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FORCING

AKIRA TWASA

ABsTrRACT. We study how forcing destroys properties such as
Fréchet-Urysohn property, sequentiality and countable tightness.
We show that adding a Cohen real destroys Fréchet-Urysohn prop-
erty of non-strongly Fréchet-Urysohn Hausdorfl spaces (Theorem
3.4).

1. INTRODUCTION

Let V be a ground model and let P be a forcing. Let VF denote the
forcing extension of V by P. For a topological space (X,7) in V, we
consider a topological space (X,7F) in V¥ such that 7F is the topology
on X generated by 7 in VF. By definition 7 is a base for 7F. Let ¢ be a
topological property. We say that a forcing P preserves the property ¢,
provided whenever a space (X, 7) satisfies ¢, (X, 77) also satisfies o. If a
forcing P does not preserve a property ¢, then we say that P destroys the
property . Grunberg, Junqueira, and Tall in [10] and Fleissner, LaBerge,
and Stanley in [6] studied how normality is preserved by adding Cohen
reals. In [12], we studied how covering properties are preserved by adding
Cohen reals, and in [13], we investigated how forcing preserves countable
compactness and pseudocompactness. In this note, we continue this line of
research and focus on destroying topological properties by forcing. First,
let us observe that forcing preserves first countability.
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Proposition 1.1. Suppose that (X, T) is a first countable space. For any
forcing P, (X,7%) remains first countable.

Proof. Let € X and let {U, : n € w} be a countable base at x. To show
that {U,, : n € w} remains a countable base at z in VF, take W € 7F such
that © € W. By the definition of 77, thereis V € 7 such that x € V C W.
Then z € U, CV for some n € w. Thus, we have z € U,, C W. O

Forcing preserves first countability, but it may not preserve properties
weaker than first countability. In this note, we study how forcing destroys
properties such as Fréchet-Urysohn property, sequentiality, and countable
tightness, which are weaker than first countability. We are interested in
the following topological spaces.

Definition 1.2. Let X be a topological space.

X is countably tight, provided whenever A C X and 2 € A\ A, there
is a set B € [A]="0 such that z € B.

X is sequential, provided whenever A C X is a sequentially closed set,
A is a closed subset of X. (A is sequentially closed if every convergent
sequence in A has the limit point in A.)

X is Fréchet-Urysohn, provided whenever A C X and 2 € A\ A, there
is a sequence in A that converges to x.

X is strongly Fréchet-Urysohn, provided whenever (A, : n < w) is a
sequence of subsets of X such that Ag D A1 D Ay D --- and x € /TH\ A,
for each n € w, there is a point a,, € A, for each n € w such that the
sequence (a, : n < w) converges to x.

Fact 1.3. Let X be a topological space. In the following, 1 — 2 =
3 = 4 = 5.

(1) X is first countable.

(2) X is strongly Fréchet-Urysohn.
(3) X is Fréchet-Urysohn.

(4) X is sequential.

(5) X is countably tight.

In Section 2, we study destroying strong Fréchet-Urysohn property, and
provide an example where a ccc forcing destroys strong Fréchet-Urysohn
property but preserves countable tightness (Example 2.8). In Section
3, we show that adding a Cohen real destroys Fréchet-Urysohn prop-
erty of non-strongly Fréchet-Urysohn Hausdorff spaces (Theorem 3.4).
In Section 4, we show that adding a Cohen real destroys sequential-
ity of non-Fréchet-Urysohn regular spaces in which every point is Gy
(Theorem 4.1), and give an example of a non-Fréchet-Urysohn sequential
space which remains sequential in every forcing extension (Example 4.4).



DESTROYING FRECHET-URYSOHN PROPERTY BY FORCING 199

In Section 5, we give an example where a ccc forcing destroys countable
tightness (Example 5.1). A diagram which illustrates these results is given
at the end of this note.

