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Introduction

In 1975, M. M. Choban [4] introduced a new topology on the set
of all closed subsets of a topological space for obtaining a
generalization of the famous Kolmogoroff Theorem on
operations on sets. This new topology is similar to the upper
Vietoris topology but is weaker than it. In 1997, M. M.
Clementino and W. Tholen [5] introduced, for any families &
and §G of subsets of a set X, three new topologies on the power
set P(X) (and its subsets), called by them, respectively, upper
F-topology, lower F-topology and (&, §)-hit-and-miss topology.
The upper F-topology turned out to be a generalized version of
the Choban topology.



In 1998, G. Dimov and D. Vakarelov [10] introduced
independently the notion of upper F-topology, which was called
by them Tychonoff-type hypertopology (later on, in [12], it was
called also upper-Vietoris-type hypertopology because
“Tychonoff hypertopology” and “upper Vietoris hypertopology”
are two names of one and same notion); they used it for
proving an isomorphism theorem for the category of all Tarski
consequence systems. The Tychonoff-type hypertopology was
studied in details in [9]. Further, in [12], the notion of lower
F-topology was introduced independently and was called
lower-Vietoris-type hypertopology. Finally, in [13], the notion of
(&, 9)-hit-and-miss topology was introduced independently and
was called Vietoris-type hypertopology.



In this talk we will present our results from [12] and [13]. They
are about lower-Vietoris-type hypertopologies and Vietoris-type
hypertopologies. These results are different from those from
[5]. So, we will study lower-Vietoris-type hypertopologies and
Vietoris-type hypertopologies and, in particular, we will
generalize many results of E. Cuchillo-Ibdiez, M. A. Morén and
F. R. Ruiz del Portal [6], some of the results of E. Michael [14]
about the hyperspaces with Vietoris topology and some of the
results of H.-J. Schmidt in [15]. As a corollary, we will get that
for every continuous map f : X — X, where X is a continuum,
there exist a subcontinuum K of X such that f(K) = K.



Preliminaries

We denote by N the set of all natural numbers (hence, 0 ¢ N),
by R the real line (with its natural topology) and by R the set
R U {—00, 00}.

Let X be a set. We denote by | X| the cardinality of X and by
P(X) (resp., by (X)) the set of all (non-empty) subsets of X.
Let M, A C P(X)and A C X. We set:

e Al :={MeM|MC A};

o Af ={A; | A€ A};

e Ay ={MeM|MNA#0}

o Ay ={A | Ac A};

o —M:={X\M|MeM};



e Fin(X) ={MC X|0<|M]<Xp};
e Finp(X) :={M C X |0 < M| <n},where neN;
K

o AN :={[A | kENA € A}.

i=1
k
o AV = {{ JA | keN,A € A},

i=1
Let (X, T) be a topological space. We put

e CL(X) :={MC X | Misclosedin X, M # 0}.
e Comp(X) :={M e CL(X) | M is compact}.



When M = CL(X), we will simply write A and A~ instead of
A and A;; the same for subfamilies A of P(X). The closure of

a subset A of X in (X, T) will be denoted by cfx A or A7

(we will also write, for short, clyA or A" and even AT). By
"neighborhood” we will mean an “open neighborhood”. The
regular spaces are not assumed to be Ty-spaces; by a
T3-space we mean a regular T;-space.

If X and Y are sets and f : X — Y is a function then, as usual,
we denote by f | X the function between X and f(X) which is a
restriction of f. If (X, T) and (Y, O) are topological spaces and
f: X — Y is an injection, then we say that f is an inversely
continuous function if the function (f [ X)~': f(X) — Xis
continuous.



