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ABSTRACT. In this paper we discuss the notion of completeness of
a topologized poset and survey some recent results on closedness
properties of complete topologized semilattices.

1. INTRODUCTION

In this paper we discuss a notion of completeness for topologized posets
and semilattices.

By a poset we understand a set X endowed with a partial order <. A
topologized poset is a poset endowed with a topology.

A topologized poset X is defined to be complete if each nonempty chain
C'in X has inf C € C and sup C' € C, where C stands for the closure of C
in X. More details on this definition can be found in Section 2, where we
prove that complete topologized posets can be equivalently defined using
directed sets instead of chains. In Section 3 we obtain some results on the
preservation of competeness by operations over topologized posets.

In Section 4 we study the interplay between complete and chain-compact
topologized posets and in Section 5 we study complete topologized semi-
lattices. In Section 6 we survey some known results on the absolute closed-
ness of complete semitopological semilattices and in Section 7 we survey
recent results on the closedness of the partial order in (complete) semi-
topological semilattices.
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2. THE COMPLETENESS OF TOPOLOGIZED POSETS

In this section we define the notion of a complete topologized poset,
which is a topological counterpart of the standard notion of a complete
poset, see [17]. First we recall some concepts and notations from the
theory of partially ordered sets.

A subset C of a poset (X, <) is called a chain if any two points z,y € X
are comparable in the partial order of X. This can be written as y € Jx
where

txi={yeC:x<y}, le:={yeC:y<z}, and Jz:= (tz)U (lz).

A poset X is called linear if X is a chain in X.

A subset D of a poset (X, <) is called up-directed (resp. down-directed)
if for any elements x,y € D there exists an element z € D such that z < z
and y < z (resp. 2z < x and z < y). It is clear that each chain is both
up-directed and down-directed.

A poset X is defined to be

o up-complete if any nonempty up-directed set D C X has sup D in
X

e down-complete if any nonempty down-directed set D C X has
inf D in X;

e complete if X is up-complete and down-complete;

e a complete lattice if any nonempty subset A C X has sup A and

infAin X.

In the following definition we introduce topological counterparts of
these notions.

Definition 2.1. Let s be a cardinal. A topologized poset X is defined
to be

o up-complete (resp. Tr-complete) if each nonempty up-directed set
D C X (of cardinality |D| < k) has sup D € D in X;

e down-complete (resp. |k-complete) if each nonempty down-directed
set D C X (of cardinality |D| < ) has inf D € D in X;

o complete (resp. Jr-complete) if X is up-complete and down-
complete (resp. Tk-complete and |k-complete).

Observe that a poset X is up-complete (resp. down-complete) if it is
up-complete (resp. down-complete) as a topologized poset endowed with
the anti-discrete topology {0, X'}. On the other hand, a poset X endowed
with the discrete topology is complete if and only if X is chain-finite in
the sense that each chain in X is finite.
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Now we show that up-complete and down-complete topologized
posets can be equivalently defined using chains instead of up-directed
and down-directed subsets. The following lemma is a topologized version
of Iwamura’s Lemma [15] (cf. [12], [20]).

Lemma 2.2. Let k be an infinite cardinal. A topologized poset X is Tr-
complete if and only if any nonempty chain C' C X of cardinality |C| < &
has sup C € C.

Proof. The “only if” part is trivial as each chain is an up-directed subset
in X. The “if” part will be proved by transfinite induction.

First we prove the lemma for the cardinal w. Assume that each count-
able chain C C X has supC € C. To prove that X is fw-complete,
take any nonempty countable up-directed subset D = {z,, }necw in X. Put
Yo := xo and for every n € N choose an element y,, € D such that y,, > =,
and y, > y,—1 (such an element y,, exists as D is up-directed).

By our assumption, the chain C' := {y, }ne, has supC € C C D. We
claim that sup C is the least upper bound for the set D. Indeed, for any
n € w we get x, <y, < supC and hence sup C' is an upper bound for the
set D. On the other hand, each upper bound b for D is an upper bound
for C and hence sup C < b. Therefore sup D =supC € C C D.

Now assume that for some uncountable cardinal k we have proved that
each up-directed set D of cardinality |D| < x in X has sup D € D if each
nonempty chain C C X of cardinality |C| < » has supC € C. Assume
that each chain C' C X of cardinality |C| < & has supC € C. To prove
that the topologized poset X is a Tk-complete, fix any up-directed subset
D C X of cardinality |D| < k.

Since D is up-directed, there exists a function f : D x D — D assigning
to any pair (x,y) € X x X a point f(x,y) € D such that z < f(z,y) and
y < f(z,y). Given any subset A C D, consider the increasing sequence
(Ap)new of subsets of A, defined by the recursive formula Ay := A and
Apy1 = Ap U f(A, x Ay) for n € w. Finally, let (A4) := |, ¢, An and
observe that (A) is an up-directed subset of D. By induction it can be
proved that |A,| < max{w,|A|} for every n € w, and hence [(A)| <
max{w, |A|}. Moreover, it can be also shown that for any subsets A C B
of D we have (A) C (B).

Write the set D as D = {2 }ack. Forevery 8 € klet Dg := ({za}a<p)
and observe that Dg C D is an up-directed set of cardinality |Dg| <
max{w,|B|} < k. By the inductive assumption, the up-directed set Dpg
has supDg € Dy C D. For any ordinals @ < 3 in s the inclusion
D, C Dg implies that sup D, < sup Dg. By our assumption, the chain
C:={supDy:a € r} CDhassupC € C C D. It remains to observe
that supC = sup D. O
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Corollary 2.3. A topologized poset X is up-complete if and only if any
nonempty chain C C X has supC € C in X.