2. DESTROYING STRONG FRECHET-URYSOHN PROPERTY

In [20, paragraph before Problem 82], Watson mentions a strongly
Fréchet-Urysohn space which becomes non-strongly Fréchet-Urysohn in
some forcing extension. He did not give a proof, so for completeness, let
us provide a proof of it. (For terminologies regarding trees, see [14, page
113].)

Example 2.1. ([20, paragraph before Problem 82]) There are a topolog-
ical space (X, 7) and a forcing P such that

(1) (X,7) is strongly Fréchet-Urysohn, and

(2) (X, 7F) is not countably tight.

Proof. Let <“12 be the set of all functions from a countable ordinal to 2.
Consider <#12 as a tree, where the order is defined by inclusion. Define
a topological space
X = {x*}u <2,

where each point in <*12 is isolated and a neighborhood of z* contains
all but finitely many branches of <“12. Let P = Fn(wi,2,w;), where
Fn(w,2,wy) is the set of all partial functions from wy to 2 whose cardi-
nality is less than Ry ([16, VII Definition 6.1]). We will show that (X, 7)
and P are as required.

To show that (X, 7) is strongly Fréchet-Urysohn, take A,, C <“12 such
that * € A, \ A, for each n € w. A, meets infinitely many branches,
so we can find an infinite antichain {a,; : i € w} C A,, for each n € w.
Then for each n € w, we can pick inductively distinct a,;, € A, so that
{@n,i, : n € w} is an antichain. The sequence (a,,;, : n < w) converges to
x*. Thus, (X, 7) is strongly Fréchet-Urysohn.

Forcing with Fn(w,2,w;) adds new functions from w; to 2, which
are new branches of <“12. Let B be such a new branch. Then z* €
B\ B because B cannot be a subset of the union of finitely many old
branches. To show that B witnesses the fact that (X, 7F) is not countably
tight, take a countable set C' C B. Then C € V because Fn(wy,2,w;) is
countably closed so it does not add new countable sets ([16, VII Lemma
6.13, Theorem 6.14]). Since C' C B, C is a chain. Therefore, we can
conclude that * ¢ C. Thus, (X, 7F) is not countably tight. O

Forcing may not be able to destroy strong Fréchet-Urysohn property
of a non-first-countable space: Let X* = {oo} U X be the one-point
compactification of an uncountable discrete space X. The point co is not
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a point of first countability. Every sequence in X converges to co so X* is
strongly Fréchet-Urysohn. The neighborhood filter of co, {{cc}U(X\ F) :
F € [X]<®} does not change in any forcing extension. So we have

Example 2.2. The one-point compactification of an uncountable discrete
space is a non-first-countable space with the strong Fréchet-Urysohn prop-
erty that remains strongly Fréchet-Urysohn in every forcing extension.

In Example 2.1, the forcing destroys not only strong Fréchet-Urysohn
property but also countable tightness. So we ask if forcing can destroy
strong Fréchet-Urysohn property while preserving countable tightness.
Assuming CH, we answer this question positively in Example 2.8. In
order to provide Example 2.8, for the rest of this section, we let X and Y
be such that

e (X, ) is a separable metric space, and

o (Y,7) = (Cp(X),7), where Cp(X) is the set of all continuous real-
valued functions on X, endowed with the topology of pointwise con-
vergence.

We will show that if X is an uncountable y-set (in 2¢) then Y = Cp(X) is
a strongly Fréchet-Urysohn space that after adding one Hechler real is no
longer sequential but is still countably tight. Let us give some definitions.

Definition 2.3. An open cover U of X is an w-cover if for every finite
set ' C X, there is U € U such that FF C U.
An open coverU = {U, :n € w} of X is ay-coverif X C U, ., Np>n Uk-
X is a ~y-set if X is a separable metric space and every w-cover of X
contains a ~y-cover of X.

We can show that the results in [7] and [8] by Gerlits and Nagy still
hold in forcing extensions.

Proposition 2.4 ([7], [8]). Let (X, ) be a separable metric space and let
(Y, 1) = (Cp(X), 7). For any forcing P, the following are equivalent:

(1)
(2)
)
)

(Y, %) is strongly Fréchet-Urysohn.
(Y, %) is Fréchet-Urysohn.