Let X be a topological space. Recall that the upper Vietoris
topology T, x on CL(X) (called also Tychonoff topology on
CL(X)) has as a base the family of all sets of the form

Ut = {F e CL(X) | F C U},

where U is open in X, and the lower Vietoris topology T_x on
CL(X) has as a subbase all sets of the form

U ={FeCLX)| FnU## 0},

where U is open in X. The Vietoris topology T x on CL(X) is
defined as the supremumof T, x and T_x, i.e., Ty x U T _x is
a subbase for T .



Definition([5, 10])

(a) Let (X, T) be a topological space and M C P'(X). The topology
T 15 on M having as a base the family ‘J'j'& is called a Tychonoff
topology on M (or, upper Vietoris topology on M) generated by

(X, 7). When M = CL(X), then Ty is just the classical upper
Vietoris topology T x on CL(X) (= Tychonoff topology T ¢ on
CL(X)).

(b) Let X be a set and M C P'(X). A topology O on the set M is
called a Tychonoff-type topology on M (or, upper-Vietoris-type
topology on M) if the family O N P(X)y, is a base for O.

A Tychonoff topology on M is always a Tychonoff-type topology
on M, but not viceversa (see [9]).



Fact ([10])
Let X be a set, M C P'(X) and O be a topology on M. Then the
family
B ::{AQX|A§[€O}
contains X and is closed under finite intersections; hence, it can serve
as a base for a topology
4o

on X. When O is a Tychonoff-type topology, the family (By);; is a
base for O.



The lower-Vietoris-type topologies on
hyperspaces

Definition

Let (X, T) be a topological space and M C P'(X). The topology O
on M having as a subbase the family T, will be called a lower
Vietoris topology on M generated by (X, 7). When M = CL(X),
then O« is just the classical lower Vietoris topology on CL(X).

Definition

Let X be a set, M C P'(X), O be a topology on M. We say that O is a
lower-Vietoris-type topology on M, if O N {A}; | A C X} is a subbase
for O.

Clearly, a lower Vietoris topology on M is always a
lower-Vietoris-type topology on M, but not viceversa (see
Example 1 below).



Proposition
Let X be a set, M C P'(X) and O be a lower-Vietoris-type topology
on M. Then the family

Py ={AC X | A €0}
contains X, and can serve as a subbase for a topology
T o

on X. The family (Py); is a subbase of O. The family Py is closed
under arbitrary unions.



Proposition

Let X be a set and M C P?'(X). Then a topology © on M is a
lower-Vietoris-type topology on M iff there exists a topology T
on X and a subbase 8 for T, such that 8;, = {A,; | Ac 8} isa
subbase for O.

Proposition 1

Let X be a set, M C P'(X) and 8§ C P(X). Then 8, is a
subbase for a (lower-Vietoris-type) topology on M if and only if
MnJS # 0 forany M € M.



Definition

Let X be a set, M, 8 C P'(X) and MN Y8 # () for any M € M.
Then the lower-Vietoris-type topology O%’[ on M for which 8, is a
subbase (see Proposition 1) will be called a lower-Vietoris-type
topology on M generated by the family 8. When there is no
ambiguity, we will simply write Og instead of Og’[.

Corollary

Let X be a set, M,8 C P'(X)and U8 = X. Then 8 is a
subbase for a lower-Vietoris-type topology Og on M.



Proposition

Let X be a set, M C P'(X) and U; C P'(X), i = 1,2, be such
that X € U; NUs. Let O; be the topologies on M generated by
U;, i =1,2. Then O1 = 05 if and only if the next two conditions
are fulfilled:

(a) for any M € M and for every Uy, ..., Uy € Uy for which

MnNU; #0foranyi=1,..., k,there exist V;,..., V, € Us such
that: (1) MN V; # 0, foranyj: 1,...,n,and (2) if M € M and
M’mv;é(i)forany/_1 ., n, then M’ n U; # 0 for any
i=1,...,k;

(b) for every M e M and for any Vi,..., Vi € U, for which
MnNV;#pforany i=1,..., k,thereexist Ui,..., U, € Uy such
that: (1) MNU; #0forany j=1,...,n,and (2) if M' € M and
M U #0forany j=1,....n,then M'NV; # () for any
i=1,... k.



