each homeomorphism of
the Bing space B remains a homeomorphism of the Ritter space B.

Corollary 2. Any bijection f: A — B between 0-discrete subsets A, B
of the Ritter space B extends to a homeomorphism f: B—B of B.

Proof. Observe that the 6-discrete sets A, B of the Ritter space remain 6-
discrete in the topology of the Bing space B. By Theorem 1, the bijection
f : A — B extends to a homeomorphism f : B — B of the Bing space
and f remains a homeomorphism of the Ritter space B. 0

Corollary 3. The Ritter space B is n-homogeneous for every n € N.

It is known that any homeomorphism h : A — B between closed
nowhere dense subsets A, B of the space Q of rational numbers extends
to a homeomorphism A of Q. In particular, any homeomorphism between
closed discrete subspaces of QQ extends to a homeomorphism of Q. This
homogeneity property does not hold for the Bing space.

Example 2. There exists a bijection [ : A — B between 0-closed discrete
subsets A, B of B that cannot be extended to a homeomorphism of B.

Proof. By Example 1, the Bing space contains a -closed discrete subset
A which is not 6-discrete. Let f : A — B be any bijection on the subset
B =7 x {0} of B. It is easy to see that the set B is #-discrete and hence
is f-closed and discrete. Since the #-discreteness is a topological property,
the bijection f cannot be extended to a homeomorphism of B. O

1. PROOF OF THEOREM 1

Theorem 1 will be proved by a standard back-and-forth argument. But
first we need to introduce some notation and prove some auxiliary results.
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A family U of subsets of a set X is called disjoint if UNV = () for any
distinct sets U,V € U. We say that a cover U of a set X refines a cover
VY of X if each set U € U is contained in some set V € V. For a disjoint
cover U of a set X and a point z € X by U(z) we denote the unique set
U € U containing x. For a subset Z C X we put U(Z) = U, U(x).

We endow the set

Q+V3Q:={z+V3y:z,y € Q}

with the topology generated by the Euclidean metric d(z,y) = |z —y|. A
subset C' of Q +v/3Q is order-convez if for any points v < v in C' the set
{teQ+ V3Q:u<t< v} is contained in C.

Claim 1. Any open cover U of Q++/3Q can be refined by a disjoint open
cover consisting of order-convex sets.

Proof. Write the countable set X = Q +v/3Q as X = {z,}new. Let B
be the family of all order intervals (a,b)x = {z € X : a < x < b} where
a,b € R\ X and a < b. Observe that each set B € B is closed-and-open
in X and no finite subfamily of B covers X.

By induction, for every k € w choose a number nj € w and sets Uy € U,
By, € B such that

ng =min{i Ew:x; ¢ U B;}, zn, €Uy, and xz,, € B C Ui\ U B;.
j<k i<k

We claim that X = J,c,, Bx. Assuming that X # (J, ., Bk, we can
consider the number m = min{i € w : x; ¢ J,,c,, Br} and conclude that
{zi}icm C U<, Bi for some p € w. It follows that n, = min{i € w : z; ¢
Uk<p By} = m and hence z,, = z,,, € B, C |, Br, which contradicts
the choice of m. This contradiction shows that { By }re., C B is a disjoint
cover of X, refining the cover U. 0

Consider two maps

pr_:B— Q++3Q, pr_: (a?,y)»—mg—%y, and

pr, B —Q+V3Q, pr, : (2.y) =2+ L.
For every z € B let z_ = pr_(z), z4 = pr(z) and z4 := {2, 2, }. For a
subset Z C B let Zy :=J,c, 2+-
Claim 2. For any 0-discrete subset D C B the set D4 is closed and
discrete in Q + v/3Q.
Proof. Given any point z € Q + v/3Q, we should find a neighborhood

O, € Q +/3Q of z such that |0, N Dy| < 1. It follows that = € 2y
for some point z € B. Since the set D is f-discrete, the point z has a
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neighborhood O, C B whose closure has at most one common point with
the set D. By the definition of the topology of the Bing space B, there
exists ¢ > 0 such that U, := {(y,0) € By : |t —y| < e} C O,. Observe
that the closure U, of the set U, in B contains all points b € B such that
min{|z —b_|,|z — by |} <e. Then O, :={y € Q+V3Q: |z —y| < e} is
a neighborhood of z in Q 4+ v/3Q such that

|0, NDy| <|U.,ND|<|0,ND|<1. O

For two sets U,V C Q + v/3Q let
UoV:i={2€B:2. CUUV, 2. NU#D AV N2y}
Any disjoint cover U of Q + v/3Q induces the disjoint cover
U ={U-V: UV elU}

of the Bing space B. If the cover U consists of order-convex sets, then U°
consists of subsets of B resembling “rombes” and “triangles” with baseline
on Bo.

