http://topology.auburn.edu/tp/

TOPOLOGY
PROCEEDINGS

Volume 57, 2021
Pages 219-224

http://topology.nipissingu.ca/tp/

A SIMPLE CONSTRUCTION OF NON-PLANAR
ONE-DIMENSIONAL CONTINUA AS GENERALIZED
INVERSE LIMITS

by

HAavYATO IMAMURA

Electronically published on October 9, 2020

Topology Proceedings

Web: http://topology.auburn.edu/tp/
Mail: Topology Proceedings
Department of Mathematics & Statistics
Auburn University, Alabama 36849, USA
E-mail: topolog@auburn.edu
ISSN: (Online) 2331-1290, (Print) 0146-4124

COPYRIGHT (© by Topology Proceedings. All rights reserved.



http://topology.auburn.edu/tp/
http://topology.nipissingu.ca/tp/

TOPOLOGY
PROCEEDINGS

Volume 57 (2021)
Pages 219-224

E-Published on October 9, 2020

A SIMPLE CONSTRUCTION OF NON-PLANAR
ONE-DIMENSIONAL CONTINUA AS GENERALIZED
INVERSE LIMITS

HAYATO IMAMURA

ABsTRACT. Inverse limits of continuous maps on intervals are
always one-dimensional planer continua. On the other hand, for
everyn = 1,2,...,00, there exists generalized inverse limit with up-
per semi-continuous functions on intervals whose dimension is equal
to n. In this paper, we give a simple construction of generalized
inverse limits on intervals which are non-planar one-dimensional
continua.

1. INTRODUCTION

Inverse sequences of continuous functions on compacta (= compact
metric spaces) and inverse limits are fundamental tools of describing
complicated continua and investigating dynamical systems of continuous
functions. In order to study continua in 2004, Mahavier [11] introduced
generalized inverse limits with set-valued functions on intervals. Later
Ingram and Mahavier [6] generalized the notation to set-valued functions
on compacta as follows.

Definition 1.1. For any n € N, let X,, be a compactum and let 2% be
the collection of all nonempty closed sets of X,,. Let f, : X1 — 2%,
An inverse sequence is defined as a sequence of pairs X,, and f,, which
is denoted by {X,,, fn} The generalized inverse limit 1<£n {Xn, fn} of

the inverse sequence {X,,, fn}, oy is defined by

l}il{Xn;fn} = {(.I‘l,.lfg,.-.) € H Xn

n=1

neN’

Tp € frn (Tny1) for any n € N}.
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lim {X,,, f,} is asubspace of [ [~ ; X,, endowed with the product topol-
—
ogy. Thus we can assume that lim {X,,, f,} is a metric space with a metric
pan
function d defined by

no_ —-n / ' .
d(x,x') = 212 dx, (xn,x;,) for x,x’ € @{Xn,fn}-
In the case where X,, = X and f, = f for every n € N, we write the
inverse limit by lim { X, f}.
—

The topological structure of generalized inverse limits is much more
complicated than one of (usual) inverse limits. For example, non-degen-
erate chainable continua (= inverse limits of intervals) are always one-
dimensional and embeddable in the plane, but for any n = 1,2,..., 00,
there exists a generalized inverse limit of intervals whose dimension is
equal to n. Thus, we have non-planar examples of generalized inverse
limits of intervals.

In this paper, we will give a simple construction of generalized inverse
sequence with single bonding function on an interval whose limit is one-
dimensional but not embeddable into the plane.

2. MAIN RESULTS

Our main result is Theorem 2.5. To prove that we use Proposition 2.1,
2.2 and 2.4.

Proposition 2.1. ([4, Theorem 2.7|) Suppose {X;}, .y is a sequence of
subintervals of [0,1] and {fi s X1 — 2Xi}i€N is a sequence of upper
semi-continuous functions such that for each © € N and any x € X;41,
fi (z) is a continuum. Then h;n {Xi, fi} is a continuum.