Definition
Let X be a set and M C P(X). We say that M is a natural family in X
if {x} € M forany x € X.

Proposition

If (X,7)is a Ty-space, M = CL(X) (resp., M C P'(X) is a
natural family and a closed base for X), O is a
lower-Vietoris-type topology on M and T = T_( (see
Proposition 1 for T_o), then O = T_x (resp., © = 03Y) if and

only if for every F € M we have that F~ = Fy.



Proposition

Let X be a set, M C P'(X), O be a lower-Vietoris-type topology
on M. Then (M, O) is a Tp-space if and only if for every

My, Mo € M with My #£ Mo, there exist Uy, ..., U, € Py such
that either (My N U; # () forany i = 1,..., n and there exists an
o € {1,...,n} for which M> N U, = 0) or (Mo 1 U; # 0 for any
i=1,...,nandthere exists an ip € {1,..., n} for which

My N U,'0 = 0).

Proposition

Let X be a set, M C P'(X) be a natural family, O be a
lower-Vietoris-type topology on M. Then (M, O) is a Ty-space if
and only if M = {{x} | x € X} and (X,T_¢) is a Ty-space.



Definition
Let X be a set, M C P'(X) be a natural family in X and U C P'(X).
Then:

@QIfU = {Ua, |la € Aji=1,...,Ny,N, € w} is a subfamily of U,

U= U ﬂU jand from M € Mand M N U, # () for some

acAi=1
a € Aandforany i = 1,..., n,, it follows that M N U # (), then we

will say that the set U is M~ -covered by the family U';

(b) The family U is said to be an M~ -closed family if it contains any
subset U of X which is M~ -covered by some subfamily U’ of U.



Proposition
Let X be a set, M C P'(X), A be an index set, U, C P'(X) and
U, are M~-closed families for any o € A. Then U = ﬂ U, is

acA
an M~ -closed family.

Corollary
Let X be a set and M C P'(X). Then every family N C P'(X) is
contained in a minimal M~ -closed family, denoted by M~ (N).



Proposition

Let X be a set, M C P'(X) be a natural family and O be a
lower-Vietoris-type topology on M. Then Py (where
Po={AC X | Ay € 0O})is an M~ -closed family. If

U,V C P'(X), U covers X and generates O, and U C V C Py,
then Py = M~ (V).

Corollary
Let X be a set, M C P'(X) be a natural family and U,V C P'(X)
are covers of X. Then Ot = 03! if and only if M~ (U) = M~ (V).

Corollary
Let (X, T) be a topological space, M C P'(X) be a natural
family and B be a base for 7. Then 0} = 0.



Example 1
Let M C P'(R) and M 2 Fino(R). Then

U= {(_0076)7 (a7 00)7 (—oo,ﬁ) U (Oé,OO) ’ a,B € ﬁ}

is an M~ -closed family. Hence it generates a topology (‘)% on M
different from the lower Vietoris topology O,‘J}4 (= Og) on M, where T
is the natural topology on R.

Proposition

Let X be a set, M C P'(X), X € Mand O be a
lower-Vietoris-type topology on M. Then (M, O) is a
pseudocompact, connected, separable Baire space. Moreover,
the intersection of any family of open dense subsets of (M, O)
is a dense subset of (M, O).



Proposition

Let X be a set, M C P'(X), M be a natural family, X € M, O be
a lower-Vietoris-type topology on M and (X, 7_¢) be a
To-space. Then & : (X, T_g) — (M, O), where &(x) = {x} for
any x € X, is a homeomorphic embedding, ¢(X) is a closed
subset of (M, ©), and if | X| > 1 then ®(X) is nowhere dense in
(M, O).

Proposition
Let X be a set, M C P'(X), O be a lower-Vietoris-type topology
on M and M D Fin(X). Then Fin(X) is dense in (M, O).