(v, ) is sequential.

(X, uF) is a y-set.

(3
(4

We prove that adding a Hechler real destroys uncountable v-sets (Propo-
sition 2.7) by extracting a portion of the proof of Theorem 1 in [17] by
Miller. Let us give a definition.

Definition 2.5. ([17, proof of Theorem 1|) For f € “w, define Uy =
{Cr:(Fnew)(FC2f™ and |F|<n)}, where Crp={z € 2*: 2| f(n)€ F}.
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For every f € “w, Uy is always an w-cover of 2 NV and if h is a
Hechler real over V, then U}, does not contain a y-cover of 2 NV and
this is how the sequentiality of Y will be destroyed. Lemma 5 in [17] and
the comment after it say the following:

Lemma 2.6. ([17, Lemma 5|) Let P be the Hechler forcing and let h €
“w N VF be a Hechler real. Then for every V € [Up]¥, (NV) NV is
countable.

Note that U} does not contain a y-cover of any uncountable subset of
2“NV.

Proposition 2.7. ([17, Theorem 1|) Let (X, 1) be an uncountable ~-set.
Let P be the Hechler forcing. Then (X, u%) is not a vy-set.

Proof. ~y-sets are zero-dimensional so we may assume that X C 2¥. Let
P be the Hechler forcing and let » € “w N VT be a Hechler real. Let Uy,
be as in Definition 2.5. We have seen that U}, is an w-cover of X, and by
Lemma 2.6, U}, does not contain a y-cover of X. g

Finally, we provide the example.

Example 2.8. Assume CH. There are a topological space (Y, 7) and a
forcing P such that

(1) (Y,7) is a strongly Fréchet-Urysohn space, and

(2) (Y,7P) is a non-sequential, countably tight space.

Proof. CH implies that there is an uncountable v-set (X, p) ([11]). We will
show that the space (Y, 7) = (C,(X), 7) with the Hechler forcing is such
an example. By Proposition 2.4 with P = ), (Y, 7) is strongly Fréchet-
Urysohn. Let P be the Hechler forcing. By Proposition 2.7, (X, u¥) is not
ay-set. By Proposition 2.4, (Y, 77) is not sequential. We show that (Y, 77)
is hereditarily separable, which implies that it is countably tight. Let A
be an arbitrary subspace of (Y, 7F). Let B be a countable base for (X, p)
and let O be the set of all open intervals of the real line with rational
endpoints. For each £ € [B x O]<® say £ = {(B;,0;) : i < n}, pick
fe € Asuch that fe(B;) C O; for each i < n if such a function exists in A;
otherwise, let f¢ be an arbitrary member of A. Then {f¢ : £ € [BxO]<No}
is a countable dense subset of A. O

3. DESTROYING FRECHET-URYSOHN PROPERTY

In this section, we prove that adding a Cohen real destroys Fréchet-
Urysohn property of non-strongly Fréchet-Urysohn Hausdorff spaces (The-
orem 3.4). The following spaces are useful for our study.
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Definition 3.1. For an infinite cardinal k, define a topological space
S(k) ={z"} U (k X w),

where each point in x X w is isolated and a neighborhood of z* has the
form {x*} U {(é,4) : i € k and j > f(¢)} for some f € "w. S(k) is called
the sequential fan with x-many spines ([5]). S(x) is a Fréchet-Urysohn,
non-strongly Fréchet-Urysohn space.

Define a topological space

Sy ={z*} U (w x (w+1)),

where w X (w+ 1) has the product topology and a neighborhood of z* has
the form {z*} U {(4,w) : i > n} U{(%,4) : ¢ > nand j > f(i)} for some
n € wand f € Yw. Sy is called Arens’ space ([1]). S2 is a sequential,
non-Fréchet-Urysohn space.

Here are properties of a Cohen real. Fn(w,w) is the set of all finite
partial functions from w to w ([16, VII Definition 5.1]).