Since a poset is up-complete if and only if it is up-complete as a topol-
ogized poset with the anti-discrete topology, Corollary 2.3 implies the
following known characterization of up-complete posets, see [15], [12],
[20].

Corollary 2.4. A poset X is up-complete if and only if any nonempty
chain C C X has supC in X.

We shall say that an up-directed set D in a topologized poset X up-
converges to a point x € X if for each neighborhood U, C X of x there
exists d € D such that D N{d C U,.

Lemma 2.5. Let k be an infinite cardinal. If a topologized poset X is
Tk-complete, then each up-directed set D C X of cardinality |D| < k
up-converges to its sup D.

Proof. To derive a contradiction, assume that some up-directed set D C
X of cardinality |D| < x does not converge to sup D. Then there exists
an open neighborhood U C X of sup D such that for every d € D the
set DN fd\ U is not empty. Then the set E := D\ U is directed and
cofinal in D. To see that E is directed, take any points z,y € F C D and
find a point z € D with £ < z and y < z. Since E is cofinal in D, there
exists e € F such that z < e. Then x < e and y < e by the transitivity
of the partial order. By the up-completeness of X, the directed set E
has sup E € E. The inclusion E C D implies that sup £ < sup D and
the cofinality of F in D that sup F = sup D. Taking into account that
ENU = 0, we obtain a contradiction: supD = supE € ENU = 0,
completing the proof. O

We shall say that a down-directed set D in a topologized poset X
down-converges to a point x € X if for each neighborhood U, C X of z
there exists d € D such that DN |d C U,.

Applying Lemmas 2.2, 2.5 to the opposite partial order on a topologized
poset, we obtain the following dual versions of these lemmas.

Lemma 2.6. Let k be an infinite cardinal. A topologized poset X is | k-
complete if and only if any nonempty chain C' C X of cardinality |C| < k
has inf C € C.

Lemma 2.7. Let k be an infinite cardinal. If a topologized poset X is
lk-complete, then each down-directed set D C X of cardinality |D| < k
down-converges to its inf D.

Lemma 2.6 implies the following two characterizations.
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Corollary 2.8. A topologized poset X is down-complete if and only if
any nonempty chain C C X has infC € C in X.

Corollary 2.9. A poset X is down-complete if and only if any nonempty
chain C C X has inf C in X.

Unifying Corollaries 2.3 and 2.8 we obtain the following useful charac-
terization of completeness of topologized posets.

Theorem 2.10. A topologized poset X is complete if and only if each
nonempty chain C C X has supC € C and inf C € C.

Since a poset is complete if and only if it is complete as a topologized
poset with the anti-discrete topology, Corollary 2.10 implies the following
(known) characterization of complete posets.

Theorem 2.11. A poset X is complete if and only if each nonempty
chain C C X has supC and inf C in X.

3. PRESERVING THE COMPLETENESS BY TYCHONOFF
PRODUCTS OF TOPOLOGIZED POSETS

Now we prove that the completeness of topologized posets is preserved
by Tychonoff products. On the Tychonoff product J], .4 Xo of topolo-
gized posets (X, <,) we consider the pointwise partial order < defined
by (Za)aeca < (Ya)aca iff 4 <4 yo for each a € A.

Theorem 3.1. Let k be an infinite cardinal. The Tychonoff product
X = [loca Xa of Th-complete topologized posets Xo, o € A, is an Tk-
complete topologized poset.

Proof. By Lemma 2.2, the Tx-completeness of X will follow as soon as
we prove that each nonempty chain C' C X of cardinality |C| < k has
supC € C. For every a € A let pr, : X — X, denote the coordinate
projection. Since the projection pr,, is monotone, the image C,, := pr, (C)
of the chain C is a chain in X, of cardinality |C,| < |C| < k. By the Tk~
completeness of the topologized poset X, the chain C,, has sup C, € C,.

Consider the elements ¢ := (supCy)aca € X. It is clear that c is an
upper bound for C. We claim that ¢ = supC. Indeed, given any other
upper bound b = (by)aeca € X of C, we have supC, < b, for all a € A
and hence ¢ < b. So, ¢ =supC.

It remains to show that ¢ € C. Assuming that ¢ ¢ C, we could find
an open neighborhood O. C X such that O. N C = (. Replacing O,
by a smaller neighborhood, we can assume that O, is of the basic form
Oc =[], e4 Ua, where the set F' = {a € A: Uy # Xo} is finite. For every
« € F the set U, is a neighborhood of sup C,,. Applying Lemma 2.5, find
a point u, € C, such that C, N Tus C U,. Since u, € Cy = pr,(C),
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there exists an element v, € C such that pr,(v,) = ua. Since C is
a chain, the finite set {vy, : @ € F} has a largest element v. For this
element we have pr,(v) € Cy NTuy C U, for all @ € F. Consequently,
v € C'NO,, which contradicts the choice of the neighborhood O.. O

Applying Theorem 3.1 to the opposite order on a topologized poset,
we get the following dual version of Theorem 3.1.

Theorem 3.2. Let k be an infinite cardinal. The Tychonoff product
X = [laca Xa of Lr-complete topologized posets X, a € A, is a |k-
complete topologized poset.