Proposition 2

Let (X,T) and (X’,J") be two topological spaces, f: X — X,
P be a subbase for T, P’ be a subbase for 77, f~1(?') C P,

M = CL(X), M’ = CL(X"). Let O be generated by P and O’ be
generated by P’. Then the map 2 : (M, 9) — (M, @), where

2f(C) = (C)Xl for every C € M, is continuous.

Proposition

In the notation and hypothesis of Proposition 2, we have that:
(a) 2% = idgy(x);

(b) 29°F = 29 6 2f,



Proposition

Let X, Y be sets, P C P'(X), s CP(Y),UP=X,UsS=Y,T
(resp., 77) be the topology on X (resp., Y) generated by the
subbase P (resp., 8), f: X — Y, ~1(8) C P, M C CL(X,7),
M = CL(Y,T"), 0 =03 and O’ = 03" Let (X,T) be a
To-space, (Y,7’) be a Tq-space, M be a natural family and

21 (M, 0) — (M, '), where 2/(F) = WY for every F € M,
be a closed map. Then the map f is closed.

With our next result we generalize a theorem of H.-J. Schmidt
[15, Theorem 11(1)] about commutability between hyperspaces
and subspaces (see also [7] for similar results).

Proposition 3

Let (X, T) be a space, P be a subbase for 7, X € P,

0= OgL(X). Forany AC X,setPp={UNA| U e P} and

04 = 05- Y. Then iax : (CL(A),04) — (CL(X), 0), where

iax(F) = F”, is a homeomorphic embedding.



Proposition

Let X be a set, M C P'(X), M be a natural family, O be a
lower-Vietoris-type topology on M and (X, T_¢) be a T>-space.
Then (X,7T_y) is compact if and only if (M, O) is compact.

Proposition

Let (X, T) be a topological space, M C ?'(X) be a natural
family and O = 0}%. Then w(X,T) < 7(> No) if and only if
w(M,0) <.



Homotopy, extensions of maps and fixed point
properties in lower-Vietoris-type hyperspaces

Proposition

Let X be a set, M C P'(X) be a natural family, O be a
lower-Vietoris-type topology on M and X € M. Then (M, O)
has a trivial homotopy type.

Proposition

Let X be a set, M C P'(X) be a natural family, O be a
lower-Vietoris-type topology on M and X € M. Then (M, O) is
an absolute extensor for the class of all topological spaces (i.e.,
every continuous function f from a closed subspace of a space
Z to (M, O) can be continuously extended to Z2).



Theorem

Let (X, 7) be a topological space, P be a subbase for T,
DAMC{X\U|UeP},0gMand X € M. If Ois the
topology on M generated by P and M is closed under
intersections of decreasing subfamilies, then (M, O) has the
fixed point property.

Corollary

Let X be a compact space, P be a subbase for X, () € P,
M={X\U|UecUP)}\ {0}, where

WP)={U=?P | P C P}, and O be the topology on M
generated by P. Then (M, O) has the fixed point property.



Corollary ([6])
Let (X, T) be a compact Hausdorff space. Then (CL(X), T _x)
has the fixed point property.

Corollary ([6])
Let (X, T) be a compact Hausdorff space and f : X — X be a

continuous map. Then there exists a compact subspace K of X
such that f(K) = K.



Corollary

Let (X, T) be a compact Hausdorff space, M C CL(X) be
closed under any intersections of decreasing subfamilies and
X € M. Then (M, 0") has the fixed point property.

Corollary
Let (X, T) be a continuum,

M= {K C X | K is a non-empty continuum},

PO{X\K|K eM}and O be the topology on M generated by
P. Then (M, O) has the fixed point property.



Corollary

Let (X, T) be a continuum and f : X — X be a continuous
map. Then there exists a continuum K C X, such that
f(K) =K.