Lemma 3.2. Let P = Fn(w,w). Let G be a P-generic filter and let
g=UG. Then g € “wNnN V¥ and the following hold:
(1) Vfe“wnV){new: f(n) <g(n)} is infinite);
(2) (VD € [wr N VHYEf € “wonV)({n € D : g(n) < f(n)} is
infinite).

Proof. We can prove (1) by a standard density argument. To prove (2),
assume on the contrary that there is a set D € [w]¥ N V¥ such that for
every f € “wNV, f(n) < g(n) for all but finitely many n € D; that is,
“wNV is bounded on D. By [3, Fact 3.4], “wNV is bounded in “wN VF;
that is, there is a function h € “w N VT such that for every f € “w NV,
f(n) < h(n) for all but finitely many n € w. This contradicts [2, Lemma
3.1.2(2)]. O

Here is what a Cohen real does to S(w) and So.

Lemma 3.3. Let g € “w be as in Lemma 3.2. Regard g as a subset of
w X w. In S(w) and S2, we have z* € G, where G is the closure of g, and
no subsequence of {(n,g(n)) : n < w) converges to x*.

Proof. We prove the case for S(w). A proof for the case for Ss is similar.
Since {n € w: f(n) < g(n)} is infinite for all f € “wN'V, we have z* € 3.
Let h C g and regard h as a subsequence of {(n,g(n)) : n < w). Let D be
the domain of h. By Lemma 3.2(2), there is a function f € “w NV such
that {n € D : g(n) < f(n)} is infinite. {z*}U{(,j) : ¢ € w and j > f(i)}
is a neighborhood of z* which misses infinitely many points of h. Thus,
the sequence h does not converge to z*. O
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Using Lemma 3.3, let us prove the main result of this paper: Adding
a Cohen real destroys Fréchet-Urysohn property, even sequentiality, of
non-strongly Fréchet-Urysohn Hausdorff spaces.

Theorem 3.4. Suppose that (X, 1) is a Fréchet-Urysohn, non-strongly
Fréchet-Urysohn Hausdorff space. Let P = Fn(w,w). Then (X, 7%) is a
non-sequential, countably tight space.

Proof. According to [19, Proposition 1.11], every Fréchet-Urysohn, non-
strongly Fréchet-Urysohn space contains a copy of S(w). Let Y = {z*} U
(w x w) be such a subspace of (X, 7). Let g € “w N V¥ be as in Lemma
3.2 and let ¢ C Y. Then z* € g by Lemma 3.3, where the closure is
taken in (X, 7F). Assume on the contrary that (X, ") remains sequential.
Then there is a sequence {a, : n € w} C g\ {*} that converges to x*.
By Lemma 3.3, no subsequence of {(n,g(n)) : n < w) converges to x*.
Therefore, we may assume that gN{a, : n € w} = 0. Using Hausdorfiness,
for each n € w, take an open set U,, such that a,, € U,, and z* ¢ U,,. Let
C; = {i} x w, the i*"-column of w x w. Since z* ¢ U, U, N C; is finite
for all i € w. Let £ =, c,(Un NU;>,, Ci)-

Claim. z* € E.
Proof. Since a, € g and U, is an open set containing a,, we have
an € gNU, for each n € w. We also have, for each n € w,

(gNU)\E C(gNUn)\ (Un N5, Ci)
= (9NU)\ Uiz, Ci
C ((wxw)NUn)\Uj», Ci
=U, NU,_, C;, which is finite.
Since a,, ¢ g, we can conclude that a, EE for each n € w. Since
(an : n < w) converges to x*, we have z* € E. -4 (Claim)

For each k € w, ENCy = [U,,c,, (UnNU;5,, C)INCk = U, < (UnNCk),
which is finite. So we can choose a function f € “w such that E C {(i, j) :
i € wandj < f(¢)}. Then {z*} U{(5,j) : i € wand j > f(i)} is a
neighborhood of z* missing F. This contradicts the claim. Hence, we
conclude that (X, 7F) is not sequential. By [4, Lemma 5.2], adding Cohen

reals preserves countable tightness. Therefore, (X, 7F) remains countably
tight. 0

i<n

4. DESTROYING SEQUENTIALITY

In this section, we destroy sequentiality of non-Fréchet-Urysohn spaces.
If a space is regular and each point of the space is G, then adding a Cohen
real does this.
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Theorem 4.1. Suppose that (X, T) is a sequential, non-Fréchet-Urysohn
regular space in which every point is Gs. Let P = Fn(w,w). Then (X,7F)
s a mon-sequential, countably tight space.