Theorems 3.1 and 3.2 imply:

Theorem 3.3. Let k be an infinite cardinal. The Tychonoff product
X = [loca Xa of Tr-complete topologized posets Xo, o € A, is an Jk-
complete topologized poset.

Let us also note the following obvious preservation property of complete
topologized posets.

Proposition 3.4. If a topologized poset X is complete (resp. up-complete,
down-complete), then so is each closed topologized subposet in X .

4. INTERPLAY BETWEEN COMPLETENESS AND
CHAIN-COMPACTNESS

In this section we establish the relation between the completeness and
chain-compactness of topologized posets.

A topologized poset is defined to be chain-compact if each closed chain
in X is compact.

Lemma 4.1. FEach complete topologized poset X is chain-compact.

Proof. Given a nonempty closed chain C' in a complete topologized poset
X, we shall prove that C' is compact. Given any open cover U of C, we
should find a finite subfamily ¢’ C U such that C' C |[JU’'. By the down-
completeness of X, the closed chain C has inf C € C = C, which means
that ¢ := inf C is the smallest element of C. Consider the set A C C
consisting of points a € C such that the closed interval [c,a] := {2z € C':
¢ < x < a} can be covered by a finite subfamily of the cover U. The set
A contains the point ¢ and hence is not empty. By the up-completeness
of X, the set A hassupAd e AcC.

We claim that the point b := sup A belongs to A. To derive a con-
tradiction, assume that b ¢ A. Choose any open set U, € U containing
the point b := sup A C C. By Lemma 2.5, the chain A contains a point
a € A such that AN ta C Uy. Taking into account that for any x € A
the interval [c,z] C C is contained in A, we see that AN ta = [a,b] \ {b}.
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Then [a,b] = (AN *ta)U{b} C Uy. Now the definition of the set A 3 a
yields a finite subfamily V C U such that [¢,a] C |JV. Then for the finite
subfamily &’ =V U {U,} of U we have [c,b] = [c,a] U [a,b] C JU’, which
means that b € A.

To complete the proof, it suffices to show that C C |[JU'. Assuming
that the (closed) set E := C'\ [JU' is not empty, we can apply the com-
pleteness of X and find inf E € E = E. Choose any open set U, € U
containing the point e := inf F and observe that U’ U{U.} is a finite sub-
family covering the set [c, €], which means that e € A. On the other hand,
the (non)inclusion [¢,b] C |JU' # e implies that b < e, which contradicts
the equality b = sup A. a

Lemma 4.1 can be reversed for 1]-closed topologized posets. We define
a topologized poset X to be

e T-closed if the upper set Tz of any point x € X is closed in X;

e |-closed if the lower set |z of any point z € X is closed in X;

e [I-closed if it is 1-closed and |-closed;

o J-closed if for any point z € X the set Jx := Tz U ]z is closed in
X

e a pospace if the partial order < is a closed subset of X x X;
e chain-closed if the closure of each chain in X is a chain.

For topologized posets we have the following implications:
pospace = f|-closed = J-closed = chain-closed.

The last implication is not entirely trivial and is proved in the following
lemma.

Lemma 4.2. Each J-closed topologized poset is chain-closed.

Proof. Given a chain C' C X, we should prove that its closure C' in X is
a chain. Assuming that C contains two incomparable elements x and v,
observe that V, := X \ Jy is an open neighborhood of x. Since = € C,
there exists an element z € C'NV,. It follows from z ¢ Jy that V, =
X \Jz C X\ C is an open neighborhood of y, disjoint with C, which is
not possible as y € C. |

Theorem 4.3. An f]-closed topologized poset X is complete if and only
if it is chain-compact.

Proof. The “only if” part follows from Lemma 4.1. To prove the “if”
part, assume that an {}-closed topologized poset X in chain-compact. To
prove that X is complete, take any nonempty chain C'. By Lemma 4.2,
the closure C of C' is a chain in X. By the chain-compactness of X, the
closed chain C' is compact. By the compactness of C, the centered family
F={Cnlx:x e C} of closed subsets of C has nonempty intersection,
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which is a singleton, containing the smallest element s of the compact
chain C. It is clear that s is a lower bound for the set C. On the other
hand, for any other lower bound b for the set C', we get C' C 1b and hence
s € C C1h=1band finally, b < s. So, s = inf C.

By analogy we can prove that the compact chain C has the greatest
element which coincides with sup C. |

Example 4.4. There exists a Hausdorff compact topologized poset which
is not complete.

Proof. Pick any distinct points a,b ¢ w and consider the space X =
wU{a, b} endowed with the topology 7 consisting of sets U C X satisfying
the following conditions:

e if a € U, then {2n :n >k} C U for some k € w;

e if be U, then {2n+1:n >k} CU for some k € w.

Endow X with the partial order
<x:=(wx{a,b})U{(a,a),(b,b)} U{(n,m):n <m}

that extends the standard well-order on w. Observe that a and b are
incomparable upper bounds of the set w, which implies that the chain w
has no supremum in X. Consequently, the topologized poset X is not
complete. O

Remark 4.5. Example 4.3 shows that the 1]-closedness is essential in
Theorem 4.3.

5. COMPLETE TOPOLOGIZED SEMILATTICES

In this section we study the notion of completeness in the framework
of topologized semilattices.