Any (bijective) function ¢ : U — V between disjoint covers U,V of
Q + v/3Q induces a (bijective) function ¢° : U® — V° assigning to each
set U oV € U® the set p(U) o p(V).

Now we are ready to present the proof of Theorem 1. Fix any bijection
fo : Ag — By between two #-discrete subsets Ay and By of the Bing space
B.

Let

AZ: {a € Ao\BO : fo(a) G]BQ}, B: {bE Bo\BO : f(;l(b) EB()}
and

A:={aeAyNBy: fo(a) ¢ By}, B={be ByNBy:f ' (b) & By}.

It is clear fo(A) = B and fo(A) = B.
Let € be a positive real number and A’, B’ be 6-discrete sets in B such
that Ag C A’ and By C B'.
A cover U of Q ++/3Q is called (A’, B'; )-admissible if
(1) U is disjoint and consists of closed-and-open subsets of Q + V3Q;
(2) for each z € AUB there are two disjoint order-convex sets U_ and
U, of diameter < ¢ in Q++/3Q such that U_N (A, UB}) = {z_},
UrnN(ALUBL) ={z24},and U_ UU; =U(2-) =U(24);
(3) if aset U € U is disjoint with A4 U By, then U is order-convex,
has diameter < e, and |[UN (AL UBL)| < 1.

Claim 3. Any open cover U of Q +/3Q can be refined by an (A’, B';¢)-
admissible cover A of Q 4+ v/3Q.
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Proof. By Claim 2, the sets A, and B/, are closed and discrete in Q +
V/3Q. Since the set D = AL U B/, is closed and discrete in Q + v/3Q,
for every € Q + v/3Q we can find a neighborhood O, C Q + v/3Q of
x such that O, is contained in some set U € U, has diameter < ¢, and
|0, N D| < 1. By Claim 1, the cover {O, : € Q + v/3Q} can be refined
by a disjoint open cover C consisting of order-convex subsets of Q + 1/3Q.
Since the cover C is disjoint and open, each set C' € C is closed-and-open
in Q++/3Q. Tt follows that each set C' € C has diameter < ¢ and contains
at most one point of the set D. Let C = {CecC:Cn(ALUBL) # 0}. For
every set C' € C find a (unique) point z € AU B such that CN{z_, 2, } #
f. Since |C N {z_,z.}| = 1, there exists a set C' € €\ {C} such that
CN{z_,z.} #0. Put C = CUC. It is easy to check that the cover

A=\ u{C:Ccel}
is (A’, B’; e)-admissible. O

Using Claim 3, choose an (A, By, 1)-admissible cover Uy of Q + v/3Q.
Choose a bijective map ¢q : Uy — Uy such that oo (Up(a—)) = U (fo(a)-)
and po(Up(at)) = Uo(fo(a)+) for any a € Ag. Then f(a) € ¢§(US(a)) for
each a € Ag.

Let = be any well-order of the countable set B such that for every z € B
the set {b € B : b < z} is finite. For a subset C C B by min C' we denote
the smallest element of the set C' in the well-ordered set (B, <).

By induction we shall construct:

e increasing sequences (A, )new and (Bp)new of f-discrete subsets
of B;
® sequences of points (an)neNy (a{n)nENv (bn)neNv (b{n)neN of B;
e a sequence of bijective functions (f, : A, = Bp)new,
e a sequence (U, )new of (A, Bp; 2~ ™)-admissible covers U,, of
Q+3Q,
e a sequence of bijective functions (p, : Uy, — Un)new,
such that for every n € N the following conditions are satisfied:
ap, =min(B\ A4,,_1);
bn € 51Uy _1(an)) \ Bn-1;
b, € By if and only if a, € By;
b, =min (B \ (Bn—1 U {bn}));
a% €B \ (An—l U {an});
a!, € By if and only if b/, € By;
by, € i1 Uy _1(ay,));
Ap, = An—1U{an, a,};
B, = Bn—1 U{b,, b };

—_
~—

AN AN AN N N S N S

© 00 ~J O U W N
NN AN A AN NN
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0) falApn—1 = fa-1, fn(an) = by, fn(a/n) = b;u

1) each set V € U,, is contained in some set U € U,,_1;

2) for every U € U,,—; the family {V € U,, : V C U} is infinite;

3) for every U € U1 and V € U, with V' C U we have ¢, (V) C
n-1(U);

(14) for every z € A,, we get fn(x) € ¢ (U (2)).