The Vietoris-type topologies on hyperspaces

Definition

Let (X, T) be a topological space and M C P’(X). The topology Ty
on M having as a subbase the family ‘.T;& U T is called the Vietoris
topology on M. When M = CL(X) then Ty = T.

Definition([5, 13])

Let X be a set, M C P'(X) and O be a topology on M. The topology
O is called a Vietoris-type topology on M if the family

(Bo)i; U (Po)y; is a subbase for O.



Remark
Let (X, T) be a topological space and M C P'(X). Then, clearly, Ty

is a Vietoris-type topology on M. As it is noted in [5], the converse is
not always true even when M = CL(X). We will also give such an
example below. Note that when M C CL(X), then Ty = (T x)|on-



Notation
Let X be a set, M C P’(X) and O be a topology on M. We denote by

To

the topology on X having By U P as a subbase and we say that Ty is
the V-topology on X induced by the topological space (M, Q). We

denote by
Ou

the topology on M having (B);; as a base, and by
0y

the topology on M having (Po),, as a subbase.



The following assertion can be easily proved.

Fact

Let X be a set, M C P'(X) and O be a topology on M. Then
To =T0 VI _e, Oy is a Tychonoff-type topology on M and O,
is a lower-Vietoris-type topology on M. O is a Vietoris-type
topology on M iff O = O, Vv O,.

Fact

Let (X, T) be a topological space. If M C CL(X), then (T, x)|m
and (T_x)|n are Vietoris-type topologies on M. Moreover, if
M C P(X), then T, and T_y are Vietoris-type topologies on
M.



Definition
Let X be a set, M C P’(X) and O be a Vietoris-type topology on M.
Then O is called a strong Vietoris-type topology on M if T, 9 = T_g.

Proposition

Let (X, 7) be a topological space, M C CL(X) and M be a
natural family. Let O = (Tx)|n. Then O is a strong Vietoris-type
topology on M and T = T. In particular, for every Tq-space X,
T x is a strong Vietoris-type topology on CL(X).



Example

Let X = {0,1,2} and T = {0, X, {0}, {0,2}}. Then (X, 7T) is a
To-space such that O = Ty is not a strong Vietoris-type topology on
CL(X). Also, we have that T # T_o, T # T, T # T and
TJo=T_0.

Example

Let X ={0,1,2} and T = {0, X, {0}, {0,2},{1,2},{2}}. Then
(X,7T) is a Tyo-space such that O = Tx is not a strong Vietoris-type
topology on CL(X) and T = T_o 2 T40 = 7.



Example

Let U = {(,B) | o, B € R} and R be regarded with its natural
topology. Then the topology O on CL(R) having as a subbase the
family U~ U U™ is a strong Vietoris-type topology on CL(R)
different from the Vietoris topology Tr on CL(R). Also, Ty
coincides with the natural topology 7T on R.



Proposition

Let X be a set, M C P(X), ) & M and O be a topology on M. Let
T = (—M) U {X} be a Ty-topology on X. Then O is the upper
Vietoris topology on M generated by (X, T) iff O is the finest
upper-Vietoris-type topology on M for which By C 7.

Proposition

Let X be a set, M C P(X), ) ¢ M and O be a topology on M. Let
T = (—M) U {X} be a Ty-topology on X. Then O is the lower
Vietoris topology on M generated by (X, T) iff O is the finest
lower-Vietoris-type topology on M for which Py C T.



Proposition

Let X be a set, M C P(X), ) & M and O be a topology on M. Let
T = (—M) U {X} be a Ty-topology on X. Then O is the Vietoris
topology on M generated by (X, T) iff O is the finest Vietoris-type
topology on M for which By U Py C 7.



Some properties of the hyperspaces with
Vietoris-type topologies

In this section, some of the results of E. Michael [14]
concerning hyperspaces with Vietoris topology will be extended
to analogous results for the hyperspaces with Vietoris-type

topology.