By a semilattice we understand a commutative semigroup X of idem-
potents (the latter means that za = « for all € X). Each semilattice X
carries a natural partial order < defined by x < y iff zy = x. So, we can
consider a semilattice X as a poset such that each nonempty finite subset
A={ay,...,ap,} C X hasinfA=a;y---ay,.

By a topologized semilattice we understand a semilattice endowed with
a topology. A topologized semilattice X is called a (semi)topological semi-
lattice if the semilattice operation X x X — X, (z,y) — xy = inf{x,y},
is (separately) continuous.

A topologized semilattice is complete (resp. up-complete, down-comple-
te) if it is complete (resp. up-complete, down-complete) as a topologized
poset endowed with the natural order, induced by the semilattice oper-
ation. By Theorem 2.10, a topologized semilattice X is complete if and

only if each nonempty chain C C X has infC' € C and supC € C.
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Observe that a discrete topological semilattice is complete if and only if
it is chain-finite in the sense that each chain in X is finite.

The completeness of topologized semilattices is preserved by many op-
erations. The following two propositions are partial cases of Proposi-
tion 3.4 and Theorem 3.3.

Proposition 5.1. Let X be a closed subsemilattice of a topologized semi-
lattice Y. If Y is complete (resp. up-complete, down-complete), then so
is the topologized semilattice X .

Proposition 5.2. If topologized semilattices X, o € A, are complete
(resp. up-complete, down-complete), then so is their Tychonoff product

HaeA XO‘ :

A topologized poset X is defined to be weakly T-closed if for every
z € X we have {z} C ta. It is easy to see that a topologized poset is
weakly T-closed if it is 1-closed or satisfies the separation axiom T7.

Lemma 5.3. Let k be an infinite cardinal. Leth : X — Y be a continuous
surjective homomorphism from a topologized semilattice X to a weakly 71-
closed topologized semilattice Y. If the topologized semilattice X is down-
complete (and Trk-complete), then so is the topologized semilattice Y.

Proof. Assume that the topologized semilattice X is down-complete (and
Tk-complete). By Corollary 2.8 (and Lemma 2.2), the down-completeness
(and tr-completeness) of X will follow as soon as we show that each
nonempty chain C' C X (of cardinality |C| < &) has infC € C (and
supC € O).

Observe that for every ¢ € C the preimage h~!(c) is a subsemilattice
in X and hence is a down-directed set in X. By the down-completeness
of X, it has inf h=1(c) € h=1(c). Let b, := inf h=!(c). By the continuity
of h and the weak T-closedness of Y,

h(be) € h(h=1(c)) € h(h=1(c)) = {c} C te

and hence ¢ < h(b.). On the other hand, for any = € h=!(c), we get
b. < x and hence h(b.) < h(x) = ¢ and finally

h(be) = c.

Let us show that b, = inf h=1(1¢). Indeed, for any € h=1(fc) we have
h(z-b.) = h(z)-h(b.) = h(z)-c=cand hence b, < x-b. < x. So, b. is a
lower bound for the set h=1(1c). On the other hand, any lower bound b
of the set h=1(1¢) is a lower bound of the set h=!(c) C h~1(fc) and hence
b < b., which means that b, = inf h=1(1c).
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For every elements z < y in C the inclusion h~'(1y) C h™'(1z)
implies b, = infh~'(tz) < infh~'(ty) = b,. So the set D = {b. :
¢ € C} is a chain (of cardinality < k). By the down-completeness (and
tr-completeness) of X the chain D has inf D € D (and supD € D).
The continuity of h implies that f(inf D) € f(D) C f(D) = C (and
f(sup D) € f(D) € F(D) = ©).

It remains to prove that f(inf D) = inf C (and f(sup D) = sup C). The
monotonicity of f implies that f(inf D) is a lower bound (and f(sup D)
is an upper bound) for f(D) = C. For any lower bound A of C, we get
C Cthand D C h=1(C) C h=Y(tA). Then by = inf h=1(t)\) < inf D
and A = h(by) < h(inf D), which means that h(inf D) = inf C. (For any
upper bound w of C' and any ¢ € C the inequality ¢ < u implies b, < b,,.
So, by is an upper bound of the chain D = {b. : ¢ € C'}. Then sup D < b,
and h(sup D) < h(b,) = w by the monotonicity of h, witnessing that
h(sup D) = sup C). O

Finally, we discuss the relation of the completeness of a topologized
semilattice X to the compactness of the the weak® topology W%, which
is generated by the subbase consisting of complements to closed subsemi-
lattices in X. A topologized semilattice X is called W*-compact if its
weak® topology W% is compact. The weak®-topology was introduced and
studied in [5]. According to Lemmas 5.4, 5.5 of [5], for any topologized
semilattice we have the implications:

complete = W?*-compact = chain-compact.

These implications combined with Theorem 4.3 yield the following char-
acterization.

Theorem 5.4. For an 1]-closed topologized semilattice X the following
conditions are equivalent:

(1) X is complete;

(2) X is WS -compact;

(3) X is chain-compact.

6. ABSOLUTE CLOSEDNESS OF COMPLETE TOPOLOGIZED
SEMILATTICES

Quite often the notion of completeness is connected with the absolute
closedness, understood in an appropriate sense, see e.g. [1], [3], [10],
[11], [14], [18], [19], [21]. For example, a metric space X is complete if
and only if it is closed in each metric space Y, containing X as a metric
subspace. A uniform space X is complete if and only if X is closed in each
uniform space, containing X as a uniform subspace. A topological group
X is complete in its two-sided uniformity if and only if X is closed in
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any topological group, containing X as a topological subgroup. A similar
phenomenon happens in the category of (semi)topological semilattices.