Proof. According to [19, Proposition 1.20], every sequential, non-Fréchet-
Urysohn regular space where every point is Gs contains a closed copy of
Sy. Let Y = {z*} U(w x (w+1)) be such a subspace of X. Let g € “w be
as in Lemma 3.2 and let ¢ C Y. By Lemma 3.3, we have x* € g, where
the closure is taken in (X,7%). Since Y is a closed subspace of X, we
have g C Y, and so g = {z*} Ug. Again by Lemma 3.3, no subsequence
of ((n,g(n)) : n < w) converges to x*. Thus, (X, 7F) is not a sequential
space. (X,7") remains countably tight by [4, Lemma 5.2]. O

We give an example of a non-Fréchet-Urysohn space whose sequentialiy
is preserved by any forcing (Example 4.4). To do so, let us give some
definitions. We say that A C [w]™° is an almost disjoint family of subsets
of w, provided whenever A, B € A with A # B, AN B is finite. If A is
an infinite almost disjoint family of subsets of w and for every B € [w]™0,
there is A € A such that AN B is infinite, then we say A is a mazimal
almost disjoint family of subsets of w.

Definition 4.2. ([9, 5I]) Let A C [w]®® be an infinite almost disjoint
family of subsets of w. Define a topological space

U4=wUA,

where each point in w is isolated and a neighborhood of A € A has the
form {A}U(A\n) for some n € w. ¥4 is a non-compact, locally compact
space. Let

Uy = {ooUT4
be the one-point compactification of W 4.
Lemma 4.3. V% is a sequential space.

Proof. Let E C ¥% be a sequentially closed set. We will prove that E is
a closed subset of U% by showing £ = E. Takez € E. If x €wor x € A,
then it is not difficult to prove that x € E. So assume that z = oco.

First suppose that AN FE is infinite for infinitely many A € A. For each
n € w, take A,, € A such that |A, N E| = RXy. Since a sequence formed by
any enumeration of A, N E converges to A,, we have A,, € F for each n.
Since (A, : n < w) converges to oo, we have co € E.

Next suppose that AN F is infinite for only finitely many A € A, say
{AcA:|ANE| =Ro}={A; :i <n}. Let E'=E\U,_, Ai. If E' is finite,
then F = EU{A; :i <n}, and so oo € E. So suppose that E’ is infinite.
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If £’ Nw is infinite, then a sequence formed by any enumeration of £/ Nw
converges to oo, and so co € E. If B/ N A is infinite, then a sequence
consisting of distinct points in £/ N A converges to co, and so co € E. [

Now we provide an example where sequentiality of a non-Fréchet-
Urysohn space is preserved by any forcing.

Example 4.4. There is a sequential, non-Fréchet-Urysohn, compact
Hausdorff space (X, 7) such that for any forcing P, (X,7F) remains se-
quential.

Proof. Let A be a maximal almost disjoint family of subsets of w. We will
show that (%, 7) in Definition 4.2 is such an example. By Lemma 4.3,
(¥, 1) is sequential. We have co € @, but no sequence in w converges
to oo because of the maximality of A. Therefore, (%, 7) is not Fréchet-
Urysohn. Forcing preserves compactness of compact scattered spaces ([15,
Lemma 7). Since (0%, 7) is a compact scattered space, (0%, 7%) remains
compact for any forcing P, and we can use the proof of Lemma 4.3 to
show that (¥%,7") is sequential. O

Remark 4.5. The point oo in ¥¥ is not G in the proof of Example 4.4.
Therefore, Theorem 4.1 is not applicable to ¥ in the proof of Example
4.4.