Proposition 2.2. ([10, Theorem 5.4]) If X1 is a continuum such that
every non-degenerate subcontinuum K of X, contains a countable set that
separates K, and for each i, X; is compact and f; : X;41 — 2% is upper-
semi continuous, and for each y € X;, dim ({z € X;41 |y € fi (x)}) =0,

then dim (h£ (X, fi}) <1

Definition 2.3. A continuum M will be said to be triodic if there exist
subcontinua M7, Mo, M3 C M such that ﬂ?zl M; is a non-empty contin-
uum, and for any j, k € {1,2,3} with j # k, ﬂ?:l M; = M; N M.

Proposition 2.4. ([9]) If, in the plane, G is an uncountable family of

bounded triodic continua, there exists an uncountable subfamily H of G
such that every two continua of the set H have a point in common.
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In the proof of Theorem 2.5, we use the following notation: Let I
be a closed interval. For any m,n € N with m < n, let 7<p,,. n>
[1:2, T — [Ii-,,I be the projection. For amap f: X — Y, G(f) :=
{(z,y) € X xY |y = f ()} be the graph of f. For any set-valued func-
tion g : X — 2Y, the set {(z,y) € X x Y |y € g(x)} is also called the
graph of g and denoted by G (g).

Theorem 2.5. Fizn € N>o. Let g : I — I be a surjective piecewise
monotonic continuous function. Suppose that g has a periodic point p
of prime period n and L is a closed interval such that p,g(p) € L. If
f o T — 2 satisfies that G (g) U ({p} x L) C G(f), then lim {L, f} is
—
non-planar. Moreover, if G (g) U ({p} x L) = G (f) then lim {I, f} is a
—

one-dimensional continuum.

Proof. We can assume that G (f) = G (¢9) U ({p} x L) and p < g (p). We
prove that lim {I, f} is non-planar. Let Q,Q1,Q2,Q@s be the points of
—

H;’Zl I defined by the following:

Q:=(""®,. - 9®,pg" " (®),-9®),p,g" " (), 9(),p),
Qu:=(9"72®, .9 ,pp,

9@ g 0,90 09" P)s- 9" (0),9(P) D),
Q=" , - 9®),pg" " ),9"*®,.,9(),p.p,

9" D), 97 (0,9 () ,p),
Qs =", -9®),p.g" " ®),9"*®),---,9(),p,

9" p),9" @), 9(),pp)-

Moreover let Ay, Az, Az be the subsets of H?Zl I defined by

n—1
j=1

x{(p.g" " (), 9®),p.g" (), ,9() D)},
Ay i =<{x € 1:[ Ilz;=g(zj+1)(J <2n—2),22,-1 € [p,g(p)]

*{(,g" " (P),---.9().p)},
3n

Az = XEHH

Jj=1

zj=g(zj41) (J<3n—2),23,-1€ [p,g(P)],23n=p
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Then each A; is an arc having end points @ and Q;. If i # j, A;NA; =
{Q}. Thus A = U?Zl A; is a triodic continuum in H?L I
For each k € N, we define Jj ; and Jj 2 by
3n+k(n+1)

Jea =L x{p} x{g" " (p)} x--x{g(p)} C 11 I
i=3n+(k—1)(n+1)
3n+k(n+1)

Jr2 =L x {p} x - x {p} x {p} C 1T L

i=3n+(k—1)(n+1)
For each s = (s1,52,...) € [[;2; {1,2}, let us define

B, = XGH

Then B, is a triodic continuum in lim {I, f}. Moreover we can easily
p
see that B; N By = (0 if s # s’. Thus lim {I, f} has uncountably many
pn

mutually disjoint triodic subcontinua. Therefore lim {I, f} is non-planar
—

7l'<1 3n> X) S A
T<3nt(k—1)(n+1),3n+k(nt+1)> (X) € Ji,s, for each k € N

by Proposition 2.4.
Since f has continuum value on each point on I, lim {I, f} is a contin-
—
uum from Proposition 2.1. Moreover any non-degenerate subcontinuum
K of Tis a closed interval and any point p of Int (K') separates K. Thus

dim (1{21 {IL, f}) < 1 from Proposition 2.2. Since 1<£n {Lg} C l<£n {L, f},
dim ({in {1, f}) =1 O

Applying Theorem 2.5, we give an example of non-planar continuum.
The example is named “monster” by Bani¢ and studied by several authors
[1], (2], 3], [4], [7] and [8].