Historically the first result in this direction belongs to J.W. Stepp
[22], [23] who proved that any chain-finite semilattice X is closed in each
Hausdorff topological semilattice, containing X as a subsemilattice. This
result of Stepp was improved to the following characterizations, which can
be found in [2].

Theorem 6.1. A discrete topological semilattice X is chain-finite if and
only if X is closed in any Hausdorff zero-dimensional topological semilat-
tice Y containing X as a subsemilattice.

Theorem 6.2. A Hausdorff topological semilattice X is complete if and
only if each closed subsemilattice Z of X is closed in any Hausdorff topo-
logical semilattice containing Z as a topological subsemilattice.

The “only if” parts of these characterizations are partial cases of the
following theorems on closedness of (chain-finite) complete topologized
semilattices under continuous homomorphisms.

Theorem 6.3. For any homomorphism h : X — 'Y from a chain-finite
semilattice X to a Hausdorff semitopological semilattice Y, the image
h(X) is closed in Y.

Theorem 6.4. For any continuous homomorphism h : X — 'Y from a
complete topologized semilattice X to a Hausdorff topological semilattice
Y, the image h(X) is closed in Y.

In fact, Theorems 6.3 and 6.4 are corollaries of more general results re-
lated to upper semicontinuous multimorphisms between topologized semi-
lattices.

A multi-valued map ® : X — Y between sets X,Y is a function as-
signing to each point x € X a subset ®(x) of Y. For a subset A C X we
put ®(A) :=J,c4 ®(z). A multi-valued map ® : X — Y between semi-
groups is called a multimorphism if ®(z) - ®(y) C ®(xy) for any =,y € X.
Here ®(x) - ®(y) := {ab:a € ®(x), b€ D(y)}.

A multi-valued map ® : X — Y between topological spaces is called up-
per semicontinuous if for any closed subset F' C Y the preimage ®~1(F) :=
{reX:®(x)NF #0}is closed in X.

A subset F' of a topological space X is called 8-closed if each point
x € X \ F has a closed neighborhood, disjoint with F'.

The following two theorems (implying Theorems 6.3 and 6.4) are proved
in [2].

Theorem 6.5. Let X be a chain-finite semilattice, Y a semitopological
semilattice and ® : X — Y a multimorphism such that ®(z) is a closed
subset of Y for any x € X. Then the image ®(X) is closed in Y.
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Theorem 6.6. Let X be a complete topologized semilattice, Y a topologi-
cal semilattice and ® : X — Y an upper semi-continuous multimorphism
such that ®(x) is a O-closed subset of Y for any x € X. Then the image
D(X) is O-closed in Y.

Theorems 6.3 and 6.4 motivate the following problem.

Problem 6.7. Let h : X — Y be a continuous homomorphism from a
complete topologized semilattice X to a Hausdorfl semitopological semi-
lattice Y. Is the set h(X) closed in Y7

Problem 6.7 has affirmative answer for homomorphisms to sequential
semitopological semilattices.

We recall that a topological space X is sequential if each sequentially
closed subset in X is closed. A subset A of a topological space X is
called sequentially closed if A contains the limit points of all sequences
{an}new C A that converge in X.

A topological space X is countably tight if for any subset A C X and
point a € A there exists a countable subset B C A such that a € B. It is
well-known [16, 1.7.13(c)| that each subspace of a sequential topological
space is countably tight. The following (non-trivial) results were proved
in [4].

Theorem 6.8. For any continuous homomorphism h : X — Y from a
countably tight complete topologized semilattice X to a Hausdorff semi-
topological semilattice Y, the image h(X) is sequentially closed in'Y.

Corollary 6.9. For any continuous homomorphism h : X =Y from a
complete topologized semilattice X to a sequential Hausdorff semitopolog-
ical semilattice Y, the image h(X) is closed in'Y .

Also Problem 6.7 has an affirmative answer for semitopological semi-
lattices satisfying the separation axiom Ths (which is stronger than the
Hausdorft axiom T, but weaker than axiom Tg% of the functional Haus-
dorflness).

Let us recall that a topological space X satisfies the separation axiom

e T if for any distinct points x,y € X there exists an open set
U C X such that x € U C X \ {y};

e Ty if for any distinct points z,y € X there exists an open set
UC X suchthat s €U CUC X\ {y};

e T35 if X is a Ti-space and for any open set V' C X and point z € V
there exists an open set U C X such that t e U CU C V;

) T3% if X is a Ti-space and for any open set V' C X and point
x € V there exists a continuous function f: X — [0, 1] such that
z € f71([0,1)) € V;
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e Ths if X is a Ty-space and for any open set V' C X and point
x € V there exists a countable family U of closed neighborhoods
of z in X such that U C V;

o T, foric {1,2,24, 3,3%} if X admits a bijective continuous map
X — Y toa T;-space Y.

Topological spaces satisfying a separation axiom T; are called T;-spaces.
The separation axioms Ths and Ths were introduced in [7].

The following diagram describes the implications between the separa-
tion axioms 7; and 7} for i € {1,2,26,3,35}.