Proposition

Let (X, T) be a space, M C P'(X), ne N, Finy(X) CM, O be a
Vietoris-type topology on M and Ty C 7. Let J,(X) be the
subspace of (M, O) consisting of all sets of cardinality < n.
Then the map jj, : X" — Jp(X), where

Jn(X1,.. ., Xn) = {xq,..., Xn}, is continuous.



Proposition

Let (X, T) be a space, M C P'(X) be a natural family, O be a
Vietoris-type topology on M and Ty = J. Then

i (X, T) — Ji(X) is a homeomorphism.

Proposition

If (X,7)is a Tp-space, M C P'(X), M is a natural family, O is a
Vietoris-type topology on M and 7_¢ 2 T, then J;(X) is closed
in (M, 0).



Proposition

Let (X, T) be a space, M C P'(X), Fina(X) C M, O be a
Vietoris-type topology on M, Ty C T and J;(X) be closed in
(M, O). Then X is a Tp-space.

Proposition

Let X be a set, M C P'(X), Fin(X) C M and O be a

Vietoris-type topology on M. Then J(X) = U Ji(X) is dense in
ieN

(M, 9).



Definition 1

Let X be a set and P C P(X). Set w(X,P) = min{|P'| | (P’ C
PYAN(VU € PandVx € U3IV € P’ such that x € V C U)}.
Clearly, w(X,P) < |P|; also, when P is a topology on X, then
w(X,P) is just the weight of the topological space (X, P).

Fact 1

Let (X, 7) be a topological space and P be a subbase for
(X,T). Then:

(a) the families 2" from Definition 1 are also subbases for (X, T);
(b) if w(X,T) > Xg then w(X,P) > w(X,T).



Remark

Let X be a set and P C P(X). Then, clearly, there exists a unique
topology T(P) on X for which P U { X} is a subbase. Obviously, if
|J2P = X then P is a subbase for T(P). Hence, in Definition 1 we can
always assume that X is a topological space and P U { X} is a subbase
for X.

In connection with Fact 1, note that the following assertion
holds (it should be well-known):

Lemma

Let X be a space, w(X) = 7 > Xg and P be a subbase for X.
Then there exists a P C P, such that |?’| =7 and ' is a
subbase for X.



Proposition

Let X be a set, M C P'(X) and O be a lower-Vietoris-type
topology on M. Let 7 > Ro, P" € P(X) and (¥'),, be a subbase
for 0. If w(X,P") <7, then w(M, O) < 7. In particular, if 7 > N
and w(X,Po) < 7 then w(M,0) < 7.

Proposition

Let X be a set, M C P'(X), O be a Vietoris-type topology on M.
Let 7 > Ng, w(X,Py) < 7 and there exists a family B C By
such that |B| < 7and VM € M, VU € By withM C U,3V € B
with M C V C U. Then w(M, 0) < 7.



The space (Comp(X), (T x)|comp(x)) Will be denoted by Z(X).

Corollary([14])
Let (X,7) be a Ty-space and w(X) > Ng. Then
w(Z(X)) = w(X).

Proposition

Let (X, T) be a space, M C P'(X), Fin(X) CM, O be a
Vietoris-type topology on M and Ty = T. If d(X) > Xg then
d(X) > d(M,0).



Proposition
Let X be a set, M C P'(X) and O be a topology on M. If
MC{X\A|Ac Py} orMC By then (M, 0O)is a Tp-space.

Corollary([14])
If (X,7) is a topological space then (CL(X), Tx) is a Tp-space.

Proposition 4

Let (X, T) be a topological space, M C P'(X), P be a subbase
for (X,T)and M C {X \ U | U € P}. Let M be a natural family
and O be the topology on M having as a subbase the family
Py fva[. Then O is a strong Vietoris-type topology on M,

To =T and (M, O) is a Ty-space.