Remark 4.6. Sequentiality of any Fréchet-Urysohn Hausdorff space that
is not strongly Fréchet-Urysohn is destroyed by adding a Cohen real (The-
orem 3.4), but sequentiality of a non-Fréchet-Urysohn Hausdorff space
may not be destroyed by any forcing (Example 4.4).

5. DESTROYING COUNTABLE TIGHTNESS

In Example 2.1, the forcing Fn(w;, 2, w;) destroys countable tightness
of the space X = {z*} U <“12. For an uncountable regular cardinal &,
the forcing Fn(k,w, k) destroys countable tightness of S(x) (|18, Example
8]). ! Fn(wi,2,w;) and Fn(x,w, k) are not ccc forcings, and adding Cohen
reals preserves countable tightness ([4, Lemma 5.2]). So we ask whether
a ccc forcing can destroy countable tightness. We show this is possible.

Example 5.1. There are a topological space (X, 7) and a ccc forcing P
such that

(1) (X,7) is Fréchet-Urysohn, and

(2) (X, %) is not countably tight.

n [18, Example 8|, it is shown that Fn(w1,w,w1) destroys countable tightness of
S(w1). It is not difficult to see that for any uncountable regular cardinal x, Fn(k,w, k)
destroys countable tightness of S(k).
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Proof. The space (S(w1),7) in Definition 3.1 is Fréchet-Urysohn, and we
will show that adding N;-many random reals destroys countable tightness
of (S(w1), 7). Let w* be the product space of wi-many copies of w. For
each n € w, {n} has the measure 2~ (™1 and w*' carries the product
measure. Let B be the o-algebra generated by the basic clopen subsets
of w¥t. Let P = B/N, where N is the ideal of measure zero sets. Forcing
with the Boolean algebra P adds N;-many random reals. Let S be the
set of all finite partial functions from w; to w. For each s € S, let B, =
{f € wr : s C f}. For aP-generic filter G, let g = | J{s : [Bs] € G}, where
[Bs] is the equivalence class containing Bs. Then we have g € w** N V¥,

Claim: ¢ is unbounded in w** N V; that is, for every f € w** NV and
every a < wi, there is an ordinal v > « such that f(v) < g(v).

Proof. Fix f € w** NV, o < wy and p € P. Let § be a P-name for
g. We will find ¢ < p such that for some v > «, ¢ IF f(v) < g(v). Pick
A, € p. Since B is o-generated by basic clopen subsets of w“*, there are
an ordinal f < w; and a subset A; of w? such that A, = A’p x wr\B
Take an ordinal v > max{«, 8} and define

- B . wi\(y+1
E—A;xuﬂ\ x{new:n> f(y)} x w0+,
Take g € P such that F € q. Then g < p and ¢ I+ f(v) < g(7). - (Claim)

The claim implies that «* € g, where g is the closure of ¢ C wy X w in
the space (S(w1),7"). To show that g witnesses the fact that (S(w),7%)
is not countably tight, take a countable set C' C g. Pick a < wy such
that C' C g[ . Since the random forcing does not add unbounded reals
([14, Lemma 15.30(i)]), there is f € w“t NV such that for all £ < «,
g(&) < f(&). {z*}U{(¢,7) : i € wy and j > f(i)} is a neighborhood of z*
missing C. Thus, we have 2* ¢ C. Hence, (S(w;),7") is not countably
tight. O

Acknowledgment. The author would like to thank the referee for
her /his valuable suggestions that improved the paper considerably.
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Diagram

This diagram indicates how topological spaces loose or keep properties
in examples and theorems.

Example 2.2

Strongly Fréchet-Urysohn but not first countable

Fréchet-Urysohn but not strongly Fréchet-Urysohn

Example 4.4

Sequential but not Fréchet-Urysohn

Theorem 4.1
assuming regularity
and points being G

Countably tight but not sequential

Not countably tight
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