Ty Ty Tys T, T,
_’3% Ty Tos T Ty

Observe that a topological space X satisfies the separation axiom T3 1 if

and only if it is functionally Hausdorff in the sense that for any distinct

points z,y € X there exists a continuous function f : X — R with

f(x) # f(y). Therefore, each functionally Hausdorff space is a Ths-space.

An example of a Hausdorff space which is not Ths was constructed in [7].
The following (non-trivial) result was proved in [7].

Theorem 6.10. For any continuous homomorphism h : X — Y from a
complete topologized semilattice to a semitopological semilattice Y satis-
fying the separation axiom Tas, the image h(X) is closed in Y.

In [6] it was proved that the answer to Problem 6.7 is affirmative for
homomorphisms into w-Lawson semitopological semilattices.

A topologized semilattice is called Lawson (see [13, p.12]) it has a base
of the topology consisting of open subsemilattices.

For a Hausdorff topologized semilattice X its Lawson number A(X) is
defined as the smallest cardinal x such that for any distinct points x,y
in X there exists a family U of closed neighborhoods of z in X such that
|U| < k and (U is a closed subsemilattice of X which does not contain
y. It is easy to see that A(X) < (X), where 1)(X) is the smallest
cardinal k such that for any point = € X there exists a family i of closed
neighborhoods of x in X such that [U| < k and U = {z}.

A topologized semilattice X is called x-Lawson for some cardinal
if it is Hausdorff and A(X) < k. The Lawson number of a Hausdorff
topologized semilattice was introduced and studied in [6].
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By [6], each Hausdorff Lawson semitopological semilattice is 1-Lawson.
Moreover, a compact Hausdorff semitopological semilattice X is Lawson
if and only if it is 1-Lawson. Each Hausdorff topological semilattice X is
w-Lawson. Each Hausdorff linear topologized semilattice is Lawson and
1-Lawson. The following (non-trivial) example was constructed in [6].

Example 6.11. For any infinite cardinal A there exists a Hausdorft zero-
dimensional semitopological semilattice X such that |X| = X and A(X) =

BIX) = cf(N).

Our next example is a “semilattice” modification of Example 1 [7] of
a Hausdorfl topological space that does not satisfy the separation axiom
Tos.
Example 6.12. There exists a Lawson Hausdorff topological semilattice
that does not satisfy the separation axiom f25.

Proof. Consider the set L = {zq }a<w, U {2} U {Ya}ta<w, of pairwise dis-
tinct points endowed with the linear order in which z, < g < z < yg <
Yo for any ordinals o < § < wy. Let L := L\ {Zw,, Yw, }- On the set

X = (L x [0,w1)) U ({Zuwys Yoy } ¥ {w1})

consider the semilattice operation

(min{z, y}, min{e, B}) if o, 8 < wa;

_J (min{z, 2}, a), ifa<w =48;
0 WP =1 (wingz, 1, 6), if B < wy =
(min{x, y}, w1), ifa=w =4.

Endow X with the topology 7 consisting of all sets U C X satisfying the
following three conditions:
o if (z,a) € U for some o € [0,w1), then {(z,,a), (yy,a) : v €
[B,w1)} C U for some € [0,w1);
o if (z,,,w1) € U, then {(z5,7) : 8,7 € [o,w1)} C U for some
a € [0,wr);
o if (Yo, ,w1) € U, then {(yg,7) : 8,7 € [a,w1)} C U for some
o€ [O,wl).
It can be shown that (X, 7) is a Lawson (and hence 1-Lawson) Hausdorff

topological semilattice, which does not satisfy the separation axiom Ths.
O

The following partial answer to Problem 6.7 was obtained in [6].

Theorem 6.13. For any continuous homomorphism h : X —'Y from a
complete topologized semilattice X to an w-Lawson semitopological semi-
lattice Y, the image h(X) is closed in Y.
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Corollary 6.9 and Theorems 6.10, 6.13 imply the following partial an-
swer to Problem 6.7.

Corollary 6.14. For a continuous homomorphism h : X — Y from a
complete topologized semilattice X to a Hausdorff semitopological semi-
lattice Y, the image h(X) is closed in'Y if one of the following conditions
is satisfied:

(1) Y is a topological semilattice;

(2) the topologized semilattice Y is w-Lawson;

(3) the topological space Y is sequential;

(4) the topological space Y satisfies the separation axiom ng;

(5) the topological space Y is functionally Hausdorff.

Comparing Theorems 6.10 and 6.6 we can ask the following problem.

Problem 6.15. Let & : X —o Y be an upper semi-continuous multimor-
phism from a complete topologized semilattice X to a semitopological
semilattice Y such that for any z € X, ®(x) is f-closed in ¥ and Y is
w-Lawson or satisfies the separation axiom Ths. Is the image ®(X) closed
inY?

Problem 6.16. Let X be a complete subsemilattice of a w;-Lawson semi-
topological semilattice Y. Is X closed in Y7

7. THE CLOSEDNESS OF THE PARTIAL ORDER IN HAUSDORFF
SEMITOPOLOGICAL SEMILATTICES

Observing that the partial order <x:= {(x,y) € X x X : zy = z} of
a Hausdorff topological semilattice X is a closed subset of X x X we can
ask the following problem, considered also in [4], [6] and [7].

Problem 7.1. Let X be a complete Hausdorff semitopological semilat-
tice. Is the partial order <x closed in X x X7

In this section we survey some results giving partial answers to Prob-
lem 7.1. The following theorem is proved in [4].