Assume that for some n € N and every k < n we have constructed 6-
discrete sets Ay, By, a bijective function fy : Ay, — By, an (A, By; 27%)-
admissible cover U, of Q++/3Q and a bijective function ¢y, : Uy, — U, that
satisfy the inductive conditions (1)—(14). Let a, be the point determined
by the condition (1).

If a,, € By, then a,, € Up—1((an)+) oUn—1((a,)+) and

n_1Un_1(an)) = en-1Un-1((an)+)) © Pn—1Un-1((an)+)).
It follows that the intersection ¢, (US_(an)) NBg is a non-empty open
set in By. Since By has no isolated points and the set BoN B,,_1 is discrete
in By, there exists an element b, € Bg N8 _ (US_1(an)) \ Bn-1.

If a, ¢ By, then the set @5 (US_1(an)) \ (Bo U B,—_1) is infinite and
hence contains a point b,,.

Let b/, be the point determined by the condition (5). By analogy with
the choice of the point b,, choose a point a!, satisfying the conditions
(6), (7). Define the sets A,, and B, using the conditions (8), (9) and
the bijective map f, : A, — B, using the condition (10). The set A,
is f-discrete, being the union of the #-discrete set A,,—; and the finite
(and hence -discrete) set {a,,al,}. By analogy we can show that the set
B, = B,,—1 U {by,, b} is 6-discrete.

Applying Claim 3, choose an (A,, Byp;2~™)-admissible cover U,, of
Q + /3Q satisfying the conditions (11) and (12).

Now we define a bijective map ¢, : U,, — U,, satisfying the conditions
(13) and (14). Write the sets A,, and B, as A, = AU AU A, UA, and
B, :BUBUBRUBTL where

The definition of the sets A, A, B and B and the inductive conditions
(3,6,10) ensure that

fu(A) =B, fu(A) =B, fu(A,) =B, fu(A,) =B,.
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In the cover U,, consider the subfamilies:

Vo={UclU,:FacA(ax CcU)}, W,={UcU,:Tbe B (bs CU)},
Va={U€clU,:3ae€A(ax cU)}, W,={U€clU,:3be B (by CcU)},
Vo={UelU,:3ac A, (azcU)}, W, ={UclU,:3be B, (b-C U)};
Vo={UclU,:3ac A, (a_cU)}, W, ={Uecl,:3be B, (b_cU)};
Vi={UelU,:Fae A, (apcU)}, WH={UeclU, :Tbe B, (byecl)}

The (An, By,;27")-admissibility of the cover U, ensures that the families
Vn, Vn, Vn, V V are pairwise disjoint. By the same reason, the families
VVm VVm VVm Wn 7VV are pairwise disjoint. Let

Vo i=U, \ Vo UV, UV, UV, UVT) and
Wi i=U, \ W, UW, UW, UWT UWT).

The (A,_1,Bn_1,2" 1)-admissibility of the cover i, ; implies that
every set U € U,,_; has finite intersection with the set (A,, U B,,)+, which
implies that the family U, [U] = {V € Uy, : V' C U} has finite intersection
with the families V,, UV, UV, UV, UV and W, UW, UW, UW, UWi.
Combining this fact with the inductive condition (12), we conclude that
the families U, [U] N V,, and U,[U] N W, are infinite. Then we can define
a bijective function ¢,, : U,, — U,, satisfying the following conditions:

(a) for any U € U1 we have ¢, (Up[U]NVy) = Un[pn—1(U)] N W, ;
(b) for any U € V), there exists a unique a € A with a+ C U and then
©n(U) is the unique set in W, containing the point fo(a) € BNBy;
(c) for any U € V, there exists a unique a € A with a € U and then
¢n(U) is the unique set in W, containing the doubleton fo(a)4;
(d) for any U € V, there exists a unique a € A, with a € U and then
on(U) is the unique set in W, containing the point f,(a) € By;
(e) for any U € V; there exists a unique a € A, with a_ € U and
then ¢, (U) is the unique set in W, containing the point f,(a)-;
(f) for any U € Vi there exists a unique a € A, with ay € U and
then ¢, (U) is the unique set in W, containing the point f, (a)..

Such choice of the bijection ¢, ensures that it satisfies the inductive
conditions (13) and (14). This completes the inductive step.

After completing the inductive construction, observe that the condi-
tions (1) and (4) of the inductive construction imply that B = |, ., 4n
Unew Bn- Next, consider the bijective map f : B — B deﬁned by
flAn = fn for all n € w and observe that flAy = fo. Using the
(A, By, 27 ™)-admissibility of the covers U,, and the conditions (1)—(14),
it can be shown that the map f is a homeomorphism.
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