Remark
The condition "M C {X \ U | U € P}” in Proposition 4 can be
replaced by the following one:

*) it M,M" € Mand M\ M’ # () then 3U, V € P such that
MCUMZUMNVAPand M NV =0.

Note that condition (*) is fulfilled if the following condition holds:

(**) if M € M and x ¢ M then 3U, V € P such that
MCUCX\{x}andx € VC X\ M.

Corollary([14])
Let (X,T) be a Ty-space. Then (CL(X), Tx) is a Tq-space.



Definition

Let (X, T) be a topological space and P be a subbase for (X, T).

(X, 7) is said to be P-regular, if for every x € X and for every U € P
such that x € U, there exist V, W € Pwithx € V.C X\ W C U.

Clearly, a topology space (X, T) is T-regular iff it is regular.
Also, every P-regular space is regular.
Example

Let (R, 7) be the real line with its natural topology and
P={(a,0)\Fla,BeR, a< B, FCR, |F| <No}or
P={(a,B) | a,B €R, a < B}. Then P is a base for T, P = P,
(R, T) is regular but it is not P-regular.



Proposition

Let (X, T) be a topological space, M C P'(X), P be a subbase
for (X,T)and M C {X'\ U | U € P}. Let M be a natural family,
X be P-regular and O be the topology on M having as a
subbase the family P, U P.. Then O is a strong Vietoris-type
topology on M, Ty = T and (M, O) is a To-space.

Proposition 5

Let (X, 7T) be a topological space, M C P'(X), P be a base for
(X, 7),M={X\U|Ue?P}and P =2P". Let M be a natural
family, O be the topology on M having as a subbase the family
Py U Py and (M, O) be a T,-space. Then X is P-regular.



Remark

The conditions “M = {X \ U | U € P}” and “M is a natural family”
in Proposition 5 can be replaced by “M D {X \ U | U € P},

FinX C M andif x € U € Pthen {x} U (X\ U) e M”.

Corollary([14])
Let (X,T) be a Ty-space. Then (X, 7) is a Tz-space iff
(CL(X), Tx) is a To-space.

Proposition

Let (X, T) be a compact T;-space, O be a Vietoris-type
topology on CL(X,T) and Ty = T. Then (CL(X,T),0) is a
compact space.



Subspaces and hyperspaces

In this section, we will regard the problem of continuity or
inverse continuity of the maps of the form iy x (see Proposition
3 for the definition of the maps i4 x) for the hyperspaces with a
srong Vietoris-type topology. This problem was regarded by
H.-J.Schmidt [15] for the lower Vietoris topology, by G. Dimov
[7, 8] for the (upper) Vietoris topology and by
Barov-Dimov-Nedev [2, 3] for the upper Vietoris topology.



The next assertion is trivial.

Proposition

Let Aand X be sets, and f : A— X be a function. Let, for
i=1,2,7T; (resp., O;) be a topology on A (resp., X). Let the
maps f: (A, T1) — (X,01) and f : (A, T2) — (X, O2) be
continuous. Then f: (A, Ty VT2) — (X,01 VvV O2) is a
continuous map.



Proposition

Let (X,T) be a Ty-space, M = CL(X,T), O be a strong
Vietoris-type topology on M and Ty = 7. Let A be a subspace
of X, M4 = CL(A), 4 be the topology on M, having as a
subbase the family (Té)gL(A), where P4 = {UNA| U € Py},
and let Oﬂ be the topology on M4 having as a base the family
(B6)ueay Where B = {UNA| U € Bo}. Then:

(a) 04 = 04 v 04 is a strong Vietoris-type topology on M,, and
(b) the map ia x : (Ma, 04) — (M, 0), where ia x(F) = F for

every F € My, is continuous (resp., inversely continuous) if and
only if the map ig x 1 : (Ma, 04) — (M, Oy) is continuous

(resp., inversely continuous) (here ig x 4 (F) = F for every
F € CL(A)).
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