Theorem 7.2. Let X be a countably tight Hausdorff semitopological semi-
lattice. If X is Jw-complete and Twy-complete, then the partial order <x
of X s sequentially closed in X x X.

This theorem implies the following partial answer to Problem 7.1.

Corollary 7.3. Let X be a Hausdorff semitopological semilattice whose
square X x X 1is sequential. If X is Jw-complete and Twy-complete, then
the partial order <x 1is closed in X x X.

Another partial answer to Problem 7.1 was given in [7].
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Theorem 7.4. Let Y be a semitopological semilattice satisfying the sep-
aration azxiom Tas. For any complete subsemilattice X C 'Y the partial
order <x of X is closed inY xY.

A similar result holds for complete subsemilattices of w-Lawson semi-
topological semilattices, see [6].

Theorem 7.5. For any complete subsemilattice X of a w-Lawson semi-
topological semilattice Y, the partial order <x of X is closed inY xY.

A topologized semilattice X is called

o T-finite if for any = € X the upper set Tz is finite;

o |-finite if for any = € X the lower set |z is finite;

o well-founded if every nonempty subset A C X contains a minimal
element a € A (which means that x € a for any = € A\ {a});

o a U-semilattice if for any open set U C X and point « € U there
exists a point u € U whose upper set Tu contains x in its interior;

e a V-semilattice if for any point z € X and y € X \ |« there exists
a point z € X \ Jx whose upper set Tz contains the point y in its
interior.

Proposition 7.6. (1) FEach |-finite semilattice is well-founded.
(2) Each well-founded semitopological semilattice is a U-semilattice.
(3) Each V-semilattice is |-closed;
(4) A topologized U-semilattice is a V -semilattice if and only if it is
d-closed.
(5) Each semitopological V -semilattice is 1-Lawson.

Proof. 1. Assume that the semilattice X is |-finite. Given any nonempty
subset A C X, fix any point b € A and consider the finite set |b and its
nonempty subset AN |b. Being finite, this set contains a minimal element
a € AN b, which remains minimal in the set A, witnessing that A is
well-founded.

2. Assume that X is a well-founded semitopological semilattice. To
show that X is a U-semilattice, fix any open set U C X and point z € U.
Since X is well-founded, the nonempty set U N|z 3 x contains a minimal
element v € U N |x. Since ur = v € U and X is a semitopological
semilattice, the point x has a neighborhood O, C X such that vO, C U.
Observe that for any z € O, we have uz € UN|u C U N Jx. The
minimality of the element v in the set U N |z ensures that u < uz < z
and hence z € Tu and O, C Tu. Consequently, Tu contains z in its
interior, witnessing that X is a U-semilattice.
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3. Assume that X is a V-semilattice. To show that X is |-closed, we
need to check that for any € X the lower set | is closed in X. Since X
is a V-semilattice, for any y € X \ ]« there exists an element z € X \ |x
whose upper set 1z contains some neighborhood O, of y in X. It follows
that y € O, C 12 C X \ |z, witnessing that the set Jx in closed in X.

4. Assume that X is a |-closed U-semilattice. Then for any = € X
and y € X \ |z, the set W := X \ |« is an open neighborhood of y. Since
X is a U-semilattice, the set W contains an element z € X \ | whose
upper set 1z contains the point y in its interior, witnessing that X is a
V-semilattice.

5. Assume that X is a semitopological V-semilattice. To prove that
X is 1-Lawson, fix any distinct elements z,y € X. If = ¢ |y, then we can
find an element z € X \ |y whose upper set 1z contains z in its interior.
Then the closed subsemilattice 1z is a neighborhood of = that does not
contain y. If x € Jy, then y ¢ |x and we can find a point v € X \ |z
whose upper set Tv contains y in its interior. Since X is a semitopological
semilattice, the closure X \ fv of the subsemilattice X \ tv is a closed
subsemilattice in X, which is a neighborhood of = that does not contain
y. In both cases we have found a closed subsemilattice of X which is a
neighborhood of x that does not contain y. Therefore, the semitopological
semilattice X is 1-Lawson. O

Proposition 7.7. For any 1-closed topologized V -semilattice X, the par-
tial order <x of X is closed in X x X.

Proof. Given any pair (z,y) ¢ <x, we conclude that £ y and hence
x ¢ ly. Since X is a V-semilattice, there exists a point z € X \ |y such
that 1z contains z in its interior (12)°. Then U, := (12)° and U, = X \ 1z
are two open sets in X such that U, x U, is disjoint with P. So <x is
closed in X x X. O

Propositions 7.7 and 7.6 imply

Corollary 7.8. For a semitopological U-semilattice X the following con-
ditions are equivalent:

(1) the partial order <x of X is closed in X x X;
(2) X is Hausdorff;
(3) X is I-closed.

Proof. The implication (1) = (2) is well-known and its proof can be found
in [17, VI-1.4].

(2) = (3) If X is Hausdorft, then for any € X the sets |z = {y €
X :zy=y}and tz = {y € X : 2y = a} are closed by the continuity of
the shift s, : X — X, s, 1y — ay.
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(3) = (1) Assume that X is [f-closed. By Proposition 7.6(4), X is a
V-semilattice and by Proposition 7.7, the partial order <x in closed in
X x X. O

Corollary 7.8 and Proposition 7.6 imply the following corollaries.

Corollary 7.9. For any well-founded semitopological semilattice X the
following conditions are equivalent:

(1) the partial order <x of X is closed in X x X;
(2) X is Hausdorff;
(3) X is I-closed.