Example 2.6. Let f : [0,1] — 2[%1 be given by f(0) = [0,1] and
f(x) = {1l—2a} for 0 < z < 1. Then h;n {[0,1], f} is a non-planar
one-dimensional continuum.

Proof. Let g : [0,1] — [0,1] be defined by g(x) = 1 — z. Then g is

strictly monotonic and p = 0 is the periodic point of this function. Then

f () = [p,g ()] = [0,1]. Therefore, by Theorem 2.5, lim {[0, 1], f} is a
—

non-planar one-dimensional continuum. O

It is known that a periodic point whose period is not a power of 2
induces a complicated usual inverse limit on an interval (See [5, Theorem
32]). On the other hand, Theorem 2.5 says that the period of a periodic
point is not essential. We note that the condition, [p, g (p)] C f(p), is
essential.
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Example 2.7. ([4, Example 2.19]) Let b € (0,1) and let f : [0,1] — 201
be defined by f(0) = [b,1] and f(z) = {1 — =z} for 0 < < 1. Then
l<iLn {[0,1], f} is embeddable in the plane.

Let
Ag = {X € HH
j=1

and for each n € N let

Aop_1 1= {X S ﬁ]l

=1

Aoy = {xe ﬁ]l

j=1

x; =1—1xj41 for any j € N}

Toan—1 € [b,l],xzn :O,xj = 1—acj+1 forj;éQn—l},

Zon € [b,1],22n41 = 0,2; =1 — 41 for j # Qn} .

Then we can easily see that -
1<£n {[07 1] ’f} = L_JOAH-
Let O be the origin (0,0) and let O; be the point (0,1) in the plane

R2. For each n € N and s € [0,1], let K2 and L? be the points (1/n, s)
and (—1/n, s) in R? respectively. For each b € (0,1), define

(oo ).

neN neN

here for points P,Q € R? the segment joining P and @ is denoted
by PQ. Then we define the quotient space Y, of X, identifying the
sets {(L 0)7 (1/2a 0)7 T (07 0)} and {(*13 1)’ (71/27 1)a Ty <Ov 1)} to the
points S and N respectively. Clearly Y; is a planar continuum. Put

Y, i=p ((U K?,K}Lb> U 001> and Y, :=p <001 U (U L;Lg>>,
neN neN

where p : X, — Y} is the natural projection. For each (z,t) € X, the
point p(z,t) is denoted by [z, t].

We define h; : Yb+ — Ao U U, en A2n as follows:
for (z,t) € (Upen KnEK™") UOOy, put hy([z,1]) = x € [[;2, T such that

(i) If (z,t) € KOKL7t then

21 =1, Topny1 =0and x; =1 —x;41 for j # 2n.
(ii) If (2,t) € OOy, then
z1=t, and x; =1—x,41 for each j > 1.

2n+1
i, hi([1/n, 1)) =x ( ce 1=t 0 ,1,0,1,-+) € Ay,

hi([0,1])) = ( tt c 1 —t,---) € Ag.
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Since hq([z,0]) = (0,1,0,---) for any z € Q, hy is well-defined. Moreover,
since lim_hq([1/n, s]) = hi([0,t]) for any t € [0,1 -], we can see that h;

s—t

is continuous. Thus, h; is a homeomorphism.
Similarly we have a homeomorphism hy : Y,” — AgUJ,,cy A2n—1 such

that

ho([0,t]) = (¢, 1 — t,t, -+ ,t,1 —t,--+) € Ap for all ¢ € [0,1].

Hence we can have a homeomorphism h : Y, = Y}f vy, — UZOZO A, by
h|Yb+ = hy and h|Yb’ = hgy. Therefore, {in {[0,1], f} is embeddable in the

plane.
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