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Abstract. Improving bounds for the cardinality of a Hausdorff
space has been an active area of research in set-theoretic topol-
ogy for roughly a century. These bounds are expressed in terms
of cardinal functions; that is, functions that “measure” a prop-
erty of a topological space using infinite cardinals. In this survey
we study the many results on this topic, give new bounds, and
reframe certain proofs. The theorems of Arhangel′skĭı, Hajnal-
Juhász,
De Groot-Smirnov, and Pospišil are reviewed, including their many
subsequent improvements. Bounds involving variations of the ex-
tent and the diagonal degree are given, along with several “double
exponent” bounds. Proofs of the various improvements of Pospišil’s
theorem are reorganized with a new unified approach. Certain
full proofs are given to illustrate techniques involving one-to-one
maps, closing-off arguments, the Erdős-Rado theorem, and elemen-
tary submodels. New results include |X| ≤ 2wLc(X)∆2(X), |X| ≤
2qaLc(X)wt(X)ψc(X), |X| ≤ 2nwθ(X), and |X| ≤ 2eθ(X)s∆(X) if X
is Hausdorff.

1. Introduction

In the early twentieth century it was shown that the cardinality of a
second countable Hausdorff space is at most c, the cardinality of the real
line. This implies, for example, that the cardinality of a compact metric
space is at most c. (In fact, Lindelöf will suffice in place of compact).

2020 Mathematics Subject Classification. 54A25, 54D10.
Key words and phrases. cardinality bounds, Hausdorff spaces.
©2025 Topology Proceedings.

161



This file contains only the first page of the paper. The full version of the
paper is available to Topology Proceedings subscribers.
See http://topology.nipissingu.ca/tp/subscriptioninfo.html for informa-
tion.