Corollary 7.10. For any |-finite semitopological semilattice X the fol-
lowing conditions are equivalent:

(1) the partial order <x of X is closed in X x X;
(2) X is Hausdorff;
(3) X is {-closed.

Corollary 7.3, Theorems 7.4, 7.5 and Proposition 7.7 imply the follow-
ing partial answer to Problem 7.1.

Corollary 7.11. For a complete semitopological semilattice X, its partial
order <x s closed in X x X if one of the following conditions is satisfied:

(1) X is a Hausdorff topological semilattice;

(2) the topologized semilattice X is w-Lawson;

(3) the topological space X x X is sequential and Hausdorff;
(4) the topological space X satisfies the separation axiom ng;
(5) the topological space X is functionally Hausdorff.

The following examples constructed in [8] and [9] show that the com-
pleteness of X in Corollary 7.11 is essential, and Corollary 7.10 has no
counterparts for T-finite semitopological semilattices.

Example 7.12 ([8]). There exists an {-finite metrizable semitopological
semilattice X whose partial order <x is a dense non-closed subset of
X x X.

Example 7.13 ([9]). There exists a 1-finite metrizable Lawson semitopo-
logical semilattice X whose partial order <x is not closed in X x X.

Corollary 7.11(2) motivates the following problem first posed in [6].

Problem 7.14. Is the partial order <x of an wi-Lawson complete semi-
topological semilattice X closed in X x X7



(1]
(2]

(3]
(4]
[5]
(6]
[7]

8

(9
[10]
[11]
[12]
113
[14]
[15]

[16]
[17]

18]
[19]
[20]
[21]

22]

COMPLETE TOPOLOGIZED POSETS AND SEMILATTICES 195

REFERENCES

T. Banakh, Categorically closed topological groups, Axioms 6(3) (2017), 23.

T. Banakh, S. Bardyla, Characterizing chain-finite and chain-compact topological
semilattices, Semigroup Forum 98 (2019), no. 2, 234-250.

_, Completeness and absolute H-closedness of topological semilattices,
Topology Appl. 260 (2019), 189-202.

, On images of complete subsemilattices in sequential semitopological semi-
lattices, Semigroup Forum 100 (2020), 662-670.

, The interplay between weak topologies on topological semilattices, Topol-
ogy Appl. 259 (2019), 134-154.

T. Banakh, S. Bardyla, O. Gutik, The Lawson number of a semitopological semi-
lattice, preprint (arXiv:1910.00436).

T. Banakh, S. Bardyla, A. Ravsky, The closedness of complete subsemilattices in

functionally Hausdorff semitopological semilattices, Topology Appl. 267 (2019)
106874.

, A metrizable semitopological semilattice with non-closed partial order,
Topological Algebra and its Applications 8 (2020), no. 1, 67-75.

, A metrizable Lawson semitopological semilattice with non-closed partial
order, preprint (arXiv:1909.04298).

S. Bardyla, O. Gutik, On H-complete topological semilattices, Mat. Stud., 38
(2012), no. 2, 118-123.

S. Bardyla, O. Gutik, A. Ravsky, H-closed quasitopological groups, Topology
Appl., 217 (2017), 51-58.

G. Bruns, A lemma on directed sets and chains, Arch. der Math., 18 (1967),
561-563.

J.H. Carruth, J.A. Hildebrant, R.J. Koch, The Theory of Topological Semigroups,
Vol. II, Marcel Dekker, Inc., New York and Basel, 1986.

D. Dikranjan, V.V. Uspenskij, Categorically compact topological groups, J. Pure
Appl. Algebra, 126 (1998), 149-168.

T. Iwamura, A lemma on directed sets, Zenkoku Shijo Sugaku Danwakai 262
(1944), 107-111 (in Japanese).
R. Engelking, General Topology, Heldermann, Berlin, 1989.

G. Gierz, K.H. Hofmann, K. Keimel, J.D. Lawson, M.W. Mislove, D.S. Scott,
Continuous Lattices and Domains. Cambridge Univ. Press, Cambridge, 2003.

O. Gutik, D. Pagon, D. Repovs, On chains in H-closed topological pospaces, Order
27 (2010), no. 1, 69-81.

O. Gutik, D. Repovs, On linearly ordered H-closed topological semilattices, Semi-
group Forum 77 (2008), no. 3, 474-481.

G. Markowsky, Chain-complete posets and directed sets with applications, Algebra
Universalis, 6 (1976), 53-68.

D. Raikov, On a completion of topological groups, Izv. Akad. Nauk SSSR 10
(1946), no. 6, 513-528 (in Russian).

J.W. Stepp, A note on mazimal locally compact semigroups. Proc. Amer. Math.
Soc. 20 (1969), 251-253.



196 TARAS BANAKH AND SERHII BARDYLA

[23] , Algebraic mazimal semilattices. Pacific J. Math. 58 (1975), no. 1, 243—

248.

IvaNn FrRANKO NaTIONAL UNIVERSITY OF Lviv (UKRAINE) AND JAN KOCHANOWSKI
UNIVERSITY IN KIELCE (POLAND)
Email address: t.o.banakh@gmail.com

UNIVERSITY OF VIENNA, INSTITUTE OF MaTHEMATICS, KURT GODEL RESEARCH
CENTER, VIENNA (AUSTRIA)
Email address: sbardyla@yahoo.com



